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ABSTRACT
The s tu d y  o f  d e fe c t  p roblem s i n  r e a l  a n i s o t r o p ic  c r y s t a l s  i s  
f a c i l i t a t e d  by u s in g  G reen F u n c tio n  te c h n iq u e s .  The fu ndam en ta l 
n a tu re  and  re le v a n c e  o f  th e  a n i s o t r o p ic  e l a s t i c  G reen fu n c t io n  i s  
th u s  in tro d u c e d  i n  C h ap te r 1. The c h a p te r  a l s o  c o n ta in s  a summary 
o f  th e  scope o f  th e  t h e s i s .  The v a r io u s  r e p r e s e n ta t io n s  o f th e  
a n i s o t r o p ic  e l a s t i c  Green fu n c t io n  a re  p re s e n te d  and d is c u s s e d  i n  
th e  second  c h a p te r .
E x p ress io n s  f o r  th e  d isp la c e m e n t and r e la t e d  f i e l d s  o f  a number 
o f  commonly o b se rv ed  d e f e c t s ,  to g e th e r  w ith  e x p re s s io n s  f o r  the  
e l a s t i c  i n t e r a c t i o n  en e rg y  between su ch  d e fe c ts  a r e  d e r iv e d  in  te rm s 
o f  th e  Green fu n c t io n  i n  C h a p te r  3. These e x p re s s io n s  a r e  th e n  u sed  
to  e v a lu a te  th e  i n t e r a c t i o n  en erg y  betw een an i n t e r s t i t i a l  d i s lo c a t i o n  
loop  in  c o p p e r and a n earby  i n t e r s t i t i a l  atom . The G reen fu n c t io n  
and th e  s t r e s s  f i e l d s  o f  d e f e c ts  o b se rv ed  i n  a -u ran iu m  a r e  e v a lu a te d  
i n  C h a p te r  5 .
The v a r io u s  e x p re s s io n s  f o r  d e f e c t - d e f e c t  i n t e r a c t i o n  e n e rg ie s  
a r e  developed  i n  C h ap te r  6 to  p ro v id e  a new and more p r e c i s e  d is c u s s io n  
o f  th e  phenomenon o f  grow th i n  a -u ran iu m . In  p a r t i c u l a r ,  e x a c t  
e x p re s s io n s  f o r  th e  i n t e r a c t i o n  en erg y  betw een f i n i t e  d i s lo c a t io n  lo o p s  
a re  p re s e n te d  and a p p r o p r ia te  nu m erica l e v a lu a t io n  i s  g iv e n . The 
r e s u l t s  o b ta in e d  show c l e a r l y  why th e s e  e l a s t i c  i n t e r a c t io n s  p la y  
such  an  im p o r ta n t ro le  i n  s e p a r a t in g  th e  p o p u la tio n  o f  vacancy  and  
i n t e r s t i t i a l  lo o p s  on to  d i f f e r e n t  c r y s ta l lo g r a p h ic  p la n e s .  T h is  
s e p a r a t io n  in  th e  p o p u la tio n  and th e  tendency  to  form  p la n a r  r a f t s  o f  
d i s lo c a t io n  lo o p s  i s  c o n s id e ra b ly  enhanced  by th e  in c lu s io n  o f  th e  
a n is o tro p y  and  th e  f i n i t e  n a tu re  o f  th e  lo o p s  i n  th e  i n t e r a c t i o n  
c a l c u la t io n .
~2~
The A ppendices 1 and 2 c o n ta in  th e  e x p l i c i t  e x p re s s io n s  f o r  
th e  c o e f f i c i e n t s  o f  th e  s e x t i c  po lynom ial r e q u ire d  i n  th e  d e r iv a t io n  
o f  th e  Green fu n c t io n  f o r  a  body w ith  t r i c l i n i c  symmetry and  th e  co­
e f f i c i e n t s  o f  th e  double F o u r ie r  s e r i e s  r e p r e s e n ta t io n  o f  th e  G reen 
fu n c t io n  f o r  a -u ran iu m  r e s p e c t iv e ly .
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CHAPTER 1 
In t r o d u c t io n
I t  i s  custom ary i n  th e  e l a s t i c  th e o ry  o f  d e fe c ts  to  t r e a t  th e  body
— c o n ta in in g  th e  d e f e c t  a s  i s o t r o p i c  even  though m ost m e ta ls  e x h i b i t
n a r k e d  a n is o t ro p y ;  t h i s  i s  l a r g e ly  because  i s o t r o p i c  e l a s t i c i t y  p ro v id e s
us  w ith  s im p le  e x p l i c i t  fo rm u lae  f o r  a la rg e  number o f  d e f e c t  problem s
w hereas an a n is o t r o p ic  t r e a tm e n t r e q u ir e s  u s u a l ly  th e  s o lu t io n  o f  a
s e x t i c  e q u a t io n  o r  th e  n u m e rica l e v a lu a t io n  o f  an  i n t e g r a l .  W ith th e
a d v e n t o f  h ig h  speed  e l e c t r o n i c  com puters how ever, i t  has become p o s s ib le
to  d e a l  w ith  such  problem s and hence s tu d y  e l a s t i c  d e f e c ts  in  a n i s o t r o p ic
'  m edia and in  t h i s  t h e s i s  we c o n s id e r  f i r s t  a m ost u s e f u l  q u a n t i ty ,  th e
e l a s t i c  G reen fu n c t io n ,  and  l a t e r  ap p ly  i t  to  some i n t e r e s t i n g  problem s
in v o lv in g  d e f e c ts  in  the  h ig h ly  a n i s o t r o p ic  m e ta ls  co p p er and a -u ran iu m .
The re sp o n se  o f an  a n i s o t r o p ic  e l a s t i c  body to  a u n i t  body fo r c e
i s  d e fin e d  by th e  e l a s t i c  G reen te n s o r  fu n c t io n ,  G. .,  th ro u g h  th e
i  J
r e l a t io n s h ip :
u . (x )  = G . . ( x - x r ) f , ( x f ) i , j  = 1 ,2 ,3***J J
w here f ( x ’ ) i s  th e  fo rc e  a p p l ie d  a t  th e  p o in t  x ’ and  u (x )  i s  th e  
r e s u l t i n g  d isp la cem e n t v e c to r  a t  th e  p o in t  x* Here and th ro u g h o u t 
t h i s  work th e  E in s te in  summation c o n v e n tio n  i s  em ployed u n le s s  
s p e c i f i c a l l y  o th e rw ise  s t a t e d .  The G reen te n s o r ,  o th e rw ise  known 
a s  " th e  fundam ental te n s o r  o f e l a s t i c i t y ” , i s  an ex trem ely  im p o r ta n t 
q u a n t i ty  in  b o th  th e  f i e l d s  o f  t h e o r e t i c a l  m echanics and t h e o r e t i c a l  
s o l i d  s t a t e  p h y s ic s .  In  th e  fo rm er i t  p ro v id e s  th e  c l a s s i c a l  re sp o n se  
to  an a p p lie d  p o in t  fo rc e  i n  a g e n e ra l  unbounded a n i s o t r o p ic  medium and
* p
c a n , by s u i t a b l e  i n t e g r a t i o n  p ro c e d u re s , be u sed  to  p ro v id e  th e  
d isp la c e m e n ts  a r i s i n g  from an  a r b i t r a r y  d i s t r i b u t i o n  o f  body f o r c e .  I t ’s 
s ig n i f ic a n c e  in  s o l id  s t a t e  p h y s ic s  a r i s e s  p r in c i p a l l y  i n  th e  s tu d ie s  o f  
th e  lo n g -ra n g e  p r o p e r t i e s  o f  i n t e r n a l  c r y s t a l  d e f e c t s .  I t  w i l l  be shown
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t h a t  th e  d isp la c e m e n t, and hence th e  s t r e s s  f i e l d s ,  o f  bo th  p o in t  d e f e c ts  
and  ex ten d ed  l i n e  d e f e c t s ,  o r  d i s l o c a t i o n s ,  may be e x p re s se d  i n  te rm s o f  
d e f i n i t e  i n t e g r a l s  in v o lv in g  th e  a p p ro p r ia te  Green fu n c t io n .  These lo n g -  
range f i e l d s  have many d i r e c t  a p p l ic a t io n s  su ch  a s  in  th e  th e o ry  o f  
i n t e r n a l  f r i c t i o n ,  work h a rd e n in g , s t r a i n  a g e in g  and r a d i a t i o n  damage 
phenomenao
The f i r s t  s o lu t io n  f o r  th e  a n i s o t r o p ic  e l a s t i c  G reen fu n c t io n  was
g iv e n  i n  p r in c i p le  by Fredholm  [ l9 0 0 ]  i n  a form  in v o lv in g  th e  ro o ts  o f  a
s e x t i c  e q u a t io n .  Fredholm , how ever, d id  n o t o b ta in  e x p l i c i t  r e s u l t s  f o r
any m a te r ia l  and i n  f a c t  h i s  s o lu t io n  can  be e x p re s se d  a n a l y t i c a l l y  o n ly
i n  th e  case  o f  an  hexagonal c r y s t a l  [K rdner, 1953] and i n  th e  two
d im en sio n a l ca se  f o r  a c u b ic  c r y s t a l  [E shelby  e t  a l 5 1953; Foreman, 1955],
when th e  s e x t i c  d e g e n e ra te s  in t o  lo w er o rd e r  p o lynom ial e q u a t io n s  whose
ro o ts  a re  e x p l i c i t l y  o b ta in a b le ,  u n lik e  a s e x t i c ,  in  te rm s o f  r a d i c a l s 0
L ie  and K oeh ler [1968] d ev e lo p ed  e x p re s s io n s  f o r  th e  c o e f f i c i e n t s  o f
th e  s e x t i c  f o r  th e  ca se  o f  a cu b ic  c r y s t a l  and u sed  th e se  in  a com puter
s tu d y  to  e v a lu a te  th e  G reen fu n c tio n  and  th e n  f i t  i t  to  a c o n v e rg e n t
F o u r ie r  ex p an s io n  th u s  o b ta in in g  an a n a ly t i c  r e p r e s e n ta t io n  o f  th e
G reen fu n c tio n  f o r  a number o f  cu b ic  m a te r ia l s .  I n  C h ap te r  2 , w hich
d e a ls  w ith  v a r io u s  r e p r e s e n ta t io n s  o f  th e  G reen te n s o r  f u n c t io n ,  we g iv e  a
summary o f  th e  a n a ly s is  due to  Fredholm  w hich we l a t e r  d ev e lo p  to  o b ta in
e x p l i c i t '  e x p re s s io n s  f o r  th e  c o e f f i c i e n t s  o f  th e  s e x t i c  a p p l ic a b le  to
a m a te r ia l  e x h ib i t in g  th e  lo w e s t, t r i c l i n i c ,  symmetry. These
e x p re s s io n s  en ab le  u s  to  e v a lu a te  th e  G reen fu n c t io n  f o r  any e l a s t i c
m a te r ia l  o f  any sym netry  and have been  used  i n  a  com puter program  to
o b ta in  a co n v erg e n t F o u r ie r  ex p an sio n  f o r  th e  G reen f u n c t io n  f o r  th e  
*
o r th o  rhombic s t r u c t u r e  o f  a -u ran iu m . T his i s  a u s e f u l  e x te n s io n  o f  th e  
work o f L ie  and  K oeh ler [1968] inasm uch a s  i t  p ro v id e s  u s  w ith  an  
a n a ly t i c  form  f o r  th e  G reen te n s o r ,  an d  hence i t s  d e r iv a t iv e s ,  w hich
i s  s u i t a b l e  f o r  a -u ran iu m , b e in g  o f  s i g n i f i c a n t l y  lo w er symmetry and 
o f  g r e a t  te c h n o lo g ic a l  im portance*
An a l t e r n a t i v e  r e p r e s e n ta t io n  o f  th e  a n i s o t r o p ic  e l a s t i c  Green 
fu n c t io n ,  and p ro v id in g  a s o lu t io n  n o t  in v o lv in g  a s e x t i c  e q u a t io n , i s  
o b ta in e d  th ro u g h  th e  u se  o f  F o u r ie r  t r a n s fo rm s . T his m ethod, g iv en  by 
B a rn e t t  [1972] an d  W i l l i s  [1972] r e s u l t s  i n  e x p re s s io n s  f o r  th e  G reen 
fu n c t io n  and i t s  d e r iv a t iv e s  in v o lv in g  a s in g le  l i n e  i n t e g r a l ,  and th e  
method p rop o sed  by B a rn e t t  i s  d e s c r ib e d ,  and i t s  u s e fu ln e s s  d is c u s se d  i n  
C h a p te r  2o I t  i s  w orth  m en tio n in g  h e re  how ever, t h a t  s in c e  i t  i s  v e ry  
o f te n  th e  d e r iv a t iv e s  o f  t i e  G reen fu n c t io n  w hich we r e q u ir e  r a t h e r  th a n  
th e  G reen te n s o r  i t s e l f ,  t h i s  method has an  obv ious c o m p u ta tio n a l 
advan tage  o v e r t h a t  o f  d i f f e r e n t i a t i n g  a t r u n c a te d  t r ig n o m e tr ic  ex p an s io n  
-as would be r e q u ir e d  w ith  th e  F o u r ie r  s e r i e s  n e th o d  o f  r e p re s e n ta t io n *  
S ince we a re  concerned  w ith  th e  G reen fu n c t io n  because o f  i t s  
a p p l i c a b i l i t y  to  th e  s tu d y  o f  c r y s t a l  d e f e c t s ,  we g iv e  i n  C h a p te r  3 
Green fu n c tio n  e x p re s s io n s  f o r  th e  d is p la c e m e n t, d i s t o r t i o n  an d  s t r e s s  
f i e l d s  o f  such  d e fe c ts  as p o in t  d e f e c ts ,  s t r a i g h t  and e l l i p t i c  
d i s lo c a t io n s  and v o id s*  An im p o rta n t a s p e c t  o f  d e f e c t  th e o ry  i s  th e  
e l a s t i c  i n t e r a c t i o n  betw een d e f e c t s  s in c e  t h i s  q u a n t i ty  i s  o f t e n  o f  
prim e im portance  i n  d e te rm in in g  d e f e c t  c o n f ig u r a t io n s  and hence 
m a c ro sc o p ic a lly  o b se rv a b le  phenomena such a s  w ork h a rd e n in g  and growth* 
Thus we g iv e  i n  C h ap te r 3 some d is c u s s io n  o f  and e x p re s s io n s  f o r  th e  
e l a s t i c  i n t e r a c t i o n  energy  betw een v a r io u s  p a i r s  o f  d e fe c ts*
As an  a p p l ic a t io n  o f  th e s e  e x p re s s io n s  we d is c u s s  i n  C h a p te r  4  
th e  e l a s t i c  i n t e r a c t i o n  en erg y  betw een an  i n t e r s t i t i a l  d i s lo c a t i o n  loop  
and  an  i n t e r s t i t i a l  p o in t  d e f e c t  i n  a dum bell c o n f ig u ra t io n  i n  co p p er. 
Such an  a n i s o t r o p ic  s tu d y  i s  o f  i n t e r e s t  f o r  two re a s o n s ; f i r s t l y  
b ecause  th e  d e f e c t  c o n f ig u r a t io n  i s  b e t t e r  u n d e rs to o d  in  co p p er th a n  
i n  o th e r  m e ta ls  and b eca u se  th e  a p p ro p r ia te  l a t t i c e  fo r c e s  w hich s im u la te
th e  dum bell i n t e r s t i t i a l  a re  a v a i l a b l e ,  and seco n d ly  because such  a 
s tu d y  may h e lp  to  q u a n t ify  th e  b a s ic  h y p o th e s is  o f v o id  grow th w hich 
depends on th e  assu m p tio n  o f  a p r e f e r e n t i a l  a t t r a c t i o n  o f  th e  
i n t e r s t i t i a l  lo o p s  f o r  i n t e r s t i t i a l s .
T h is p r e f e r e n t i a l  a t t r a c t i o n  i s  seen  to  e x i s t .  In  t h i s  work th e  
a x is  o f th e  i n t e r s t i t i a l  i s  p la c e d  a long  th e  th r e e  p r in c ip a l  c r y s t a l  axes 
and th e  e n e rg y  o f  i n t e r a c t i o n  o f  each o f  th e s e  c o n f ig u ra t io n s  w ith  th e  
i n t e r s t i t i a l  lo o p  i s  c a lc u la te d .  By s e l e c t i n g  th e  lo w e s t en erg y  
c o n f ig u r a t io n ,  th e  a x is  o f th e  dum bell i n t e r s t i t i a l  i s  seen  to  r e ­
o r i e n t a t e  a s  th e  d e f e c t  d r i f t s  tow ards th e  lo o p . Comparison o f  th e  
i n t e r a c t i o n  en e rg y  c o n to u rs  o f  th e s e  th r e e  f ix e d  c o n f ig u ra t io n s  and th e  
minimum i n t e r a c t i o n  e n e rg y  r o ta t in g  i n t e r s t i t i a l  c a s e ,  to g e th e r  w ith  th e  
energy  c o n to u rs  o f  th e  e q u iv a le n t  i s o t r o p i c  i n t e r s t i t i a l  i n t e r a c t i n g  
w ith  th e  i n t e r s t i t i a l  d i s lo c a t i o n  loop  i n  b o th  a n i s o t r o p ic  and an  
i s o t r o p i c  body, c l e a r ly  r e v e a ls  th e  s i g n i f i c a n t  a f f e c t  o f  a n iso tro p y  
on b o th  th e  m ic ro sco p ic  d e f e c t  and  on th e  co p p e r c r y s t a l  i t s e l f .
I n  the f i n a l  two c h a p te rs , o f th e  t h e s i s  we a re  co n ce rn ed  w ith  th e
d e f e c ts  and  t h e i r  in t e r a c t io n s  i n  a -u ran iu m . T his m a te r ia l  was chosen
f o r  c o n s id e r a t io n  because  i t  i s  te c h n o lo g ic a l ly  im p o r ta n t ,  i s  h ig h ly
a n is o t r o p ic  and  i s  o f  a lo w er symmetry th a n  th e  c u b ic  m a te r ia l s  to  w hich
m ost a t t e n t i o n  has p re v io u s ly  been d ev o ted . I n  C h ap te r 5 we g iv e  f i r s t
th e  symmetry and c ry s ta l lo g ra p h y  o f  a -u ran iu m . The c o e f f i c i e n t s  o f  th e
s e x t i c  i m p l i c i t  i n  F redho lm ’s work a re  th e n  developed  e x p l i c i t l y  f o r  th e
o r th o  rhombic symmetry o f  a -u ran ium . By c o n s id e r in g  th e  symmetry o f
a -u ran iu m  we develop  e x p re s s io n s  f o r  th e  F o u r ie r  s e r i e s  r e p r e s e n ta t io n
o f  th e  com ponents o f  th e  G reen fu n c t io n  w hich  have been u sed  to  e v a lu a te  
*
th e  F o u r ie r  c o e f f i c i e n t s  and th u s  g iv e  an a n a ly t i c  r e p r e s e n ta t io n  o f  th e  
G reen te n s o r  fu n c tio n  f o r  a -u ran iu m . G ra p h ic a l r e s u l t s  a r e  p re s e n te d  
to  show th e  a n g u la r  form  o f  th e  Green f u n c t io n .  The d e fe c ts  w hich a r e
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commonly o b se rv ed  i n  a -u ran iu m  a re  th e n  d is c u s s e d  and we g iv e  r e s u l t s  
w hich show the  d i s t o r t i o n  and s t r e s s  f i e l d  s p a t i a l  v a r i a t i o n s  f o r  
s t r a i g h t  d i s lo c a t i o n s ,  p o in t  d e fe c ts  and  d i s lo c a t io n  lo o p s , to g e th e r  
w ith  d is c u s s io n  o f  th e  m anner in  w hich th e y  were o b ta in e d .
F in a l ly ,  i n  C hap ter 6 , we d e a l  w ith  th e  r a d i a t i o n  damage 
phenomenon i n  a-u ran ium  known a s  grow th . T h is  phenomenon i s  f i r s t  
d e s c r ib e d  to g e th e r  w ith  v a r io u s  p re v io u s  e x p la n a tio n s  g iv e n  f o r  i t ;  
th e n  th e  a v a i l a b l e  e x p e rim e n ta l e v id en ce  i s  in tro d u c e d  which su g g e s ts  
t h a t  th e  phenomenon i s  a r e s u l t  o f  th e  n u c le a t io n ,  grow th and  movement 
o f  d i s lo c a t i o n  lo o p s  and i t  i s  t h i s  e x p la n a tio n  w hich we c o n f im  and  
c l a r i f y 0 A p re v io u s  d is c u s s io n  o f  th e  grow th problem  has been g iv e n  by 
Hudson [ l9 6 4 ]  who u sed  a n  i s o t r o p i c  in f i n i t e s i m a l  loop  m odel. S ince  
a -u ran iu m  i s  so ex tre m e ly  a n is o t r o p ic  th e  in a d e q u a c ie s  o f  t h i s  t r e a tm e n t  
from  b o th  th e  p o in t  o f  v iew  o f  th e  u se  o f  an  i n f i n i t e s i m a l  lo o p  and  
e l a s t i c  is o t r o p y  a re  o b v io u s . We s h a l l  p r e s e n t  a  s tu d y  o f  th e  
phenomenon u s in g  b o th  e l a s t i c  a n is o tro p y  and th e  e l a s t i c  th e o ry  o f  
f i n i t e  lo o p s . Thus we f i r s t  s tu d y  th e  i n t e r a c t i o n  betw een a p o in t  
d e f e c t  and t h e  o b served  d i s lo c a t io n  lo o p s  in  a -u ran iu m ; how ever, i t  i s  
c l e a r l y  beyond th e  sco p e  o f  the p r e s e n t  work to  a t te m p t th e  c o n s t r u c t io n  
o f  a l a t t i c e  model f o r  th e  p o in t  d e f e c ts  in  a -u ran iu m  and th u s  b e in g  
u n ab le  t o  u se  a r e l i a b l e  n o n - lo c a l model we a r e  th e r e f o r e  fo rc e d  to  
u se  a s im p l i f ie d  i s o t r o p i c  in c lu s io n  model f o r  the p o in t  d e f e c t .  T h is  
l a c k  o f  m ic ro sco p ic  a n is o tro p y  i s  c l e a r ly  u n fo r tu n a te  b u t  i s  somewhat 
com pensated by o u r  a llo w an ce  f o r  th e  com ple te  a n is o t ro p y  o f  th e  
su rro u n d in g  medium ( t h a t  i s ,  f u l l  a n i s o t r o p ic  e l a s t i c i t y ) .  S eco n d ly , and  
o f  d i r e c t  s ig n i f i c a n c e  to  th e  grow th p ro b lem , we c o n s id e r  th e  
i n t e r a c t i o n  betw een p a i r s  o f  d i s lo c a t i o n  loops to  a s c e r t a in  w h e th e r th e  
o b se rv ed  c o - p la n a r i ty  o f  th e  same ty p e s  o f  d i s lo c a t i o n  lo o p s  i s  
p r e d ic te d  by a n i s o t r o p ic  e l a s t i c i t y ;  t h i s  i s  found t o  be th e  c a s e G
The im portance  o f  in c lu d in g  in  th e  c a l c u la t io n  th e  f i n i t e  n a tu re  
o f  th e  lo o p s  and a n i s o t r o p ic  e l a s t i c i t y  to  e x p la in  th e  phenomenon o f  
grow th in  a -u ran iu m  i s  th e n  sum m arised.
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CHAPTER 2
The Green te n s o r  fu n c t io n  and i t s  r e p r e s e n ta t io n s  
2 d  I n t r o d u c t io n
r  The -problem o f  d e te rm in in g  th e  d isp la c e m e n t f i e l d  i n  an i n f i n i t e  
. e l a s t i c  medium due to  a  p o in t  f o r c e ,  w hich i s  no rm ally  c a l l e d  th e  e l a s t i c  
G reen fu n c t io n ,  has  a  lo n g  h i s to r y .  I n  1846 Thomson f i r s t  gave th e  
s o lu t io n  f o r  an i s o t r o p i c  s o l i d .  Then, i n  1900, Fredholm  gave an 
im p l i c i t  e x p re s s io n  f o r  th e  g e n e ra l  a n i s o t r o p ic  c a s e .  However, a n a l y t i c a l  
e x p re s s io n s  can  o n ly  be g iv e n  f o r  hexagonal c r y s t a l s  [K roner, 1953;
L i f s h i t z  and R o zensveig , 1947] and  f o r  some tw o -d im en sio n a l prob lem s f o r  
c u b ic  c r y s t a l s  [E shelby  e t  a l ,  1953], C onsequen tly  much i n t e r e s t  has  been 
fo c u sse d  on o b ta in in g  app rox im ate  and a l t e r n a t i v e  s o lu t io n s  o f  th e  
problem . L i f s h i t z  and  R o zen tsv e ig  [1947] and  L e ib f r ie d  [1953] have 
a p p l ie d  p e r tu r b a t io n  th e o ry  w ith  r e s p e c t  t o  th e  a n is o tro p y  f o r  w eakly 
a n is o t r o p ic  c r y s t a l s ,  b u t v e ry  few su b s ta n c e s  su ch  a s  A l,w , 
and  diam ond, a re  s u f f i c i e n t l y  c lo s e  to  is o t r o p y  f o r  th e  m ethod to  be 
v a l i d 0 U sing F redholm ’s fo rm u la , Mann e t  a l  [1961] made a p o in t -b y -  
p o in t  com puter c a l c u la t io n  o f  th e  G reen fu n c t io n  f o r  copper and gave a n  
ex p an sio n  in  s p h e r ic a l  harm o n ics . L ie  and  K o eh le r [1968] made a 
s im i la r  c a l c u l a t i o n  f o r  A l,C u and L i and f o r  b e t t e r  convergence 
re p re s e n te d  t h e i r  r e s u l t s  a s  a do u b le  F o u r ie r  s e r i e s .  In  th e  p r e s e n t  
work we p r e s e n t  a s im i la r  c a l c u la t io n  f o r  a -u ran ium  which h as  low er 
symmetry th a n  th e  above cu b ic  s tu d ie s .
I n  t h i s  s e c t i o n  we f i r s t  d e r iv e  th e  d i f f e r e n t i a l  e q u a t io n s  f o r  g , 
th e  G reen fu n c t io n ,  and  show t h a t  i t  i s  a sym m etric te n s o r .  We th e n  
'd e r iv e  th e  e x p l i c i t  e x p re s s io n s  f o r  Q f o r  an  i s o t r o p i c  body. In  th e  
n e x t .s e c t io n  we sum m arise th e  mathod o f  Fredholm  f o r  o b ta in in g  th e  
a n i s o t r o p ic  e l a s t i c  G reen fu n c t io n .  In  s e c t io n  2 .3  we d e s c r ib e  b r i e f l y  
th e  method by w hich th e  G reen fu n c t io n  may be r e p re s e n te d  by a
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t r u n c a te d  double F o u r ie r  s e r i e s ,  w h i l s t  i n  s e c t io n  2 .4  th e  F o u r ie r  
tra n s fo rm  method f o r  th e  G reen fu n c t io n  i s  d e s c r ib e d .
I n  th e  fo llo w in g  d is c u s s io n ,  we s h a l l  c o n s id e r  an  i n f i n i t e ,  
g e n e ra l ly  a n is o t r o p ic  body, w ith  body f o r c e s  f m( r ! ) a c t in g  a t  th e  p o in t  
r ! w here r f a r e  p o s i t io n  v e c to r s  and th e  v a r io u s  l a t i n  
s u b s c r ip ts  r e f e r  to  a  f ix e d  C a r te s ia n  r e f e r e n c e  fram e ( u s u a l ly ,  b u t  n o t 
n e c e s s a r i ly ,  th e  fram e i n  w hich th e  e l a s t i c  c o n s ta n ts  a r e  c i t e d ) .  N ote 
t h a t  th e  u s u a l  comma n o ta t io n  f o r  p a r t i a l  d i f f e r e n t i a t i o n  m i l  be em ployed, 
W ith such a body f o r c e  d i s t r i b u t i o n  i t  i s  c o n v e n ie n t to  e x p re ss  th e  
r e s u l t i n g  d isp la c e m e n t v e c to r  u ( r )  i n  term s o f  a G reen fu n c t io n  Q (£ - r ! ) 
by th e  i n t e g r a l  r e l a t i o n :
u]c( r )  = / G ^ C r - r ’ ) f m( r f ) dV’ 0 (2 .1 )
The d i f f e r e n t i a l  e q u a t io n  f o r  Q may be o b ta in e d  i n  th e  fo llo w in g  way.
The e q u i l ib r iu m  e q u a tio n s  a r e :
p .-, = - M P  ( 2. 2)J-J 9 J
and fo llo w  from  th e  re q u ire m en t of e q u i l ib r iu m  o f  ev e ry  e le m e n t o f 
th e  body. Hooke’s law  i s :
P . . = C. . - e , o (2 .3 )
i j  l j k l  k l
These may be re g a rd e d  a s  c o n s t i t u t i v e  e q u a tio n s  o r  can  be d e r iv e d  from  
th e  s t r a i n  d e r iv a t iv e  o f  th e  f r e e  energ y  d e n s ity  o f  th e  l i n e a r  e l a s t i c  
body. Ih e  l i n e a r  s t r a i n  t e n s o r  i s  d e f in e d  by:
Cij = ^Ui,j + uj,i> = + Pji5 (2'4)
and th u s  from  ( 2 .2 ) ,  (2 .3 )  and  ( 2 .4 ) :
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w hich a re  t h e , t h r e e  second o rd e r  s im u ltan e o u s  p a r t i a l  d i f f e r e n t i a l  
e q u a t io n s  f o r  th e  d isp la c e m e n t v e c to r  com ponents Ujc( r )  and a re  known as
th e  d isp la c e m e n t e q u a t io n s .  The te n s o r  p . . i s  known as  th e  d i s t o r t i o n ,i  J
o r  som etim es a s  the  g e n e r a l is e d  s t r a i n ,  and  i s  d e f in e d  by p. . = u . . . .
J-J J-5J
S u b s t i t u t io n  o f  ( 2 . 1) in t o  (2 .5 )  y ie ld s :
J Ci j k l  Gk m , l j (— } dV' = - f i {£> * <2-6>
V
I t  fo llo w s  from  th e  d e f i n i t i o n  o f  th e  D irac  d e l ta  fu n c tio n :
J 6i m 6 ( r - r ’ ) <& = f i ( l )  5 (2 .7 )
V
t h a t  th e  sym m etric te n s o r  G m ust s a t i s f y  th e  s ix  d i f f e r e n t i a l  
e q u a tio n s :
Ci j k l  = -  slm H e - i ' ) -  • . ( 2 . 8 )
F o r th e  i n t e g r a l  in  ( 2 . 6) to  be c o n v e rg e n t, we r e q u ir e :
Gkm(—) — * 0 aS ^  — > 00 * (2 .9 )
B ecause o f  r o t a t i o n a l  and r i g i d  d isp la c e m e n t in v a r ia n c e ,  and th e  
symmetry o f  th e  e l a s t i c  c o n s ta n ts ,  = ^ j i k i  = ^ k l i j 5 G reen
fu n c t io n  s a t i s f i e s  th e  r e l a t i o n s :
G. . ( r - r ’ ) = G . . ( r - r ’ ) = G. . ( r ’ - r )  . (2 .1 0 )
J - J   J i   i j  -  -
N o te , th e  Green fu n c t io n  c o n c e p t has been s u c c e s s f u l ly  e x te n d e d  to  a 
m u l t ip ly  co n n ec ted  f i n i t e  body [Simmons and B u llo u g h ,1970], though  
such an  extremum w i l l  n o t be c o n s id e re d  i n  t h i s  work. C le a r ly  a s im p le
s o lu t io n  o f  ( 2 . 8) does n o t  e x i s t  when th e  body i s  a n i s o t r o p ic ,  and
i n  p r in c ip le  we s h a l l  be p a r t l y  concerned  in  t h i s  t h e s i s  w ith  th e  
v a r io u s  fo rm alism s and r e p r e s e n ta t io n s  t h a t  have been d ev e lo p ed  to  s o lv e  
( 2 . 8 )„
We now com plete  t h i s  s e c t io n  by d e r iv in g  th e  e x p l i c i t  e x p re s s io n s  
f o r  th e  com ponents o f  Q f o r  an  i s o t r o p i c  body. When th e  body i s  
i s o t r o p i c ,  th e  e l a s t i c  c o n s ta n ts  may be w r i t t e n  a s :
where p i s  th e  sh e a r  m odulus and V i s  Lames c o n s ta n t .  A l t e r n a t iv e ly  
i n  te rm s o f  P o is s o n ’s r a t i o ,  v , and p:
In  th e  i s o t r o p i c  ca se  th e  e q u a tio n  (2 . 8 ) may be so lv e d  by th e
fo llo w in g  F o u r ie r  tra n s fo rm  te c h n iq u e  [ L e i b f r i e d ,1953]. The F o u r ie r
tra n s fo rm  o f  G. ( r )  i s  gT (k) w here: km — km —
V
w here th e  i n t e g r a l  i s  o v e r  a l l  r e a l  sp a c e , and  k i s  th e  r e c i p r o c a l  wave 
v e c to r .  I n v e r t in g  t h i s  g iv e s :
C. . . .  = p (5  6 .. + 6 . 5 . J . +  \  6 . . "5i j k l  rv l k  j l  i l  j k  i j  k l (2 . 11)
(2 . 12)
The in v e rs e  o f  th e  i s o t r o p i c  H ooke 's  law  i s :
(2 .1 3 )
(2 .1 4 )
(2 .1 5 )
V
w here th e  i n t e g r a l  i s  o v e r  a l l  r e c ip r o c a l  sp a c e . Now,
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c .  , k .k .  g. (k) = C. .. . I k , k . G. ( r )  e " 1—  dV .l j k l  1 j  ^ k m -  l j k l  / 1 j  km -
V
I n te g r a te  by p a r t s ;  th e  s u r f a c e  te rm s w i l l  v a n is h  s in c e  th e  G reen 
fu n c t io n  te n d s  to  ze ro  as r  te n d s  to  i n f i n i t y .  Thus
C. .. , k .k .  g, (k) = -  C. ' / G, , . ( r )  dVl j k l  1 j  km -  l j k l  j  k m ,lj -
.V
= f  b. 6( r )  e ”"1—*— dV = 6 .
J lm — im
V
by th e  u se  o f  ( 2 . 8 ) and th e  D irac  d e l t a  f u n c t io n  p ro p e r ty .  Thus
C. , k .k  g. (k) = S. . (2 .1 6 )l j k l  1 j  km -  im
We th e r e f o r e  have to  so lv e  (2 .16 ) f o r  g. (k) and s u b s t i t u t e  th e°km —
r e s u l t  i n to  (2 .15 ) to  o b ta in  a s o lu t io n  f o r  th e  G reen f u n c t io n .  T h is  
can  be done e a s i l y  f o r  th e  i s o t r o p i c  ca se  where s u b s t i t u t i o n  o f  ( 2 . 11) 
i n t o  (2 .1 6 ) g iv e s :
k2 + kA  gkra(D )  + k ki kk = 81im
2(X+p) k .k R Skm(k) + p k Sim (k) = 6 . (2 .1 7 )
M u ltip ly in g  by k^ and summing o v e r  i
(A+2(i) k2kk  = km (2 .1 8 )
m u ltip ly in g  (2 .1 8 ) by k^
ki \ k (A+2p) 
From (2 .1 7 )
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• A  gk m ®  =
8 . -  pic g. (k)im r  irn —m
( \+ p )
S u b tra c t
k  (X+2p) 8 . -  pk g. (k)im ^  &j.m —' = (*+H) h * m
th u s
_ J. J  ^ k m  __ (X+p) ^ k ^ m  1
’k m ' -  |J 1  k 2  ”  ( k + 2 ( j )  r 4  / (2 .1 9 )
Now, from  th e  i n t e g r a l :
< i k . r  1 e -  -
2 4  ~*k7t J k
dV, = - r (2 . 20)
i t  fo llo w s  by d i f f e r e n t i a t i o n  t h a t
%
, , ± k .rk k e -----k m dV = r  k ,km
and
1 f  e1- " -  - 4  ----- O—  dV, = r
k 2 J  k2 k ’ pp
Hence th e  Green te n s o r  f o r  an i s o t r o p i c  medium i s
V ^ = s f c { 6t o r , p p - - & r . i ™ } ’ ( 2 - 2 , )
and i t  i s  seen  t h a t  ^ ^ ( r )  — > 0  a t  i n f i n i t y  a s  r e q u ire d .  U sing  th e  
f a c t  [H ir th  and L o th e ,1 9 6 8 ], t h a t
1- 2v (2 .22)
We may e x p re s s  e q u a tio n  ( 2 . 2 1 )  a s
G. ( r )  = 77—77— r  { 2 ( 1 - v) 8 r  -  r  1 . (2 .km — 167tp ( 1-v ) L km ,p p  ,km J 23)
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I f - t h e  p o s i t i o n  v e c to r  r  i s  e x p re s se d  in  s p h e r ic a l  p o la r  
c o o rd in a te s ,  (r ,0 ,< £ ), a s  d e p ic te d  i n  F ig u re  2 .1 ,  th e n  th e  com ponents 
o f  th e  i s o t r o p i c  Green fu n c tio n  may be ex p re sse d  a s :
G11(0  = F l 6 T i l
12 — r  167t p
G13 ( l )  r  1G7t ^
G2 2 ^  r  167t p
1
G2 3 ^  r  16tc p
1
G3 3 ^  r  1 6tc p
1-v ) [3-4v + s in 2 6 c o s2$]
2:p - ^ [ s i n  6 c o s  s in  <p]
[ s in  6 cos 6 cos1-v ) (2 .2 4 )
:j— j- [3-4v  + s in 2 0 s i n 2$ ]
1-v ) [ s i in  <f>]
1-v )
m  o cos u s i
[3 -4v  + co s^0 ] .
Sometimes th e  s t r e s s  form  o f G, th e  s t r e s s  G reen fu n c t io n ,  i s  r e q u ire d ;  
i t  ta k e s  the  form:
PJ k (£) = Cjk r s  Gi r , s ^ (2 .2 5 )
where ) i s  th e  s t r e s s  p roduced  a t  r  by a u n i t  p o in t  f o r c e  i n
th e  i - d i r e c t i o n  a p p l ie d  a t  th e  p o in t  r * » Hie i s o t r o p i c  s t r e s s  G reen 
fu n c t io n  i s  o b ta in e d  by m u l t ip l i c a t io n  o f  e q u a t io n  ( 2. 11) w ith  th e  f i r s t  
d e r iv a t iv e  o f  e q u a tio n  ( 2. 21) and  is : -
pj k(0  = -  h
(x .5  + x. 6 . .) \  x. 8
3 i k  k i j  , i  ;i j '  , i  j k  i i + p L  r->
3 3 (X+2p) , i j k . (2 .2 6 )
2;2  The d i r e c t  Fredholm  e v a lu a t io n  o f  th e  Green fu n c t io n
Fredholm  [ l9 0 0 ]  gave th e  f i r s t  g e n e ra l  i m p l i c i t  s o lu t i o n  o f  
e q u a tio n  ( 2 . 8 ) f o r  an  a n i s o t r o p ic  body and  we s h a l l  o u t l in e  h i s  
p ro ced u re  below®
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AFIGURE 2 . 1
THE R E L A TI O N S H I P  BETWEEN THE CARTESIAN AND  
S P H E R I C A L  POLAR C O - O R D I N A T E  S Y S T E M S .  (!) IS KNOWN 
AS THE AZIMUTHAL ANGLE AND 0  THE P OL AR A NG L E.
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In  an  e l a s t i c  s o l i d ,  th e  e q u a t io n s  o f e q u i l ib r iu m , ( 2 . 2 ) ,  i n  
th e  absence o f  body f o r c e s ,  can  be w r i t t e n :
D. .u . = 0 i , j  = 1 ,2 ,3 - (2 .2 7 )
i j  J
w here D i s  a t e n s o r  o p e ra to r  w ith  com ponents:
D = C, . . ~ . (2*28)I j  l i jm  a Xl 3xm
U sing th e  th r e e  e q u a t io n s  (2 .2 7 ) one c a n  e l im in a te  two com ponents 
o f  u i n  one o f  them , and  co n se q u e n tly  ca n  o b ta in  a s ix th  o rd e r  
-homogeneous d i f f e r e n t i a l  e q u a t io n  f o r  each component o f  u w h ich  h as  th e  
form :
f  Q “  » » a”  u - = 0 (2 .2 9 )\ x, 2 3x3 J  1
3 3 3
w here f (  ^— >9x~>9x~^ *^ s a o rc ie r l i n e a r  homogeneous d i f f e r e n t i a l
1 2 ^
o p e r a to r  i n  x ^ , X 2 , x ^  and i s  th e  d e te rm in a n t o f  th e  m a tr ix  g .  A 
p a r t i c u l a r  s o lu t io n  o f t h i s  e q u a t io n ,  w hich i s  f i n i t e  th ro u g h o u t sp ace  
e x c e p t a t  th e  o r ig i n ,  and  i s  homogeneous and  o f  d eg ree  m inus 1 i n  th e  
s p a t i a l  c o o rd in a te s ,  was g iv e n  by Fredholm . I n  th e  th e o ry  o f  e l a s t i c i t y  
t h i s  s o lu t io n  has the same s ig n if ic a n c e  a s  ^/ r ,  th e  f i e l d  o f  th e  
Coulomb c h a rg e , i n  th e  th e o ry  o f  th e  e l e c t r o s t a t i c  p o t e n t i a l  [H ir th  
and L o th e ,1 9 6 8 ], and th e  e l a s t i c  d isp la c e m e n t u i s  d i r e c t l y  an a lo g o u s  
to  th e  e l e c t r o s t a t i c  p o t e n t i a l  V. N o ting  th e  V r  dependence o f  th e  
s o lu t io n ,  Fredholm  c o r r e c t ly  c o n je c tu re d  t h a t  a g e n e r a l i s a t io n  o f  th e  
form:
1U =
w ould s u f f i c e ,  and  he chose
aXj + bx^ + cx^
—20—
' . r d£
Ui ~ J f2(£,n) + tix2 + x3) (2.30)
C
w here i s  a po lynom ial i n  £ and ri o f  f i f t h ,  o rd e r  o r  low er and :
f 2 (g,-n) = f -  f ( g , r i , i )  (2 .3 1 )
z  o ' n  ■
where f(£ ,* n ,l)  i s  th e  d e f i n i t e  a lg e b r a ic  form  o b ta in e d  by r e p la c in g
3 3 3
S x "5 bTT*’ d x ~  ^  anc*  ^ r e s p e c t iv e ly .  The i n t e g r a t i o n  i s  a ro u n d  a 
c lo se d  c o u n te r  c lo ck w ise  c o n to u r  i n  £ -s p a c e . I t  may be shown t h a t :
. f  i t 3-  3 3 y  1_______ =  e i  f ( g , T i , i ) -  # (2#32)
3x, ’ 3x2 >3x3 J  ^ x ,  + T!X2 + x j  ~ ^  + ^  + ^ 7
S u b s t i t u t in g  from (2 .3 0 ) f o r  u^ in to  (2 .2 9 ) and u s in g  (2 .3 2 ) ;  
(2 .2 9 ) becomes:
<£i (£,'n) 61 f (£ ,* n ,i)
W  ( g x ,  + - n x 2  + X3 ) 7
c
w hich w i l l  be s a t i s f i e d  i f
f ( £ , r i , l )  = 0 . (2 .3 3 )
E q u a tio n  (2 .3 3 ) h as  s ix  ro o ts  an d  so  we may w r i te  (2 .3 0 ) a s :
Ui  = l_ ,  J f 2(5 ,n v ) ( g x ^ + T i ^  + x3) • (2 ' 34)
v=l C
F o r d i s t i n c t  r o o ts ,  th e  in te g ra n d  in  (2 .3 4 ) ca n  be s e p a ra te d ,  u s in g  
L ag ran g e’s in t e r p o la t io n  fo rm u la , i n t o  s im p le  f r a c t io n s :
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•• ^  4>Lte,v\v) 1
f  (£ ,'n ) (^ x 1 + tix 2 + x 3) ~ 2 _, f 2 ^ ^ v ^ ^ x 1 + r i vx2 + x3  ^ * ^ ^ v ^
v=1
+ f(C ,r io ) (g x 1 + tix 2 + x3) (2 .3 5 )
where r \Q i s  g iv e n  by:
? X1 + r\o x 2 + x3 = 0 . - (2 .3 6 )
By expand ing  b o th  s id e s  o f  (2 .3 5 ) i n  pow ers o f  ^/r\ and com paring  
c o e f f i c i e n t s ,  we f in d :
6  ^ ( £ 5% )  ^ ( ^ ^ q )
^ X1 + + X3  ^ + *2 f  (£ ,t i0T “  °  (2 .3 7 )
v=1 ‘
from w hich e q u a tio n  (2 .3 0 ) becomes:
:2 f ( 5 >'nou < = -  I Z - f T C T  «  < * •» >
c
w here th e  i n t e g r a l  i s  around  th e  c o n to u r  C w hich c o n ta in s  6 p o le s  w hich 
a re  th e  ro o ts  o f  f(£ ,iri0 ) = 0 , w here *n i s  g iv e n  by ( 2 .3 6 ) .  The 
c o n to u r  C c o n ta in s  p o le s  a t
T'o  = 11o fev) >
and  by T a y lo r ’s theorem , f(£ /,ri0 ) can  be expanded a round  to  y i e ld  
f ( g , V  = (€ -S v ) { f , (€ ,n 0 ) + f 2 (S ,n 0) ( -  }
P
w here f j ( £ , r i o ) = 9 f /3 £  and  f 2 (£ ,rio ) = 9 f/& nQ. S u b s t i t u t in g  f o r
fK ,*no ) i n  (2 .3 8 ) :  .
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u . = 1 • (? -?v) l x 2f 1(? ,n 0) -  '
c
Use o f  C auchy’s re s id u e  theorem  le a v e s :
n± = 2K l ± ,  ¥ ? W r ¥ i iW  U '
v = 1
w here $Lv i<\v a re  th e  i n t e r s e c t i o n  o f  th e  c u rv e s :
f ( £ ,n )  = 0 and ^ x 1 + rix2 + x^ = 0 . (2 .4 0 )
W henever a complex e g r e s s i o n  i s  p re s e n te d  i t  i s  u n d e rs to o d  t h a t  on ly  
i t s  r e a l  p a r t  i s  to  be u se d . S ince f  h as  r e a l  c o e f f i c i e n t s  th e  s ix  
r o o ts  o f (2 .4 0 ) ap p e a r  a s  th r e e  c o n ju g a te  p a i r s .  E q u a tio n  (2 .3 9 )
im m ed ia te ly  p ro v id e s  u s  W ith an  e x p re s s io n  f o r  a s :
^ i i ( W
Gi j  = 2*  1 x i f 2 fe v jriv ) "  * (2 ,4 1 )
v = 1
T h is  i s  th e  d isp la c e m e n t i n  th e  x^ d i r e c t i o n  due t o  a u n i t  fo rc e
i n  th e  x .  d i r e c t io n  a t  th e  o r ig i n .  F o r a u n i t  f o r c e  in  th e  x r  d i r e c t i o n
J •*-
th e  i  e q u a tio n  o f  (2 .1 7 ) becomes:
, Di j u j i  = Fi  (2 *42)
• j
w here th e re  i s  no i m p l i c i t  summation o v e r  th e  in d ic e s  i  and j ,  F j=0
e x c e p t a t  th e  o r ig i n  where i t  i s  u n i ty .  S u b s t i t u t in g  (2 .3 0 ) o f  u .. w ith
J^ *
(p. .  i n  (2 .4 0 ) g iv e s :
J
^  ,  2 D ( 5 , i )  i  t y  
Fi= L I  f2(S^ )(5x^ x2+x3) dg • <2'43>
j
Because o f  th e  boundary c o n d i t io n s  we th e r e f o r e  have:
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D. .(£ ,r i)  ^ ..C ^ T i)  = 0 o (2 .4 4 )J- J J-*-
T h is  may be s a t i s f i e d  by c h o o s i n g = C.D. .  where th e  D. . *s  a r e  
th e m in o r  d e te rm in a n ts  o f  D, and  Ch i s  a c o n s ta n t  w hich d e te rm in e s  th e  
- s t r e n g th  o f  th e  fo rc e  i n  th e  d i r e c t i o n .  By c o n s id e r in g  th e  
i s o t r o p i c  l i m i t  i t  may be shown t h a t  = ~ l / 87t . From 3 f /3 £  and 
d f / d r \  we may show th a t :
9 f(£ ,T |)
2 1 3ri
9f(£,Ti (£ ))
= X9 -----------  v  (2 .4 5 )
t i= n „ (e )  2 3S
H ereon we r e p la c e ,  p u re ly  f o r  co n v en ien ce , x-j?x2 and x^ by x ,y  and 
z r e s p e c t iv e ly .  S u b s t i tu t io n  o f  (2 .4 5 ) in to  (2 .4 1 ) g iv e s :
Gi i  = 2tw • Ke • A  —  , (2 .4 6 )
1J 2,iy L ,  |£ce,-n- (e»
V=1 ^
where th e  sum i s  o v e r th e  t h r e e  ro o ts  w ith  p o s i t i v e  im a g in a ry  p a r t .
One may e l im in a te  r\ from  f  ( £ ,r ] , l )  by u se  o f  ( 2 .4 0 ) ,  le a v in g :
■r f v  - z -Z x  A ~6 g.5 v-4 ~
V — y—  J = S6 + a 5 + a4^ + a 3^ + a 2^ + a 1^  + a o 5
(2 .4 7 )
a s e x t i c  po lynom ial w ith  ro o ts
I t  i s  obv ious from  th e  hom ogeneity  o f  f  t h a t  th e  c o e f f i c i e n t s  
o f th e  s e x t i c  w i l l  be f u n c t io n s  o f  th e  e l a s t i c  c o n s ta n ts  an d  o f  th e  
p o la r  c o o rd in a te s  (0,<£) o n ly . The m inor d e te rm in a n ts  a r e  c a lc u la t e d  
by r e p la c in g  Xj , x 2 and x^ by £,ri and 1 r e s p e c t iv e ly  in  t h e i r  
e x p re s s io n s  and  th e n  e l im in a t in g  r\ by u se  o f  e q u a t io n  ( 2 .4 0 ) .  The D A ’ s 
a r e  a l s o  o n ly  fu n c tio n s  o f  th e  e l a s t i c  c o n s ta n ts  and c o o rd in a te s
(0,<£). S in ce  we have f ( ? , r \ , l )  a s  a  fu n c t io n  o n ly  o f  £ , e q u a t io n
3 f (2 .4 7 ) ,  we can  e v a lu a te  (5 ,r iv ( 5 ) ) .  Thus th e  p a r t i c u l a r  s o lu t io n  i s :
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3 B* (£)
G. A v ,e ,< p )  = -  ' 1 .  A . Re . i  .  \  #i j  2rcr s in  0 s in  4> * * * /
' 0 f  ^v=1
, (2 .4 8 )
S=€k (0 ,0 )
w here £^(0,<£) a r e  th e  th r e e  ro o ts  o f  e q u a tio n  (2 .4 7 )  f o r  a p a r t i c u l a r  
(0 ,< f). The r e s u l t  s u b s t a n t i a t e s  th e  i n i t i a l  h y p o th e s is  o f Fredholm  
t h a t  G i s  a  homogeneous fu n c t io n  o f  d eg ree  m inus oneD 
2»3 The F o u r ie r  s e r i e s  r e p r e s e n ta t io n  o f th e  G reen fu n c tio n
When an  e l a s t i c  medium i s  i s o t r o p i c  th e  sym m etric G reen te n s o r  
fu n c t io n  has th e  a n a ly t ic  form (e q u a tio n  (2„21) ) : ‘
Gi -• ( = 7T~ { r  “  r  . . (2 .4 9 )i j  -  87tp L i j  .,p p  (X+2Ji) ,JLjj
However, when th e  body i s  e l a s t i c a l l y  a n i s o t r o p ic  G does n o t ,  
i n  g e n e ra l ,  have an  a n a l y t i c  form ( th e  s in g le  e x c e p tio n  i s  when th e  
a n is o tro p y  i s  hexagonal i n  w hich ca se  a com plex a n a ly t i c  form  does 
e x i s t ,  K ro n e r ,1953), and an  app rox im ate  r e p r e s e n ta t io n  w ould be u s e f u l .  
Such a r e p r e s e n ta t io n  in v o lv e s  n u m e ric a lly  f i t t i n g  s e r i e s  a p p ro x im a tio n s  
to  a  range o f  a c c u ra te ly  computed v a lu e s  o f  G: th e s e  a c c u r a te  G v a lu e s
may be com puted u s in g  th e  g e n e ra l i m p l i c i t  s o lu t io n  o f  Fredholm  
(e q u a t io n  ( 2 .4 8 ) ) .  Both s p h e r ic a l  harm onics [Mann e t  a l ,1 9 6 l ]  and 
F o u r ie r  s e r i e s  [L ie  and  K o e h le r ,1968; B ullough  e t  a l ,1 9 7 l ]  ex p a n s io n s  
have p re v io u s ly  been u sed , and th e  l a t t e r  F o u r ie r  s e r i e s  e x p a n s io n  i s  
p r e f e r a b le  as i t  a p p e a rs  to  converge more r a p id ly  th a n  th e  s p h e r ic a l  
harm onic s e r i e s .  As th e  F o u r ie r  s e r i e s  ex p an sio n  in v o lv e s  o n ly  th e  
e le m e n ta ry  tr ig n o m etric  fu n c tio n s  s in e  and c o s in e , i t  a l s o  h as  th e  
d i s t i n c t  ad v an tag e  t h a t  i t  c a n  be v e ry  e a s i l y  i n t e g r a te d  o r  d i f f e r e n t i a t e d  
f o r  v a r io u s  a p p l i c a t io n s c
An in d i c a t io n  o f  th e  p ro ced u re  in tro d u c e d  by L ie and K o eh le r 
[ l9 6 8 ]  i s  g iv e n  h e re ; th e  e x p l i c i t  e q u a t io n s  u sed  f o r  th e  c a se  o f  a 
m a te r ia l  w ith  o rtho rhom bic  symmetry a re  g iv e n  i n  a l a t e r  s e c t i o n 0
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The G reen te n s o r ,  e q u a tio n  ( 2 .4 8 ) ,  i s  a homogeneous 
fu n c t io n  o f  deg ree  -1 and c a n  th u s  be e x p re s se d  i n  s p h e r ic a l  p o la r  
c o o rd in a te s  ( r , 0,$ )  a s :
GA j( r )  = r -1 H. . ( &, $ )  (2 .5 0 )
where r  = | r |  and H. .(© ,$) i s  a fu n c t io n  o n ly  o f  th e  p o la r  a n g le s  6 
and <fi and o f  th e  e l a s t i c  c o n s ta n ts .  By c o n s id e r a t io n  o f  th e  symmetry 
r e l a t io n s h ip s  o f  a  p a r t i c u l a r  s t r u c t u r e  th e  com ponents o f  th e  sym m etric 
f u n c t io n  may be e x p re s se d  in  a double F o u r ie r  s e r i e s  i n  © and 4>
o f  th e  form :
H. . = A. . co s(F . . 6) c o s (F . . $) (2 .5 1 )i j  l j p q  l j q  l j p
where th e  A. . ’ s  a r e  th e  F o u r ie r  c o e f f i c i e n t s  and  th e  F. . ’ s a re
J-Jpq i j q
fu n c t io n s  o f th e  in d ic e s  i , j  and q . N ote h e re  t h a t  th e  in d ic e s  i  and 
j  a r e  n o t  summed. Thus L ie  and K oeh ler g iv e ,  f o r  c u b ic  symmetry:
and
H „ = a  co s  2q 6 cos 2p 11 pq
= c cos 2q0 s in (4 p + 2 )$  , 12 pq * ■ 9
w ith  s im i la r  e g r e s s i o n s  f o r  th e  o th e r  com ponents o f  H ^ .  The 
F o u r ie r  c o e f f i c i e n t s  a ,c  may be n u m e ric a lly  e v a lu a te d  by a l e a s tpq pq
sq u a re s  f i t t i n g  p ro ced u re  to  a  range  o f  a c c u r a te ly  com puted H. . v a lu e s .
-L J
The s in g u la r  p o in t s  i n  th e  d o u b le  F o u r ie r  s e r i e s  c a n  be av o id ed  by
im posing  th e  a b s o lu te  re q u ire m e n ts  t h a t  th e  te n s o r  com ponents m ust be
in d e p e n d e n t o f  <p when 0=0 , and  t h a t  0) can  depend o n ly  on
cos </> o r  s in  <j>. These re q u ire m e n ts  e l im in a te  th e  problem  o f  d e a l in g  
1 9w ith  th e  term  ( / s i n  0) ( /d$>) G. . when c a l c u la t in g  C a r te s ia n  d e r iv a t iv e s  
* *^*J
o f  th e  G reen te n s o r  and th e  s e r i e s  ex p an s io n s  may be u sed  to  c a l c u l a t e  
th e  d e r iv a t iv e s  down to  sm a ll enough v a lu e s  o f  0 so t h a t  no 
a p p re c ia b le  e r r o r  i s  in tro d u c e d  by u s in g  th e  v a lu e  a p p r o p r ia te  to  0 b e in g  
e x a c t ly  z e ro e • &
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2 °4  The F o u r ie r  tra n s fo rm  method f o r  th e  G reen fu n c tio n
The method o f  F o u r ie r  tra n s fo rm s  h as  been u sed  by numerous
a u th o rs  ( L i f s h i t z  and R o z e n ts v e ig ,1947; L e i b f r i e d ,1953; B a r n e t t ,1972;
. W i l l i s , 1972) to  o b ta in  r e p r e s e n ta t io n s  o f  G. . .  B a rn e t t  and W i l l i s  haveJ-J
in d e p e n d e n tly  f u r t h e r  ex tended  t h i s  a p p l ic a t io n  o f  F o u r ie r  tra n s fo rm  
th e o ry  to  o b ta in  a s im ple  n u m erica l scheme f o r  e v a lu a t in g  th e  
d e r iv a t iv e s  o f  th e  G reen fu n c t io n .  As i t  i s  th e  d e r iv a t iv e s ,  r a th e r  
th a n  th e  G reen f u n c t io n  i t s e l f ,  w hich a re  o f te n  r e q u ir e d  i n  d e f e c t  
p rob lem s, t h i s  i s  a  m ost u s e f u l  developm ent.
T h is  method has d i s t i n c t  ad v an tag es  o v e r bo th  th e  d i r e c t  Fredholm  
e v a lu a t io n  and th e  F o u r ie r  s e r i e s  r e p r e s e n ta t io n  o f G ^ ;  th e se  
ad v an tag es  w i l l  become a p p a re n t when we d is c u s s  th e  a p p l ic a t io n s  o f  th e  
—Green fu n c t io n  i n  su b se q u e n t s e c t io n s .  However, i t  i s  w o rth  
m en tio n in g  h e re  t h a t  th e  F o u r ie r  tra n s fo rm  method does n o t  in v o lv e  th e  
s o lu t io n  o f  a s e x t i c  e q u a t io n  (o f te n  a tim e consum ing o p e r a t io n ) ,  and 
hence i s  n o t a f f e c t e d  by th e  o ccu rren c e  o f  d e g e n e ra te  ro o ts  w hich may 
o ccu r when h ig h  symmetry c o n f ig u ra t io n s  o r  d i r e c t io n s  a re  c o n s id e re d .
To o b ta in  th e  Green fu n c t io n  d e r iv a t iv e s  from  th e  F o u r ie r  s e r i e s  
r e p r e s e n ta t io n  r e q u ire s  th e  d i f f e r e n t i a t i o n  of th e s e  s e r i e s  and  t h i s  
w i l l  n e c e s s a r i ly ,  because  o f  th e  tru n c a te d  n a tu re  o f  the t r ig o m e t r i c  
s e r i e s  r e p r e s e n ta t io n ,  r e s u l t  i n  a reduced  acc u racy  com pared w ith  th e  
o r i g i n a l  s e r i e s c
We sum m arise h e re  t h e  method f o r  o b ta in in g  th e  G reen f u n c t io n  and  
i t s  d e r iv a t iv e s  a s  g iv e n  b y .B a rn e tt  [1 9 7 2 ]. The e l a s t i c  G reen 
te n s o r  f u n c t io n  s a t i s f i e s  th e  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  
(e q u a tio n s  ( 2 . 8 ) ) :
8%
—CO
Now, th e  F o u r ie r  tra n s fo rm  o f  ( r - r * ) i s  Skp(]S) and i s  r e l a t e d  by 
(e q u a tio n  ( 2 .1 5 ) ) :
00
j /  /  A  Skp© : ^ -  (2.53)
•“00
S u b s t i t u t io n  o f  (2 .5 3 ) i n to  (2 052) y ie ld s :
CO
-C. K.K - L  [  f  f  dSK g  (K) e - 1- ’ J = -S . S ( r - r ' ) .  (2 .5 4 )
l j k l  J 1 8k3 J J  J  -  kP “
—CO
Now th e  D irac  d e l t a  f u n c t io n  i s  d e f in e d  a s :
00
5 ( r - r ’ ) = - L  f f  J  A  e-“ .(^') ,  (2 .5 5 )
ao t h a t  (e q u a tio n  ( 2 .1 6 ) ) :
c i j k i  K/ i  V - ?  = 8i P 6(^ ’} (2 - 56)
and th u s  ' M? (z)
gi k ®  = [c i j k i Kj Ki r  = - 7 2 -  (2 - 57)
where K i s  th e  r e c ip r o c a l ,  o r  F o u r ie r ,  wave v e c to r ,  K = |K| , z i s  
a  u n i t  v e c to r  i n  th e  d i r e c t i o n  o f K and th e  sym m etric C h r i s to f f e l  s t i f f ­
n e s s  m a tr ix  M j^ (z )» and  i t s  sym m etric in v e rs e  a re  d e f in e d  by:
= c i j k i  z j z i  (2 *58)
Mr k (z )  = 8 . k . (2 .5 9 )
S u b s t i t u t io n  o f  (2 .5 7 ) in t o  (2 .5 3 ) y i e l d s :
- 1 /» r° r -  Mf (z)
G. ( r - r ’ ) = ~  / / / d K ■ P c o s [k  z .  ( r - r 1) ] (2 .6 0 )
i p  8%3 J J J K2
w here, a s  G. ( r )  i s  r e a l ,  we have o n ly  c o n s id e re d  th e  r e a l  p a r t  o f  th e  ip
i n t e g r a l  (2 .5 3 ) .
-2 8 -
Since
and
r)
r —  c o s [ k  z . ( r - r ' ) ]  = -  K z. s in [K  z . ( r - r * ) ] (2 ,6 1 )
oxs s
a2 9
c o s [ k  z . ( r - r ’ ) ]  = -  K z z cos[K  z . ( r - r ’ ) ]  (2 .6 2 )9x 9x L —• v J s  ps p
we o b ta in
9G. ( r - r ’ ) r F T ^  M? (z) ■
•— --------    ^ / / / d K z - i £ - —  s in [K  z . ( r - r ’ ) ] (2 .6 3 )
s 8ti J J J s
and
n oo
9 G. ( r - r ’ ) < r r r  ?
-^ 3 ~  = -  ^ 3  I I I  d ^  ZSZP V " } C° stK  * ^ ’ ) ]  *
' . ' (2 .6 4 )
By d e f in in g  T a s  th e  u n i t  v e c to r  in  th e  ( r - r * )  d i r e c t io n
r - r ’ = T | r - r 1 | (2 .6 5 )
-and by making th e  change o f  v a r ia b le s
k  = K |r - r *  | ; d3k = d3K | r - r ’ | 3 ; k  = |k |  (2 .6 6 )
we o b ta in
. , r . ,  Iff? ( Z )
G. ( r - r r ) = — =-*  / / d k '- ^ -y - c o s (k z .T )  (2 .6 7 )
i p   o 3 1 t i / / "  i 2*  8?t r - r  J J J k
9G. ( r - r ’ ) . 1 r r r ,  z Mr (z)
92G. ( r - r ' )
9 x  9x Q 3. , , 3  -  s p  i p -s p 871: r - r ’ 1
   ------- — -------  I I I d3k  z„z_ M f_(z) cos(lc  z .T ) •
(2 .6 9 )
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The t r i p l e  i n t e g r a l s  i n  (2 .6 7 ) t o  (2 .6 9 ) a re  now red u ced  to  a  s in g le
i n t e g r a l  a b o u t th e  u n i t  c i r c l e  in  th e  p la n e  z .T  = 0 . S e t up a
s p h e r ic a l  p o la r  c o o rd in a te  system  a l ig n e d  w ith  th e  d i r e c t io n  o f  T:
' /  k .
f  1  /  ~
(r-r ')t
so  t h a t
3 2d k  = k  s i n  cr dk dcr dij/, z .T  = cos cr.
We perfo rm  th e  k - in t e g r a t i o n  f i r s t .  S ince  [Jo n e s , 1966]
(2 .7 0 )
%dk c o s (k  cos o') = 7i 6 (cos cr) = —rs m  cr 6(cr~7c/2) . (2 .7 1 )
E q u a tio n  (2 067) red u ces  to  
G. ( r - r 1) =
2%
1
JL p ------ 87c I r - r  ’
j  Hpp [ z ( « ]  d f  , . (2 .7 2 )
0
w here th e  in te g ra n d  i n  (2 .7 2 )  m ust be e v a lu a te d  i n  th e  p la n e  
cr = tc/2 o r ,  e q u iv a le n t ly ,  z .T = 0o I f  we d en o te  th e  a n g u la r  s p h e r ic a l  
p o la r  c o o rd in a te s  o f  T, r e l a t i v e  to  th e  ax es  to  w hich th e  e l a s t i c  
c o n s ta n ts  a re  r e f e r r e d ,  a s  6 an d  <£, th e n :
a
** x.
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The v e c to r  com ponents o f  T a re  g iv e n  by:
Tj = s in  6 cos T^ = s in  6 s i n  T^ = cos 0 .
Two m u tu a lly  o r th o g o n a l u n i t  v e c to r s  i n  th e 'p la n e  z.T =0, a and b, 
a r e  g iv e n  by:
a^ = s in  $  ; a^ = -c o s  <f> ; a^  = 0
b^ = cos 0 cos <f> ; b 2 ~  C0S 6 s ^ n ^  ’ ^3 = “ s^n ® •
Hence i n  t i e  p la n e -z .T = 0 , th e  v e c to r  z h a s  com ponents:
z ,  = a . cos i|r + b. s in  ijr . i  l  l
I t  can  be seen  from  (2o58) and  (2 .5 9 ) t h a t  M* (z) = M? (~z) andip  -  ip  —
th u s  we may red u ce  th e  range o f  in t e g r a t i o n  o f (2 .7 2 ) t o  [o , tc] ,  
r e s u l t in g  in :
%
G. ( r - r f ) = — -------  [  M? [ z W ]  •
^ 4% | r - r ’ | J P .
0
-The method f o r  o b ta in in g  th e  f i r s t  and second  d e r iv a t iv e s  o f  th e  
fu n c t io n  i s  e s s e n t i a l l y  s im i la r  an d , b e in g  g iv e n  c l e a r l y  i n  
B a rn e t t  [ l9 7 2 ] ,  we c i t e  h e re  th e  r e s u l t s  o n ly :
9G. ( r - r ’ ) %
■i?----------  = — t t*------- = / (z  F. -  T Mf ) di|(
Sxs 4k | r - r 1| J S l p  Slp
0
where
F. =ip
0MT
_±]
9cr
ip  -= C. M. .M (z  T + z T ) jrn w  i j  np r  w w r
c r = 7 i/2
and
0 2G. ( r - r ! ) %
J-P -  - _______a -  O   5 [  [2T T Mr - 2 ( z  T + z T  ) F . +z z A. ]9 x„9 x_. ._2 , 113 j  s m i p  s m m s  i p  s m  i pLs m 4% | r - r 11
0
where
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(2 .73 )
(2 .7 4 )
(2 .7 5 )
(2 .7 6 )
G reen
(2 .7 7 )
(2 .7 8 )
dty
(2 .7 9 )
w here
A. = C. I  i p  jrn w  1
In  th e s e  e q u a tio n s , (2 .7 6 ) to  (2 .8 0 ) ,  \\e u se  e q u a t io n  (2 .7 5 ) w henever 
a com ponent o f  z a p p e a rs .
i n t e g r a l s  around  th e  u n i t  c i r c l e  |y |  = 1D F redholm ’ s s o lu t io n  i n  th e n  
o b ta in e d  by u s in g  th e  Cauchy re s id u e  theorem  to  e v a lu a te  th e  c o n to u r  
i n t e g r a l s  i n  term s o f th e  ro o ts  o f  a  s e x t i c  e q u a t io n  i n  th e  in te g ra n d  
o v e r  |y |  = 1. P roblem s o f  d e g e n e ra te  r o o ts  do n o t ,  o f  c o u rs e ,  ap p ea r 
i n  t h i s  r e p r e s e n ta t io n  f o r  th e  G reen fu n c tio n  and one may e a s i l y  u se  t h i s  
m ethod f o r  any s i t u a t i o n  in c lu d in g  th e  i s o t r o p i c  c a s e .  We w i l l^ s e e  
i n  su b seq u en t s e c t io n s  t h a t ,  by th e  u se  o f  s u i t a b le  n u m erica l q u a d ra tu re ,  
t h i s  r e p r e s e n ta t io n  p ro v id e s  u s  w ith  a m ethod f o r  a c c u r a te ly  o b ta in in g  
th e  Green fu n c t io n  and  i t s  d e r iv a t iv e s .
B a rn e t t  p o in t s  o u t t h a t  th e  e q u iv a le n c e  betw een (2 .7 6 ) and
F redholm ’s s o lu t io n  (e q u a tio n  (2 048 )) may be o b ta in e d  by th e  
s u b s t i t u t i o n  y = e1^ w hich tra n s fo rm s  th e  i n t e g r a l s  o v e r t  i n t o  c o n to u r
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CHAPTER 3
G eneral A p p lic a t io n  o f  th e  Green fu n c t io n  
3 01 The D isp lacem en ts, D is to r t io n  and S t r e s s  f i e l d s  o f  d e f e c ts  
I n  t h i s  s e c t io n  we f i r s t  c o n s id e r  th e  f i e l d s  o f  d i s lo c a t io n s
b o th  i n  a g e n e ra l sen se  and  th e n  f o r  th e  s p e c i f i c  c a se s  o f  a s t r a i g h t  
d i s lo c a t i o n  and e l l i p t i c a l  and c i r c u l a r  d i s lo c a t i o n  lo o p s . We th e n  
co n ce rn  o u rs e lv e s  w ith  p o in t  d e f e c t s ,  d e s c r ib in g  th e  l o c a l  and n o n - lo c a l 
fo rc e  m odels and , f i n a l l y ,  we b r i e f l y  c o n s id e r  th e  f i e l d s  o f  v o id s 0
a) D is lo c a t io n  f i e l d s
w here th e  i n t e g r a l  i s  o v e r  a l l  sp ace . The above volume i n t e g r a l  may 
be c o n v e rte d  to  an  i n t e g r a l  o v e r th e  s u r fa c e  o f  th e  body by an  a p p l ic a t io n  
o f - th e  d iv e rg e n ce  theorem . F o r a f i n i t e  re g io n  o f  space  V e n c lo se d  i n  
V and h av in g  s u r fa c e  S w ith  outw ard normal s u r fa c e  e lem en t com ponents
V S
w here th e  i n t e g r a t i o n s  a re  r e s t r i c t e d  to  th e  space V and  th e  s u r f a c e  S . 
I t  fo llo w s  from  (3 .2 )  and  (2 05) t h a t
The com ponents o f  th e  d isp la cem e n t a t  r  due to  a d i s t r i b u t i o n  
o f  body fo rc e  f m( r ! ) a r e  g iv e n  by e q u a tio n  ( 2 . 1) a s :
uk ( r )  = G, ( r - r ’ ) f  ( r 1) dV k m  m — (3 .1 )
00
dS^, th e  d iv e rg e n ce  theorem  on a te n s o r  T i s
(3 .2 )
V
S
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where dV* and dST a r e  volume and s u r fa c e  e lem en ts  r e s p e c t iv e ly ,  
c e n tre d  a t  th e  p o in t  r T and  , j 1 d e n o te s  d i f f e r e n t i a t i o n  o f  th e  j  component 
o f  th e  p r im e d 'q u a n t i t ie s .  On s u b s t i t u t i o n  o f  ( 2 .1 ) ,  ( 2 . 2 ) ,  ( 2 . 6) and
(2 .7 )  i n to  th e  e q u a tio n  ( 3 .3 ) ,  we o b ta in ,  f o r  r  in s id e  V
w here th e  re g io n  o f space  V i s  bounded by th e  s u r f a c e  S. The 
c o n t r ib u t io n  to  th e  d isp la c e m e n t um( r )  from th e  r e g io n  o u ts id e  V i s  
t h a t  c o n ta in e d  by th e  s u r fa c e  i n t e g r a l  o v e r  S.
I n  fo rm ing  a d i s lo c a t i o n  a c u t  i n  th e  m a te r ia l  i s  made. T his c u t  
i s  made o v e r  a s u r fa c e  S bounded by a  c lo s e d  cu rve  C.
The p o s i t i v e  d i r e c t io n  o f  th e  norm al n to  th e  s u r fa c e  S i s  r e l a t e d  to  
th e  d i r e c t i o n  o f  th e  cu rv e  C by th e  r i g h t  hand screw  r u le .  The n e g a t iv e  
s id e  o f  S i s  t r a n s l a t e d  th ro u g h  a  v e c to r  b , th e  B urgers v e c to r ,  w h ile  
th e  p o s i t i v e  s id e  i s  h e ld  f ix e d ,  and th e  d i s lo c a t io n  i s  form ed a lo n g  
th e  curve C. I t  can  be shown t h a t  th e  r e s u l t s  o f  t h i s  c o n s t r u c t io n  
o f  th e  d i s lo c a t i o n  i s  in d e p e n d e n t o f  th e  c h o ic e  o f  s u r f a c e  S, b u t  depends 
on th e  bounding  cu rv e  C. To o b ta in  th e  d isp la c e m e n ts  due t o  a 
d i s lo c a t io n  we c o n s id e r  th e  s u r f a c e  S in  e q u a t io n  (3 .4 )  to  be th e  two
p
s id e s  o f  th e  c u t  and th e  volume V to  be a l l  sp ace  e x c e p t  th e  space  
betw een th e  two s id e s  o f  th e  c u t .  F in a l ly ,  to  com plete  th e  o p e r a t io n ,  
th e  two s id e s  o f  th e  c u t  a re  w elded to g e th e r ,  f i r s t  i n s e r t i n g ,  i f
u „ ( r )  = 7 G. ( r - r f ) f - ( r ’ ) dV m —7 J l m  7 l  -
V .
/ /
S
(3 .4 )
D is lo c a t io n  l i n e  
C
l i n k in g  cu rv e  y
d i s lo c a t io n  s u r f a c e  S
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n e c e s s a ry ,  e x t r a  m a te r ia l .  T h is  le a v e s  th e  body in  a s t a t e  o f  
s e l f -  o r  i n t e r n a l - s t r e s s  w hich i s  n o t  a r e s u l t  o f  any body fo r c e  b e in g  
a p p l ie d ,  b u t i s  p u re ly  a r e s u l t  o f  th e  e n fo rc e d  d isp la c e m e n ts  a c ro s s  th e  
f a c e s  o f  th e  c u t .
We now seek  a s o lu t io n  o f  e q u a tio n  (3 .4 )  when th e  body fo rc e  
p e r  u n i t  volume v a n ish e s
I n  e q u i l ib r iu m  th e  s t r e s s e s  a lo n g  th e  two s id e s  o f  th e  c u t  m ust be e q u a l
and o p p o s ite  so  t h a t  th e  d isp la c e m e n ts  due to  a d i s lo c a t i o n  a r e  g iv e n  
by:
th e  s o - c a l l e d  V o l te r r a ’ s d isp la c e m e n t e q u a t io n  [ V o l t e r r a ,1907], The 
e x p re s s io n  f o r  th e  d isp la c e m e n t f i e l d  o f  a d i s lo c a t i o n  in  an i s o t r o p i c  
m a te r ia l  may be o b ta in e d  from  eq u a tu o n  (3 .6 )  by s u b s t i t u t i n g  i n  th e  
- i s o t r o p i c  form s f o r  b o th  th e  Green fu n c t io n  and  th e  e l a s t i c  c o n s ta n ts
(3 .5 )
(3 .6 )
S
and a p p ly in g  S to k e 1 s theorem , and  was f i r s t  g iv e n  by B urgers  [ l9 3 9 ] .  
T h is  i s  g iv e n  by de W it [ i9 6 0 ]  i n  th e  form :
« 1/1 I “L
s c
b X
(3 .7 )
C ,m
where R -  r - r
i s  th e  C a r te s ia n  p e rm u ta tio n  te n s o r  w hich
v a lu e  + 1( - 1) i f  th e  in d ic e s  form  an  even  (odd) s e t  o f  1 ,2  and  3 , and  
i s  zero  o th e rw is e .  I n  v e c to r  n o ta t io n ,  (3 .7 )  i s :
35 -
«< !) -  - g  -  ^  t  V '  S A - d-4% 47c J  r  47; \A+2pJ  J  R
C C (3 .8 )
where Q i s  th e  s o l i d  a n g le  sub tended  a t  r  by. th e  s u r f a c e  S, w hich  
i s  bounded by th e  cu rve  C. As th e  s o l i d  a n g le  i s  in d e p e n d e n t o f  th e  
p a r t i c u l a r  s u r f a c e  S i t  su b te n d s , b u t depends o n ly  on i t s  boundary  C, 
i t  i s  c l e a r  t h a t  th e  d isp la c e m e n t f i e l d  u ( r )  depends o n ly  on th e  
d i s lo c a t io n  l i n e  C and th e  c u t  s u r fa c e  S may be chosen  a r b i t r a r i l y .
The two l a s t  te rm s o f  (3 .8 )  a re  c o n tin u o u s  s in g le -v a lu e d  fu n c t io n s  o f  
p o s i t i o n  b u t th e  s o l i d  a n g le  Q w i l l  change by 4% on l i n k in g  th e  cu rve  C. 
Thus:
r  r
T h is  i s  e q u iv a le n t  to  s t a t i n g  t h a t  th e  d isp la c e m e n t f i e l d  s u f f e r s  a 
d isc o n tin u o u s  jump o f  b a c ro s s  th e  s u r fa c e  S.
We may o b ta in  th e  d i s t o r t i o n  f i e l d  o f  a d i s lo c a t i o n  i n  a g e n e ra l  
a n i s o t r o p ic  m a te r ia l  by d i f f e r e n t i a t i n g  e q u a t io n  ( 3 .6 ) :
{3 ( r )  = u ( r )  = -b .  / C. - G , ( r - r ’ ) dS’.mp -  m,p -  1 i j k l  k m ,l’p -------. j
= bi  Ci j k l  Gk m ,lp (2:' -  } dSJ * (3 ,9 )
T h is  may be tra n s fo rm e d  by an a p p l ic a t io n  o f  S to k e ’s theorem  to  y i e l d  
[M ura,1963]:
6 ( r )  = -  0  e . b. C. , G, , ( r - r ’ ) dx* (3 .1 0 )r mp -  j  p q i j  i j k l  k m , l   q
where r ’ l i e s  on G and dC ( r * ) = dx*.M. M
The e q u iv a le n t  e x p re s s io n  f o r  th e  d i s t o r t i o n  f i e l d  o f  a d i s lo c a t i o n  
i n  a n  i s o t r o p i c  medium was g iv e n  by P each  and  K o eh le r [1950] by 
d i f f e r e n t i a t i n g  B u rg e r’s fo rm u la  (3 „ 8 ):
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c
(3 .1 1 )
T h is  may a ls o ' be o b ta in e d , o f  c o u rs e ,  by d i r e c t l y  s u b s t i t u t i n g  
th e  i s o t r o p i c  form s f o r  th e  G reen fu n c t io n  and th e  e l a s t i c  c o n s ta n ts  
in t o  e q u a tio n  (3 .1 0 ) .  By u s in g  Hooke’s law  (2 .3 )  and e q u a t io n  (2 .4 )  
we may im m ediate ly  o b ta in  th e  s t r e s s  f i e l d s  due to  th e  d i s lo c a t io n ,  
from  th e  d i s t o r t i o n  f i e l d s ,  e q u a tio n s  (3 .10 ) and ( 3 .1 1 ) .  F o r an  an ­
i s o t r o p i c  body th e  s t r e s s  f i e l d  i s :
We now c o n s id e r  th e  f i e l d s  o f  th e  s p e c ia l  c a se  o f an  i n f i n i t e l y  lo n g  
s t r a i g h t  d i s lo c a t io n .
F o r an i n f i n i t e  s t r a i g h t  d i s lo c a t io n  p a s s in g  th ro u g h  th e  o r i g i n ,  and  
n e g le c t in g  c o re  e f f e c t s ,  we may i n t e r p r e t  th e  s u r f a c e  S i n  e q u a t io n
(3 .6 )  a s  b e in g  th e  s u r f a c e  d e f in e d  by
Where S has norm al n and i s  bounded by th e  i n f i n i t e  s t r a i g h t  l i n e  p a s s in g  
th ro u g h  th e  o r ig in  w ith  d i r e c t io n  1 , and by a p a r a l l e l  d i s lo c a t i o n  l i n e  
•d is tan ce  R from  i t ,  such t h a t  th e  c o n t r ib u t io n  a t  x due to  th e  p a r a l l e l  
d i s lo c a t io n  l i n e  a t  R i s  n e g l ig ib le  com pared w ith  th e  c o n t r ib u t io n  due
i n f i n i t e  s t r a i g h t  d i s lo c a t io n  th e  q u a n t i ty  R sh o u ld  te n d  to  i n f i n i t y ,
'ijm p sq k l (3 .1 2 )
C
F or an i s o t r o p i c  m a te r ia l ,  th e  s t r e s s  f i e l d  o f  a d i s lo c a t io n  
i s  g iv e n  by [Peach and  K o e h le r ,1950]:
\  R (e . d l!+ e . d l ’.) +,mpp jmn x  lmn j  (\+2{i)
-R  x o (n a 1) •£ 0 , x .n  = 0 (3 .1 4 )
to  th e  d is lo c a t io n  p a s s in g  th rough  th e  o r ig i n .  F o rm a lly , f o r  an  i s o l a t e d
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( th e  d ip o le  l i m i t ) ,  b u t f o r  c o m p u ta tio n a l p u rp o ses  we u se  th e  f a c t  t h a t
f i n i t e  v a lu e .  An a l t e r n a t i v e  d i r e c t  fo rm u la tio n  f o r  such  problem s 
w here th e re  i s  no v a r i a t i o n  w ith  one c o o rd in a te  was g iv e n  by E shelby  
e t  a l  [1953] and  dev e lo p ed  by o th e rs  [F orem an ,1955; S t r o h ,1958;
a n a l y t i c a l l y .  The method i s  s ta n d a rd  and  i t  i s  n o t o u r  i n t e n t i o n  to  
d is c u s s  i t  h e re  e x c e p t to  say t h a t  th e  c h a r a c t e r i s t i c  s e x t i c  n a tu re  o f  
th e  s o lu t io n  changes, in  th e  case  o f  a r e f l e c t i o n  p la n e  norm al t o  1^
q u a d ra t ic  ( th e  screw  p a r t )  and a q u a r t i c  ( th e  edge p a r t ) .  The s o - c a l l e d  
’ fundam ental theorem  o f  a lg e b r a ’ s t a t e s  t h a t  o n ly  p o ly n o m ia ls  o f  th e  
f i f t h  o rd e r  o r  low er may be so lv e d  g e n e r a l ly  by a lg e b r a ic  
m ethods and i t  i s  t h i s  f a c t  t h a t  p re v e n ts  g e n e ra l  a n a ly t ic  s o lu t io n s  to  
a n i s o t r o p ic  d i s lo c a t io n  problem s e x c e p t f o r  s p e c ia l  sym m etric 
s i t u a t i o n s ,  a s  above w here th e  s e x t ic  re d u c e s  to  th e  p ro d u c t o f  low er 
o rd e r  p o ly n o m ia ls . F or th e  c a se s  w here th e  d i s lo c a t io n  l i n e  i s  n o t 
norm al to  a r e f l e c t i o n  p la n e  th e  s e x t i c  i s  n o t r e d u c ib le ;  w ith  t h i s  
-method one h as  to  t r e a t  th e  c a se s  where th e  s e x t ic  b re a k s  down 
s e p a r a te ly  from  th e  c a se s  w here th e  s e x t i c  i s  i r r e d u c ib le  and t h i s  i s .  
c o m p u ta tio n a lly  awkward.
W i l l i s  [1970] has g iv e n  an a l t e r n a t i v e ,  and c o m p u ta tio n a lly  more 
am enable, form  f o r  th e  d isp la c e m e n t and  d i s t o r t i o n  f i e l d s  o f  an  i n f i n i t e l y  
lo n g  s t r a i g h t  d i s lo c a t i o n .  By s u b s t i t u t i n g  th e  F o u r ie r  t r a n s fo rm  o f  
G. ( r - r ’ ) ,  e q u a t io n  (2 .5 3 ) i n t o  e q u a t io n  ( 3 .6 ) ,  W i l l i s  o b ta in s :
2
^ ( r )  d e c re a se s  a s  l / | r |  to  j u s t i f y  s e t t i n g  R to  some, l a r g e ,
C hou ,1962] and w hich may, f o r  c e r t a i n  d i s lo c a t io n  o r i e n t a t i o n s ,  be so lv ed
(a s  may e x i s t  f o r  c e r t a i n  s p e c ia l  d i s lo c a t i o n  o r i e n t a t i o n s ) ,  t o  a
dS’.
J
S (3 .1 5 )
w here
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L (IC) .= C . ,K .IC mr -  m jr l  j  1
N (K) = (Adj L(K)) ^ = ( lT 1(K)) „ D(K) mr — — 'mr v—' 'mr —
and
D(K) = |L(K)
(3 .1 6 )
(3 .1 7 )
F u rth e rm o re , f o r  th e  d i s t o r t i o n  f i e l d ,  by s u b s t i t u t i n g  (2 .5 3 ) in t o  
e q u a tio n  (3 .1 0 ) ,  W i l l i s  o b ta in s :
p ( r ) = e .b .C . r mo -  „ 3 p q i i i i ], w v dx ’p P i j  i j k l  Y q
,  N, (K) * I T \
d K % e_1- • (3 - 18)
N o te , th e r e  i s  a  s ig n  wrong i n  W i l l i s ’ e q u a t io n  (W.2 .1 4 ) .  W i l l i s  th e n  
e v a lu a te s  th e  v a r io u s  i n t e g r a l s  o v e r r  and K -space f o r  p a r t i c u l a r  
d i s l o c a t i o n s ,  g iv in g , i n  th e  ca se  o f  an i n f i n i t e l y  lo n g  s t r a i g h t  
d i s lo c a t io n :
b .  . f p  (m +n £N) N .,(m +n £N)
u ( r )  = - J  C n \ l  \  — SL-P? ...~T “ ___ 1
i  — % lm jk  k  ^1 /  9D / ^N\
r
In
N=1
y + 5zn
R (3 .1 9 )
and
6. ( r )  = -  — e, b .1 Ck .. \  r ip  — % kpq j  q lm jk  0
r (m +n S ^ )N .1 (m+n £N) J \  m m i i  '
1 /  9D / JKVt i  nr a r  (2 +B S >N=1 r
1 1
y + £
1 2  3w here £ ,£  and £ a re  th e  th re e  ro o ts  o f  th e  s e x t i c  e q u a tio n :
(3 .2 0 )
(3 .2 1 )
w ith  p o s i t i v e  im ag in a ry  p a r t .  1 and n a re  d e f in e d  i n  e q u a tio n  (3 .1 4 )  
and th e  m u tu a lly  o r th o g o n a l u n i t  v e c t o r ,  m, i s  d e f in e d  by:
(3 .2 2 )
I n  t h i s  i ,m ,n  sy stem , r  i s  g iven  by:
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r  = ?d + ym + zn o (3 .2 3 )
The s y m b o l^  .d e n o te s  ’’im ag inary  p a r t  o f ” . E q u a tio n  (3 .1 9 ) i s  v a l i d  
w here y ,z  << R. In  v iew  o f  e q u a t io n  (3.23)*, th e  s o lu t io n s  a r e  e n t i r e l y  
e x p re s se d  i n  th e  la b o ra to ry  r e fe re n c e  fram e (w hich c o u ld  b e , f o r  
exam ple, th e  e l a s t i c  c o n s ta n ts  r e fe re n c e  fram e) w hich i s  h ig h ly  
c o n v e n ie n t. The r e s u l t s  a re  e x p l i c i t  and u n l ik e  th e  c o r re s p o n d in g  
Eshelby e t  a l  s o lu t io n  i t  i s  n e c e ssa ry  to  s o lv e  any s e t s  o f  s im u ltan e o u s  
e q u a t io n s .  T h is p ro c e d u re , however, (toes n o t  a v o id  th e  n e c e s s i ty  o f 
s o lv in g  th e  s e x t i c  e q u a t io n . N ote t h a t  t h i s  s e x t i c  i s  e s s e n t i a l l y  
- s im i la r  i n  fo rm  to  t h a t  t h a t  a p p e a rs  i n  th e  Fredholm  method f o r  th e  
G reen fu n c t io n  and th u s  no s p e c ia l  e f f o r t  i s  r e q u ire d  to  o b ta in  th e  
c o e f f i c i e n t s  a s  th e se  have been  developed  f o r  th e  t r i c l i n i c  c a se  f o r  th e  
G reen fu n c t io n  problem .
I n  th e  i s o t r o p i c  l i m i t  one can  d i s t i n g u i s h  betw een two d i s t i n c t  
s t a t e s  o f  s t r a i n ,  p lan e  and a n t i - p la n e  s t r a i n  ( a p p l ic a b le  to  a pu re  
edge and a p u re  screw  d is lo c a t io n  r e s p e c t iv e ly ) ,  and i t  i s  c o n v e n ie n t 
to  u se  th e  fo llo w in g  n o m en c la tu re . N o te , i n  th e  fo llo w in g , t h a t  th e  
in d ic e s  l ,m  and  n r e f e r  to  s p e c i f i c  d i r e c t io n s  and th e  E in s te in  sum m ation 
c o n v e n tio n  i s  n o t employed. The d i s lo c a t i o n  l i e s  a lo n g  d i r e c t i o n  1
A A Aw ith  B urgers  v e c to r  b = b ^ l + b jn  + 0 n , i . e .  h av in g  a screw  com ponent 
b , and an  edge com ponent b o The s t r e s s e s  p . . (x) and d i s t o r t i o n sin jl j
|3 _ ( x )  a t  th e  p o s i t io n  x = x ^ l + x^ni + x^n a r e  g iv e n  by , i n  component 
form  r e f e r r e d  to  th e  d i s lo c a t io n  fram e:
(3 .2 4 )
p lm (^
p l n (- )
P ln (2)
Mb, n
pb. m
2% 2 , 2 x  + x„ m n
lmP
”V
£ ln
due to  screw  p a r t .
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pu (x) = -
n
P (x) *mm —
P (x) =
ub vr  m_________
7t(l-v) 2 2
• •  X  +x m n
2 2ub x ( 3x +x ) r  m n m n
2% (\-v) , 2, 2 s 2(x  +x ) m n
 ^ '( 2 2\ Lib X (x  -X ) m n m n
sET(T-vT . 2 2s 2(x  +x ) m n
P (x) Mnn —
i 2 2sub x  (x  - x  )^ m m m n
T “  V
m+xn
B (x) = i  (p -  v(p +pn l))Kmra — E ‘ mm ^nn 11
6 (x) = ■? (p  ■— v(-p +p, , ) )*nn — E *nn 1 11
P (x) rmn —
P (x) r run-
in
xm( 3*-2v)
27t;( 1 — v) ( x 2+x?r) m n
 _m________
27t(l-v) (x^ +x^ )
2x  x m n
/ 2 2s(x  +x ) m n
( 2 2\ X (X ~X )m m  n
o / 2 2s
2 ( V x n }
due to  edge p a r t
(3 .2 5 )
and
P l l (^  = = P n i ^  = ° (3 .2 6 )
n form a  r ig h t-h a n d e d  s e t,
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The d isp la c e m e n ts  u ^ (x ) ,  r e f e r r e d  to  th e  d i s lo c a t i o n  fram e a r e :
due to  screw  p a r t .
b f '
u (x) = t t " i ta nm — 2% L
(3 .2 7 )
due t o  edge p a r t
Note t h a t  u ^ (x ) i s  d is c o n tin u o u s  a t  th e  c u t  s u r fa c e  d e f in e d  
by xn=0, xm > 0 a s  i t  shou ld  b e , and  t h a t  ur ( x) c o n ta in s  a lo g a r i th m ic  
term  d iv e rg e n t i n  r  which may be r a t i o n a l i s e d  p h y s ic a l ly  a s  b e in g  
a s s o c ia te d  w ith  th e  bend ing  o f  l a t t i c e  p la n e s  a b o u t th e  1 a x is  cau sed  by 
th e  in t r o d u c t io n  o f  th e  e x t r a  p la n e  fo rm ing  th e  d i s lo c a t i o n .
We s h a l l  now c o n s id e r  th e  e l l i p t i c a l  loop  d e f in e d  by th e  
e q u a tio n :
w here a ,b  a r e  th e  r a d i i  o f  th e  e l l i p s e  and  l_,m and n a r e  o r th o g o n a l 
u n i t  v e c to r s .  The d isp la c e m e n t and d i s t o r t i o n  f i e l d s  o f  t h i s  lo o p
o f  a re a  o f  th e  loop  a t  r T, and  th e  i n t e g r a l  i s  o v e r  th e  s u r f a c e  o f  th e
component o f  the  e lem en t o f  th e  p e r i m e t e r  o f  th e  lo o p  a t  r ’ and th e  
i n t e g r a l  i s  o v e r th e  d i s lo c a t i o n  l i n e ,  a g a in  n e g le c t in g  c o re  e f f e c t s .
e s s e n t i a l l y  involve o n ly  a s in g le  c o n to u r  i n t e g r a l  o v e r  th e  u n i t  c i r c l e .  
W i l l i s  e v a lu a te s  th e  v a r io u s  r  and  k space  i n t e g r a l s  i n  e q u a t io n s  (3 .1 5 )  
and (3 .1 8 ) to  o b ta in ,  f o r  an  e l l i p t i c a l  d i s lo c a t i o n  lo o p :
( l . r ' ) 2 (m.r1) 2
(3 .2 8 )n . r ’ = 0 ,
may be found from  e q u a tio n s  (3 .6 )  and (3 .1 0 ) r e s p e c t iv e ly ,  w here dS1. o f
J
th(3 .6 )  sh o u ld  be i n t e r p r e t e d  a s  b e in g  th e  j  component o f  th e  e lem en t
t hloop  ( n e g le c t in g  co re  e f f e c t s ) ,  and d x ’ o f  (3 .1 0 ) means th e  q
Q
W i l l i s  [ l9 7 0 ]  has g iv e n  a l t e r n a t i v e  e x p re s s io n s  f o r  th e s e  f i e l d s  w hich
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X[ a 2 ( k . l )  2+b2 (k .m )2] [ a 2 (k » l)  2+b2(k„m) 2- ( k K0r)  2 Y Z
(3 .2 9 )
and
p. ( r )  = C, b n ,  * ip  — 2k  lm rs  m 1 /dL E ks } 1n 9 D(kN) [ a 2 ( k . l ) 2+b2 (k .m )2- ( k Ner ) 2 ]^
L N=1 q ,9k
M.
(3 .3 0 )
w here k i s  a v e c to r  in  th e  u n i t  c i r c l e ;  k a  n = 1; n = loop  norm al;
a n a l y t i c a l l y  complex b u t because  o f  t h e i r  e x p l i c i t  n a tu re  th e y  a re  
am enable f o r  n um erica l e v a lu a t io n  a s  w i l l  be i l l u s t r a t e d  i n  a su b se q u en t 
s e c t io n 0
A n a ly t ic a l ly  e x p l i c i t  r e s u l t s  have been  o b ta in e d  f o r  th e  c i r c u l a r  
d i s lo c a t io n  lo o p  w ith  a r b i t r a r y  B urgers v e c to r  in  a n  i s o t r o p i c  medium. 
These have been  c o n s tru c te d  by superim posing  th e  s o lu t io n s  f o r  th e  
p r is m a tic  and s l i p  lo o p s . T h is  su p e rp o s in g  te c h n iq u e  i s  o f  c o u rs e  v a l i d  
f o r  any problem  i n  l i n e a r  e l a s t i c i t y .  The f i e l d  com ponents f o r  th e  
s l i p  lo o p  have been c a l c u la te d  by K e l le r  and a r e  g iv e n  by K roner [ 1958] 
and th o se  f o r  th e  p r is m a tic  lo o p  have been  d e r iv e d  by Kroupa [ i9 6 0 ] .
These e x p re s s io n s  a r e  r a th e r  in v o lv e d  fu n c t io n s  o f  e l l i p t i c  i n t e g r a l s  
and h y p erg eo m etric  f u n c t io n s  and , a s  we a re  n o t p r im a r i ly  con ce rn ed  w ith  
• th e  i s o t r o p i c  s o lu t io n ,  th e y  a re  n o t in c lu d e d . In d eed , w henever 
n u m erica l e v a lu a t io n  o f  th e  d is p la c e m e n t, d i s t o r t i o n  o r  s t r e s s  f i e l d  o f  a 
d i s lo c a t io n  loop  i n  an i s o t r o p i c  body was r e q u ir e d ,  th e  l e s s  e x p l i c i t  
b u t  n u m e ric a lly  am enable e x p re s s io n  ( 3 .7 ) , ( 3 .1 1 )  o r  (3 .1 3 ) was u se d .
k .n  = 0 ;  |k |  = |n | = 1; k1^  = k  + p^n ; D(kN) = 0 g iv e s  th r e e  ro o ts
' Nw ith  p o s i t i v e  im ag inary  p a r t ,  p ,N = 1 ,2 ,3 . These s o lu t io n s  may lo o k
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b) P o in t  d e fe c ts
The lo c a l  f o rc e  model
I n  a n  e l a s t i c  continuum  th e  lo n g  range s t r e s s  and  d isp la c e m e n t 
f i e l d s  a s s o c ia te d  w ith  p o in t  d e f e c ts  such  a s  v a c a n c ie s  and i n t e r s t i t i a l s  
may be o b ta in e d  by u s in g  a model i n  w hich th e  p o in t  d e f e c t  i s  s im u la te d  
by a sm all s p h e r ic a l  e l a s t i c  in c lu s io n  i n s e r t e d  in t o  a s p h e r ic a l  h o le  o f  
i n i t i a l l y  d i f f e r e n t  s i z e .  T h is  model o f  th e  p o in t  d e f e c t  i s  e q u iv a le n t  
to  a s e t  o f th r e e  m u tu a lly  o r th o g o n a l fo rc e  d ip o le s  o r  doub le  f o r c e s  and 
i s  g e n e ra l ly  known a s  th e  lo c a l  fo rc e  model [B u llough  e t  a l , l 9 7 l ] .
To u se  t h i s  model i t  i s  n e c e ssa ry  to  d e te rm in e  th e  d isp la c e m e n ts  
due t o  a dou b le  fo r c e  c o n s is t in g  o f  two a n t i - p a r a l l e l  f o r c e s  o f  e q u a l 
m agnitude a c t in g  a t  a p o in t  [G roves and B acon ,1969]0
C o n s id e r a fo rc e  £ + (£ v) a c t i n g  a t  th e  p o in t  r* and a f o r c e  f  ( - r ' )  
a c t in g  a t  th e  p o in t  - r ' ,  s o  t h a t  th e  t o t a l  d isp la c e m e n t, from  e q u a t io n  
(3 C1) i s :
u . ( r )  = G ( r - r ' )  f + ( r ' )  + G ( r + r ')  f “ ( - r ’ ) . (3 .3 1 )
•** J • J **• J  J
L et th e  d is ta n c e  betw een th e  p o in ts  o f  a p p l i c a t io n  o f  th e  two 
f o r c e s  be h , so t h a t :
r '  = |  a (3 .3 2 )
w here a = a^ x ^ , i s  a u n i t  v e c to r ,  i . e 0 a^a^  = l e Then th e  f u n c t io n s
G. . ( r ± r l ) may be e x p re sse d  as  T a y lo r  expan sio n s  a b o u t th e  o r ig i n  to  
J
g iv e :
and  h • (3 - 33)
G. . ( w r ' )  = G. . ( r )  + ?  a fc G. j> k ( r )  + . . .
We now l e t  th e  fo rc e s  have e q u a l m agn itude , | f  | = | f  | = P /h  s a y , 
b u t  a c t  i n  o p p o s ite  d i r e c t io n s  w hich a r e  p a r a l l e l  to  th e  u n i t  v e c t o r
A
— = *l' i xi , su c h
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"On s u b s t i t u t i n g  (3 .3 4 ) and  (3 .3 3 ) in to . (3 .3 2 ) and  ta k in g  th e  l i m i t  
a s  h — > 0 , we o b ta in  th e  d isp la c e m e n t f i e l d  f o r  a n  a r b i t r a r y  d oub le  
f o r c e  o f  s t r e n g th  P a t  th e  o r ig in :
u . ( r )  = P 1 . , ^  GA ( r ) (3 .3 5 )
where a d e f in e s  th e  a x is  o f  th e  double f o r c e  and 1_ g iv e s  th e  d i r e c t i o n  
o f  th e  forces<> „
v. -
- a
Ax
Thus, f o r  a d o u b le  fo rc e  w i th o u t  moment, wri t h  a x i s  p a r a l l e l  t o  x ^ , we 
have
1. = a . = 6. 
jl i  im
so  t h a t
u - ( r )  = p G. ( r )  . (m n o t  summed), l  — im,m — -----
(3 .3 6 )
(3 .3 7 )
T h e ’c e n t r e  o f  com p ressio n ’ o f s t r e n g th  p a t  th e  o r ig i n  i s  c o n s t r u c te d  
from  th r e e  m u tu a lly  o r th o g o n a l double- f o r c e s  o f  e q u a l s t r e n g t h  w ith o u t 
moment, w ith  th e  fo r c e s  a c t in g  tow ards th e  o r ig in  (a s  i n  e q u a t io n  ( 3 .3 4 ) ) ,  
and from  (3 .3 7 )  i t s  d isp la c e m e n t f i e l d  i s :
u . ( r )  = p G. . . ( r )  
J- -  i J , J  -
(3 .3 8 )
The ’c e n t r e  o f  d i l a t a t i o n ’ , f o r  which th e  s ix  f o r c e s  a c t  away from  th e  
o r ig i n ,  has th e  d isp la c e m e n t f i e l d  o f  o p p o s ite  s ig n .  We may im m ed ia te ly  
o b ta in  th e  d i s t o r t i o n  f i e l d  o f  such  a  c e n t r e  o f  co m p ressio n  o r  
d i l a t a t i o n  by d i f f e r e n t i a t i n g :
Thus e q u a tio n s  (3 .3 8 ) and (3 C39) r e p r e s e n t  th e  d isp la c e m e n t and  
d i s t o r t i o n  f i e l d s  o f  a  p o in t  d e f e c t  a t  th e  o r ig in  i n  th e  lo c a l  fo rc e  
m odel. Such a model w i l l  p ro v id e  th e  a c c u ra te  lo n g  range e l a s t i c  
f i e l d s  o f  th e  p o in t  d e f e c t ,  b u t does n o t in c lu d e  th e  m ic ro sc o p ic  
a n is o tro p y  o f  th e  p o in t  d e f e c t  i t s e l f 0
The n o n - lo c a l fo rc e  model
A more a c c u ra te  e l a s t i c  model o f  th e  p o in t  d e f e c t  may be c o n s tru c te d  
i f  th e  m ic ro sco p ic  a n is o tro p y  -  th e  l a t t i c e  n a tu re  o f  th e  en v iro n m en t -  
o f  th e  p o in t  d e f e c t  i s  c o n s id e re d .  In  th e  lo c a l  f o r c e  model a p o in t  
d e fe c t  i s  s im u la te d  by a t r i a d  o f  fo rc e  d ip o le s  a c t in g  a t  th e  c e n t r e  o f 
th e  p o in t  d e f e c t ,  and as  su ch , no in fo rm a tio n  c o n ce rn in g  th e  ne ighbourhood  
o f  th e  p o in t  d e f e c t  i s  included©  However, any e l a s t i c  model i s  a 
s im p l i f i c a t io n  o f  th e  r e a l  l a t t i c e  s t r u c t u r e  i n  a c r y s t a l ,  and i f  l a t t i c e  
in fo rm a tio n  i s  in c o rp o ra te d  in to  an  e l a s t i c  model th e n  t h a t  model w i l l  
„ be more c lo s e ly  r e l a t e d  t o  th e  r e a l  c ry s ta l©  Ih u s , i n  th e  n o n - lo c a l  
f o r c e  model a p o in t  d e f e c t  i s  s im u la te d  w i th in  a n  i n f i n i t e  a n i s o t r o p ic  
e l a s t i c  medium by im posing ’ l a t t i c e  f o r c e s ’ a t  p r e c i s e ly  th o s e  p o s i t io n s  
i n  th e  continuum  around th e  d e fe c t  t h a t  co rresp o n d  to  th e  atom p o s i t i o n s  
i n  th e  l a t t i c e  o f  th e  m a te r ia l  u n d e r c o n s id e r a t io n .  Such l a t t i c e  f o r c e s  
may be c a lc u la te d  v ia  th e  method o f  l a t t i c e  s t a t i c s  [K a n z a k i,1957;
B ullough  and H ardy, 1968], i n  w hich th e  l a t t i c e  i s  u s u a l ly  assum ed to  be 
harm onic w ith  f i r s t  and second n e ig h b o u r i n t e r a c t i o n s .  The a x i a l  and 
t a n g e n t i a l  fo rc e  c o n s ta n ts  hetw een n e ig h b o u rs  a re  c a l c u la te d  u s in g  th e  
e l a s t i c  c o n s ta n ts  and th e  phonon d i s p e r s io n  d a ta ;  u s in g  th e s e  
c o n s ta n ts  and fo llo w in g  th e  p ro ced u re  d e t a i l e d  by B ullough and H ardy [1968] 
one i s  a b le  to  e v a lu a te  th e  r a d i a l  f o r c e s  on f i r s t  and  second  n e ig h b o u rs  
o f  th e  d e f e c t .  However, such  c a l c u la t io n s  o f  th e  fo rc e  c o n s ta n ts  
have been l im i te d  to  cu b ic  and h . c .p .  c r y s t a l s  and th e r e f o r e  a p ro p e r
a p p l ic a t io n  o f  th e  n o n - lo c a l f o r c e  model o f a d e f e c t  i s  l im i t e d  to  
th e s e  m a te r ia ls  a lo n e 0
We w i l l  c o n s id e r ,  a s  an  exam ple, th e  case  o f  a vacancy i n  a 
m a te r ia l  h av in g  F .C .C . s t r u c t u r e .  The vacancy  i s  th e n  s im u la te d  i n  
an  e l a s t i c  medium by im posing  th e  r a d i a l  fo rc e s  and F^ (on th e  f i r s t  
and second re ig h b o u rs  r e s p e c t iv e ly )  a t  th o se  p o s i t io n s  in  th e  continuum  
aro u n d  th e  vacanc}'- t h a t  c o rre sp o n d  to  th e  atom p o s i t io n s  in  th e  f a c e  
c e n tre d  l a t t i c e o  Thus from  (3 C1) th e  d isp la cem e n t u ( r )  a t  th e  p o in t  r  
due to  t h i s  s t a r  o f  f o r c e s  may be w r i t t e n  i n  th e  com ponent form :
u . ( r )  = - 1  | g . . ( r - a l ^ )  1 ^  -  G. .(r+ a ’l ^ )
1 y 'T   ^ 1J “* J J-J “  “  J J
.+  F9 {g . . ( r - 2 a r / m^) n ^  -  G. .(r+ 2 a  n ^ )  n fmH  (3 .4 0 )
^ I J J-J ““ J J
w here j  and m a re  summed from  1 to  3 and k from  1 to  6 . The s i x  
(k) v e c to r s  d e f in e  th e  tw elve f i r s t  n e ig h b o u rs  o f  th e  vacancy i n  F .C .C .:
= (ioi) ,(Toi), ( i io ) , dTo),(oii) ,  ) ■
/ \
and th e  th r e e  n v e c to r s  d e f in e  th e  s i x  second n e ig h b o u rs  o f  t h e  
vacancy  i n  F .C .C .:
n ^ , n ( 2 ) , n (3  ^ = (1 0 0 ), (0 1 0 ) , (001) ,
and th e  cube c e l l  s iz e  i s  2 a . B ecause G _ ( r )  i s  s in g u la r  a t  r= 0 , a s  
may be s e e n  from e q u a t io n  ( 2 .4 8 ) ,  th e  d isp la c e m e n t u ( r )  o f  e q u a t io n  
(3 .4 0 )  may o n ly  be c a l c u la te d  beyond th e  second  n e i^ ib o u r ,  w h ereas  i n  the  
lo c a l  f o r c e  model i t  i s  p o s s ib le  to  e v a lu a te  th e  d isp la c e m e n t a t  a l l  
p o in t s ,  e x c e p t  r= 0 , a s  th e  s i n g u l a r i t y  i s  l o c a l i s e d  a t  th e  o r i g i n .  I t  
sh o u ld  be n o ted  t h a t  th e  s t r e n g t h ,p ,o f  th e  f o r c e  d ip o le s  i n  th e  lo c a l  f o r c e  
model may be a d ju s te d  to  th e  f o r c e s  F^ and  F^ o f  th e  n o n - lo c a l  f o r c e  
model i n  su ch  a way t h a t  th e  d ip o le s  a re  e q u iv a le n t  to  th e  n o n - lo c a l  s t a r
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o f  f o r c e s .  T h is  e q u iv a le n c e  e n s u re s  t h a t  th e  lo n g  range e l a s t i c  
f i e l d s  o f  th e  two d e f e c ts  w i l l  be i d e n t i c a l  and th u s  th e  l o c a l  
m ic ro sco p ic  a n iso tro p y  o n ly  in f lu e n c e s  th e  s h o r t  range e l a s t i c  f i e l d  o f  
th e  d e f e c t .  I n  t h i s  way we may o b ta in  a lo 'c a l fo rc e  model e x p re s s io n  
f o r  a  d e fe c t  w hich  i s  e q u iv a le n t  to  th e  n o n - lo c a l  d e f e c t .  Thus in  
th e  case  o f  an  F .C .C . s t r u c t u r e  we may o b ta in  th e  lo c a l  f o r c e  model 
d isp la c e m e n t f i e l d  o f a vacancy by expanding th e  G reen te n s o r  i n  (3 .4 0 ) 
in  a T ay lo r  s e r i e s  f o r  sm a ll a ;  th u s ,  f o r  exam ple:
Gi i(£.~a I(k)) —* Gi ii) " a ^  G; i „(£>J J P J j P
to  o b ta in
u . ( r )  = - 4 a ( 1/ 2  F . + F ) G ( r )  (3 .4 2 )
X I ^ 1 J y  J
from  w hich , by com parison  w ith  e q u a t io n  ( 3 .3 8 ) ,  i t  fo llo w s  t h a t  th e  
s t r e n g th  o f  each e q u iv a le n t  doub le  f o r c e  in  an F .C .C . s t r u c t u r e  i s  
4a(>v/2 Fj + F ^ ) . I t  sh o u ld  a l s o  be n o te d  t h a t  i t  i s  o n ly  p o s s ib le  to  
q u a n t ify  th e  s t r e n g th  o f  th e  lo c a l  m odel f o r c e  d ip o le s  i f  th e  l a t t i c e  
.fo rc e  c o n s ta n ts  o f  th e  m a te r ia l  u n d er c o n s id e r a t io n  have been  c a l c u la te d .
In  p r a c t i c e  however, one i s  u s u a l ly  more i n t e r e s t e d  in  th e  s p a t i a l  
v a r i a t i o n  o f  th e  f i e l d s  o f  th e  p o in t  d e fe c t  th a n  i n  a b s o lu te  v a lu e s  and 
hence the a b s o lu te  v a lu e  o f  p i s  o f te n  un im portan t,,
c) In c lu s io n s  -  V oids
By in c lu s io n s  we g e n e ra l ly  mean any  th r e e  d im en sio n a l in h o m o g en e ity  
i n  a  s o l i d .  Two su ch  in h o m o g e n e itie s  a re  g a s -b u b b le s  and v o id s ,  and 
a l th o u g h  gas i s  g e n e r a l ly  p r e s e n t  w ith in  v o id s  th e r e  i s  i n s u f f i c i e n t  
c o n te n t  to  m arkedly in f lu e n c e  th e  f r e e  energy  o f  th e  d e fe c t„  The v o id  
i s  o f  p a r t i c u l a r  i n t e r e s t  i n  f a s t  r e a c to r  te c h n o lo g y  and  a lth o u g h  
E sh e lb y  [1957] has d e a l t  w ith  th e  g e n e ra l  e l l i p s o i d a l  in c lu s io n  i n  an  
i n f i n i t e  homogeneous i s o t r o p i c  e l a s t i c  medium we s h a l l  c o n s id e r  h e r e ,  and  
c o n f in e  o u rs e lv e s  to ,  th e  e l a s t i c  s t r e s s  f i e l d s  o f  s p h e r ic a l  v o id s .
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-Eon a more d e t a i l e d  re v ie w  o f  v o id s  th e  r e a d e r  i s  r e f e r r e d  to  th e  a r t i c l e  
by B u llough  and  N elson  [1 9 7 3 ]o
We c o n s id e r  a s p h e r ic a l  v o id  o f r a d iu s  r y  i n  an  e l a s t i c a l l y  a n i s o t r o p ic  
i n f i n i t e  body w ith  i t s  c e n t r e  a t  th e  o r ig i n  o f  a C a r te s ia n  c o o rd in a te  sy stem . 
The e l a s t i c  f i e l d  around  such  a v o id  may be o b ta in e d  by s o lv in g  th e  
e q u a tio n s  o f  e l a s t i c i t y  s u b je c t  t o  th e  boundary  c o n d i t io n s  a t  th e  v o id  
s u r fa c e :
P i j n i = p ni  (3 - 43)
w here n^ a re  th e  com ponents o f  th e  u n i t  ra d iu s  v e c to r  and :
2y
P = ~  (3 .4 4 )
v
i s  th e  u n ifo rm  s u r fa c e  te n s io n  fo rc e  a c t in g  r a d i a l l y  tow ards th e  c e n t r e  o f
th e  v o id  and y  i s  th e  s u r fa c e  en erg y . I n  a d d i t io n ,  we r e q u ire  t h a t
p . . — > 0 as  | r |  — -> oo s in c e  th e  body i s  i n f i n i t e .  In  p r a c t i s e  we w ould J-J
c r e a te  a v o id  by removing a sp h e re  o f  m a te r ia l  o f  r a d iu s  ry and i t  may be 
in f e r r e d  from  E sh e lb y ’ s [1957] d is c u s s io n  o f  th e  g e n e ra l  e l l i p s o i d a l  
in c lu s io n  th a t  th e  s p h e r ic a l  v o id  ca n  be s im u la te d  by an  a p p r o p r ia te  e f f e c t i v e  
s p h e r ic a l  in c lu s io n .  T h is means t h a t  th e  r e q u ir e d  e l a s t i c  f i e l d  may be 
g e n e ra te d  by a un ifo rm  s h e l l  o f  r a d i a l  bocjy fo rc e  o f  a p p ro p r ia te  s t r e n g th  
p ’ p e r  u n i t  a r e a ,  w here th e  r a d iu s  o f  th e  s h e l l  i s  r y  and th e  body i s  
homogeneous and c o n tin u o u s . p ’ i s  d i r e c t l y  p ro p o r t io n a l  to  p [M alen and
r
B u llo u g h ,1971]. The d isp la c e m e n t f i e l d  around  th e  s p h e r ic a l  v o id  due to  
such a d i s t r i b u t i o n  o f  body f o r c e  (e q u a t io n  ( 3 .1 ) )  i s :
u . ( r )  = r 2 p 1 I n .  G . . ( r - r  n) dQ (3 .4 5 )i  — v  * .1 i i  -  v—
w here th e  i n t e g r a l  i s  o v e r th e  s u r f a c e  o f  th e  u n i t  sp h e re . M alen and  
B ullough  [1971] have expanded th e  Green fu n c tio n  above i n  a T a y lo r  s e r i e s  
i n  powers o f  r y  and o b ta in :
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r 2V2
■ u i (£> = r v f p ' { 1 + i o “  • • - • }  ' (3 *48)
The s t r e s s  f i e l d 'o f  th e  v o id  i s  th e n  g iv e n  by:
  2 2
P - i k ^  = r v T  p ’ l 1 + “ To-  • • • : • }  ° i j f j k ^ } (3 - 47)
and Hooke’ s law  (e q u a tio n  (2 03 ) ) .
T h is  model f o r  a v o id  based  on a s p h e r ic a l  s h e l l  o f  body f o r c e s  i s  
r a th e r  c ru d e  s in c e  no a c c o u n t h a s- been ta k e n  o f  th e  m iss in g  m a te r ia l  w ith in  
th e  v o id . Our G reen fu n c t io n  i s  d e f in e d  f o r  a n  i n f i n i t e  body w ith  no 
m a te r ia l  m iss in g  and i s  som etim es known a s  th e  ’p e r f e c t  G reen f u n c t i o n ’ 
[B u llough  and N e ls o n ,1973; T ew ary ,1969], a s  opposed to  th e  s o - c a l l e d  
’im p e r f e c t -o r  d e fe c t-G re e n  f u n c t io n ’ w hich ta k e s  acco u n t o f  th e  m is s in g  
m a te r ia l .  Tewary and B u llough  [1 9 7 1 ], u s in g  a l a t t i c e  s t a t i c s  ap p ro ach  
[K an zak i,1 9 5 7 ], and more r e c e n t ly ,  W i l l i s  and B ullough  [ l9 7 2 ,u n p u b l . ] have 
d ev ised  p ro c e d u re s  to  e n a b le  such  complex re sp o n se  fu n c t io n s  to  be 
c o n s tru c te d .
I f  th e  v o id  i s  lo c a te d  i n  a n  i s o t r o p i c  body, w ith  i t s  c e n t r e  on th e  
o r ig in  o f  a s p h e r ic a l  c o o rd in a te  system  ( r , 0 , $ ) ,  th e n  th e  s t r e s s  f i e l d  h as  
th e  com ponents:
p = 2y r  / r 3 * r r  * v ' (3 .4 8 )
Pee = p« , = V '1’3
and th e  h y d r o s ta t ic  s t r e s s  i s :
Pn = %[pr r  + P00 + P# ] = O . (3 .4 9 )
T hus'the e l a s t i c  f i e l d  around the vo id  i s  a pure sh ear. The d isp lacem en t
f i e l d  has on ly  a non-zero component u , o f  the form:
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The im p o rtan ce  o f  u s in g  th e  d e f e c t  G reen fu n c tio n  i s  c l e a r l y  in d ic a te d  by
s u b s t i t u t i n g  th e  i s o t r o p i c  ( p e r f e c t )  G reen fu n c t io n ,  e q u a t io n . ( 2 .2 1 ) ,  i n to
e q u a tio n  (3 .4 6 ) .  The L a p la c ia n  o f  th e  i s o t r o p i c  G. . . i s  i d e n t i c a l l y  ze ro
J 9 J
and e q u a tio n  (3 C46) y ie ld s  th e  p u re ly  r a d ia l  d isp la c e m e n t f i e l d :
r 3 ( l - 2 v ) p ’
u = ------------------ ^  . (3 .5 1 )
b p ( l-v )  r
I f  v = %, th e n  e q u a t io n  (3 C51) a g re e s  w ith  th e  e x a c t  i s o t r o p i c  s p h e r ic a l  
v o id  d isp lacem en t f i e l d  when:
6y
P = 7 “ » {Z*52)
v
w hich i s  a  f a c t o r  o f th r e e  to o  la r g e .
The e l a s t i c  i n t e r a c t i o n  betw een a p o in t  d e fe c t  and a v o id  i s  v e ry  
sm all a s  th e  s e l f  s t r e s s  o f th e  v o id  (e q u a t io n  (3 .4 8 ) )  i s  weak an d , i n  th e  
i s o t r o p i c  c a s e ,  i s  pure  s h e a r  and  w ould have zero  i n t e r a c t i o n  wri t h  a n  
i s o t r o p i c  p o in t  c e n t r e  o f  d i l a t a t i o n .  By c o n s id e r in g  th e  i n t e r a c t i o n  o f  a 
p o in t  d e f e c t  w ith  a p la n e  f r e e  s u r fa c e  -  a p p ro p r ia te  to  th e  s i t u a t i o n  o f  a 
p o in t  d e f e c t  c lo s e  t o  a la r g e  v o id  -  B ullough and  N elson  [1973] have shown 
t h a t  th e  i n t e r a c t i o n  e n e rg y  and  fo r c e s  a r e  n e g l ig ib l e ,  co n c lu d in g  t h a t ,  
a p a r t  from  a p o s s ib le  m o d if ic a t io n  o f  th e  d e fe c t  jump p ro c e s s  a c r o s s  th e  
f i n a l  a tom ic v o id -m a tr ix  s u r f a c e ,  th e  e l a s t i c  i n t e r a c t io n  betw een p o in t  
d e f e c ts  and v o id s  i s  u n l ik e ly  t o  cause a s i g n i f i c a n t  d r i f t  f lo w  o f  th e  
p o in t  d e f e c ts  in to  th e  v o id s 0
3 .2  The I n t e r a c t i o n s  betw een d e f e c ts  in  an e l a s t i c  body
I t  i s  c l e a r l y  o f  fundam ental i n t e r e s t  i n  a th e o ry  o f  d e f e c ts  to  
u n d e rs ta n d  how d e fe c ts  i n t e r a c t  w ith  e a c h  o th e r.; th u s  we w ish  t o  know 
how such phenomena a s  p o in t  d e f e c t  a g g re g a tio n , th e  m ig ra tio n  o f p o in t  
d e f e c ts  to  ex ten d ed  d e f e c ts  and th e  i n t e r a c t io n s  betw een ex ten d ed  d e f e c ts  
o c c u r . A ll  su c h  problem s in v o lv e  c a l c u la t io n  o f  th e  i n t e r a c t i o n  e n e rg ie s  
betw een d e f e c ts  an d  s in c e  th e  e l a s t i c  th e o ry  p ro v id e s  a c c u ra te  lo n g  range 
f i e l d s  o f  d e f e c ts  i t  w i l l  be v a lu a b le  i n  e v a lu a tin g  th e  lo n g  ran g e  e l a s t i c  
i n t e r a c t io n  f i e l d s  betw een such  d e f e c t s .
In  t h i s  s e c t i o n  we f i r s t  c o n s id e r  th e  e l a s t i c  s e l f  e n e rg ie s  o f  and th e  
e l a s t i c  i n t e r a c t io n  betw een two g e n e ra l  d e f e c ts  and we th e n  c o n s id e r  th e  
i n t e r a c t i o n  o f  two d i s lo c a t io n s  i n  an  i n f i n i t e  body. The i n t e r a c t i o n  e n e rg y  
e x p re s s io n s  a r e  th e n  d e riv e d  and d is c u s s e d  f o r  v a r io u s  p a i r s  o f  s p e c i f i c  
d e f e c ts  such  a s  a p a i r  o f  d i s lo c a t io n  lo o p s , two lo n g  s t r a i g h t  d i s lo c a t i o n s ,  
and a p o in t  d e f e c t  w ith  b o th  a s t r a i g h t  and  a d i s lo c a t io n  lo o p . In  
a d d i t io n ,  th e  v o id -v o id  and th e  v o id - d i s lo c a t io n  in t e r a c t i o n s  a r e  d is c u s s e d .
- The work n e c e ssa ry  to  produce a s t r a i n  e ^ j  i n  a body w ith  e l a s t i c  
c o n s ta n ts  -*-s known a s  th e  s t r a i n  energ y  o r  e l a s t i c  p o t e n t i a l  and i s
g iv e n  by [N y e ,1969]:
w = J* p. .e . . = % C .j k l e . ,ek l  , (3 .5 3 )
p e r  u n i t  volum e, w here p . . i s  th e  s t r e s s  re q u ire d  to  p roduce such  a s t r a i n .
J
I t  fo llo w s  t h a t  i f  W i s  a c o n tin u o u s , s in g le - v a lu e d  fu n c t io n  o f  e . .,  th e n :-LJ
C. , = C, , .  . . (3 .5 4 )l j k l  k lJL j
The t o t a l  s t r a i n  energ y  o f  a body w ith  volume V i s :
E = J  W dV = y2 j  V i f i j  • (3 .5 5 )
V V
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To d i s t i n g u i s h  betw een th e  s e l f  energy  o f  a d e f e c t  and th e  m utual
i n t e r a c t i o n  e n e rg y  o f  two d e f e c ts  we c o n s id e r  a body o f  volume V
A Bc o n ta in in g  two d e f e c t s ,  A and  B, w hich c r e a te  s t r e s s e s  and  p ^ j and 
A Bs t r a i n s a n d  e ^  r e s p e c t iv e ly . The l in e a r  theory  o f  e l a s t i c i t y  assumes
th a t  the p r in c ip le  o f  su p e r p o sit io n  h o ld s , i . e .  th a t  the t o t a l  s t r e s s  and
s tr a in  in  the m a ter ia l i s  th e  sum o f  th e co n tr ib u tio n s  from each d e fe c t:
A B
pi j  pi j  + pi j  9 -
A B (3 ' 56)e . . = e . . + e . . •i j  i j  jlj
Hence th e  t o t a l  energy  i s ,  from  e q u a t io n  (3 .5 5 )
E = h  [  PA  .eA . dV + % [  pB .eB . dVJ  iJ iJ J  1J ^
V V
+ % /  ( ^ ei3  + W j)  "  • (3-57)
V
Now, by e q u a tio n  ( 3 .5 4 ) ,  th e  two te rm s in  th e  l a s t  i n t e g r a l  a r e  e q u a l ,  
th u s :
e  = % /  dV + * /  pl A dV + /  pi j ei j  ^  • (3 - 58)
V V V
The f i r s t  two i n t e g r a l s  o f  th e  above e x p re s s io n  r e p r e s e n t  th e  s e l f  en e rg y  o f  
each  d e fe c t  and  th e  l a s t  i n t e g r a l  r e p r e s e n ts th e  m utual e l a s t i c  i n t e r a c t i o n  
energy  betw een th e  two d e f e c t s .  Thus th e  s e l f  en e rg y  o f  a d e f e c t  i s  
g iv e n  by:
. Es = % /  P i / i j  <IV’ (3-59)
V
w here p . . and e . . a r e  th e  s t r e s s e s  and  s t r a i n  p roduced  by th e  d e f e c t  i t s e l f .
J ^ J . (
I n  a d d i t io n ,  th e  i n t e r a c t i o n  energy  o f  two d e f e c ts  i s  g iv e n  by:
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A Bw here p . . i s  th e  s t r e s s  due to  one d e f e c t  and e.. . i s  th e  s t r a i n  due to  th e  
i j  i j
o th e r .
- One may a l s o  c o n s id e r  th e  i n t e r a c t i o n  en e rg y  o f  two d e f e c ts  a s  b e in g  t h a t
B .
en ag y req u ired  to  c r e a te  one d e f e c t ,  h av in g  s t r a i n s  e ^ j ,  m  th e  s t r e s s
A
f i e l d ,  p . .,  o f  th e  o th e r .  Thus th e  energ y  o f  a  d i s lo c a t i o n  may be 
J-J
e x p re s se d  a s  an i n t e g r a l  o v e r  th e  c u t  s u r fa c e  made i n  c r e a t in g  th e  d i s lo c a t i o n ,  
a s  d is c u s s e d  e a r l i e r Q
ASuppose th e  d i s lo c a t io n  B l i e s  in  th e  i n t e r n a l  s t r e s s  f i e l d  p ^ .
Then i t s  energy  i s ,  u s in g  e q u a t io n  ( 2 .4 ) :
EI = / pA.uB . dV =
J J-J 1 , 3
V V
f  P  /  A B \ a  b"
J  _ V Pi j
dV. (3 .6 1 )
I f  no body fo rc e  i s  p r e s e n t ,  i . e .  f^= 0 , i t  fo llo w s  from  e q u a tio n  (2 .2 )
t h a t :
pA . . = 0 . (3 .6 2 )
1 3 , 3
T h e re fo re ,  we h ave , u s in g  th e  d iv e rg e n c e  theorem , e q u a t io n  ( 3 .2 ) :
Et  = f  pA .u® dS , . (3 .6 3 )
I  J 13 i  J
S
I f  we ta k e  f o r  S th e  above m entioned  c u t  a g a in ,  and f o r  V a l l  sp a c e  e x c e p t 
th e  space  in  th e  c u t ,  we o b ta in :
h  = bi  /  4 s  dSj  » (3 - 64)
S
where th e  i n t e g r a t i o n  i s  j u s t  once o v e r  th e  c u t  s u r fa c e  S0
K rdner [1 9 5 8 ], by c r e a t in g  one d i s lo c a t i o n  in  th e  f i e l d  o f th e  o th e r ,  
o b ta in s  th e  i n t e r a c t i o n  en e rg y  betw een two d i s lo c a t i o n s  i n  a n  i s o t r o p i c  
medium as :
Et = bAbB M. . (3 .6 5 )
1 l  J i j
W ith
Mi j  8rc j* f  e i k l e jmn **,km X
7  c6
x ( d lB dlA + .6 d lA d lB + T-T 7 T T  d lB d lT ) (3 .6 6 )‘ I n  In  - p p (A+2fi) n 1 J
a g A B
where the two d is lo c a tio n s  are along (j and C and have strengths b and b ,
and M. . i s  known a s  ’ th e  d i s lo c a t io n  m utual in d u c ta n c e ’ . T h is  fo llo w s  from1 j
s u b s t i t u t i o n  o f th e  i s o t r o p i c  form  o f th e  s t r e s s  f i e l d  p ^  i n  e q u a tio n  
(3 .6 4 )  by e q u a t io n  (3 .1 3 ) and an a p p l i c a t io n  o f  S to k e s ’ theorem . The s e l f
en e rg y  o f  a s in g le  d i s lo c a t i o n  may be found  by u s in g  th e  same cu rv e  f o r
Band C , so  t h a t  M. . becomes ’ th e  d i s lo c a t io n  s e l f  in d u c ta n c e ’ , an d  i n s e r t i n g  
5 i j
a  f a c t o r
E = h  b .b .  M. . 0 (3 .6 7 )s i  J i j
The nom enclatu re  f o r  M. . s tem s from  th e  an a lo g y  t h a t  Kr’dner draws betw eeni j
m a g n e to s ta t ic s  and d i s lo c a t i o n  th e o ry .  A d i f f e r e n t  e x p re s s io n  f o r  th e  energy  
o f  a d i s lo c a t io n  t h a t  i s  e q u iv a le n t  to  K ro n er’ s r e s u l t  i s  g iv e n  by 
B lin  [1955] a s ,  i n  o u r  n o ta t io n :
e bAbBe
E T  =  -  i H  I  I  . i j k  i  j s k l m  d l A  d l B
I f  1 m
S  cR
- , bAd]AbB
+  *  j  {  d l j  ( 3 ‘ 6 B )
cA cB
+ 7 ^  7V*o\" ^ V i  b^ dlt  R 1 * b*idlB. , 4% (A+2(i) T J  k i l  1 1 ,km m jn J n
<A
.B
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T his  e x p re s s io n  may a ls o  be o b ta in e d  from  e q u a t io n  (3 .6 4 ) by s u b s t i t u t i o n  
o f  th e  s t r e s s  f i e l d  and a p p l ic a t io n  o f  S to k es1 theorem . The e x p re s s io n  
was g iven  by B li'n  i n  th e  c o n v e n tio n a l v e c to r  and  dyad ic  n o ta t io n  a s :
I t  i s  a p p ro p r ia te  to  in tro d u c e  h e re  th e  co n c e p t o f  th e  c o re  o f  th e  
d i s lo c a t i o n .  One o b ta in s  th e  s e l f  en e rg y  o f a d i s lo c a t io n  by in t e g r a t i n g  
o v e r th e  same cu rve  tw ice  i n  th e  above e x p re s s io n s .  T h is  doub le  i n t e g r a l  
w i l l  be found to  d iv e rg e ; th e  assu m p tio n  t h a t  th e  d i s lo c a t i o n  i s  a l i n e  
im p e r fe c t io n  o f  zero  c r o s s  s e c t io n  r e s u l t s  i n  i n f i n i t e  s t r e s s e s  a t  th e  
d i s lo c a t io n ,  and hence i n f i n i t e  en e rg y c The s t r e s s  v a r i e s  a s  th e  in v e rs e  
o f  th e  d is ta n c e  from  th e  l i n e  and th e  energy  d iv e rg e s  lo g a r i th m ic a l ly ,  
f i r s t l y  because o f  th e  co re  e f f e c t  and se c o n d ly  because th e  body i s  
ta k e n  to  be i n f i n i t e ;  th e  l a t t e r  e f f e c t  i s  u n re a l  a s  no body i s  i n f i n i t e .
We may o b ta in  a f i n i t e  en e rg y  by assum ing a f i n i t e  c r o s s - s e c t io n  f o r  th e  
d i s lo c a t io n  l i r e ,  t h i s  b e in g  th e  r e g io n  where Hooker s law  b reak s down a s  th e  
s t r e s s e s  and  s t r a i n s  become to o  la rg e  and  n o n - l in e a r  e f f e c t s  o c c u r . T h is  
re g io n  i s  known a s  th e  c o re  o f  th e  d i s lo c a t i o n  and c a n n o t be t r e a t e d  w ith  
th e  th e o ry  o f  l i n e a r  e l a s t i c i t y .  The s iz e  o f  t h i s  re g io n  i s  g e n e r a l ly  
c o n s id e re d  to have a ra d iu s  o f  ap p ro x im a te ly  th e  m odulus o f th e  B u rg ers  
v e c to r ,  b . One may th e n  c a l c u l a t e  th e  s e l f  en e rg y  by s e p a r a t in g  th e  two 
c u rv e s ,  and  CB, by an  amount t  and u s in g , f o r  exam ple, e q u a tio n  (3 .6 8 )  
w ith  a f a c t o r  ^  i n s e r t e d .  I n  a d d i t io n  to  t h i s  one shou ld  in c lu d e  th e  w ork
d* C®
(3 .6 9 )
c* cB
c*  CB
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done by th e  c o re  s u r fa c e  t r a c t i o n s  w hich B u llo u $ i and Foreman [ l9 6 4 ]
quo te a s :  9
(i b
E = --------— 5- [ l - 2 ( l - v )  co s  2a] , (3 .7 0 )
' °  167c( 1 - v )
p e r  u n i t  le n g th ,  w here a i s  th e  a n g le  betw een th e  p la n e  o f  th e  c u t  and  th e  
edge component b£ o f  th e  B u rg e r’s v e c to r .  The v a lu e  o f  t ,  th e  s e p a r a t io n  
betw een th e  two c u rv e s ,  has been g iv e n  a s  th e  d ia m e te r  o f  th e  d i s lo c a t i o n  
c o re  [F ran z  and  Kro*ner, 1955], and a s  th e  c o re  r a d iu s  [de W it, 1960; Bacon 
and C ro c k e r ,1965; B ullough  and F orem an ,1964], th e  l a t t e r  quo ted  a u th o rs  
h a v in g  g iv en  an  a n a l y t i c  p ro o f  t h a t  such  sh o u ld  be i t s  v a lu e .
I t  i s  obv ious t h a t  th e  c o n s id e ra t io n  o f  a co re  r e g io n  r e q u i r e s  t h a t  
o u r d e f i n i t i o n  o f  th e  s e l f  en e rg y  o f  a d i s lo c a t io n  l i n e  shou ld  be m o d if ie d . 
Thus, th e  e l a s t i c  s e l f  en e rg y  o f a d i s lo c a t i o n  l i n e  i s  g iv e n  by:
E ■ = H [  P - . e . . dV (3 .7 1 )s  ^ J *JLJ JLJ
V
w here V i s  th e  t o t a l  volume o f  th e  c r y s t a l  e x c lu d in g  th e  sm a ll c o re  re g io n
o f  non-Hookean m a te r ia l  o f r a d iu s  r  w hich su rro u n d s  th e  d i s lo c a t i o n .  Byo ^
m aking a c u t  w hich te rm in a te s  a t  th e  d i s lo c a t i o n  l i n e ,  and by u s in g  th e  
d iv e rg e n ce  theorem , i t  can be shown t h a t  Eg i s  th e  w ork done by t h e  t r a c t i o n s  
on th e  combined s u r fa c e  S o f  b o th  th e  c u t  and th e  c o r e ,  i n  p ro d u c in g  th e  
d isp la c e m e n t u a s s o c ia te d  w ith  th e  d i s lo c a t io n  ( i . e .  th e  B u rg e r’s v e c t o r ,b ) .  
T hus:
E s  =  r  [  p i j  d S j  •  ( 3 - 7 2 )
I n  th e  fo llo w in g  we c o n s id e r  th e  i n t e r a c t i o n  en e rg y  betw een v a r io u s  
p a i r s  o f  d e f e c ts .  To o b ta in  th e  i n t e r a c t i o n  en e rg y  betw een two d i s lo c a t i o n  
lo o p s we employ e q u a t io n  (3 .6 4 ) :
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E„ = bBi pA . dS. pi J  J (3 .7 3 )
w here we a r e  c o n s id e r in g  th e  work done i n  c r e a t in g  loop  B i n  th e  p re sen ce
A Bo f  th e  s t r e s s  f i e l d  p . . due to  loop  A. The a re a  S i s  e n c lo se d  by th e
*
d i s lo c a t io n  loop  B and  i s  bounded by a l i n e  p a r a l l e l  to  and a d i s ta n c e  S 
from  th e  l i n e  o f  B, w here 6 i s  th e  c o re  r a d iu s ,
A c o n s id e ra b le  amount o f  a t t e n t i o n  has been  g iv e n  to  th e  s e l f  and 
i n t e r a c t i o n  e n e rg ie s  o f  lo o p s  i n  i s o t r o p i c  m edia [Bacon and C ro c k e r ,1965; 
B u llough  an d  Forem an ,1964; K roupa,1966; K ro n e r ,1958] and we g iv e  h ere  
-K ro n er’ s r e s u l t  f o r  th e  i n t e r a c t i o n  en e rg y  o f  two c o - a x ia l  c i r c u l a r  
d i s lo c a t io n  lo o p s  o f  e q u a l r a d iu s ,a :
22|i(X +fi)b '
ET = ak  (K-E) ,
I  (k+2p)
(3 .7 4 )
w here K and E a re  th e  com plete  e l l i p t i c  i n t e g r a l s  o f  th e  f i r s t  and  second  
k in d  o f  modulus k , g iv e n  by:
k2 = 432 24a +z
A B where z = z - z = a c o n s ta n t .
(3 .7 5 )
y
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The s e l f  en e rg y  o f  a c i r c u l a r  d i s lo c a t i o n  lo o p  i n  an  i s o t r o p i c  
medium i s  o b ta in e d  from  e q u a tio n  (3 .7 4 ) i n  w hich z= rQ «  a ,  and by i n s e r t i n g  
th e  f a c t o r
E j ^ )  b2 a ( l n 8 a _  ■
(\+2|J.)
(3 .7 6 )
a r e s u l t  o b ta in e d  by K rdner. The f a c t  t h a t  Eg becomes n e g a tiv e  i n  th e  
l i m i t  t h a t  a — > r Q/8  s im p ly  in d ic a te s  t h a t  continuum  th e o ry  b reak s  down 
when th e  i n t e r a c t io n  betw een d i s lo c a t io n  segm ents o c c u r o v e r d im ensions o f  
th e  o r d e r  o f  th e  c o re  r a d iu s 0
The s e l f  en e rg y  o f  an  i n f i n i t e l y  lo n g  s t r a i g h t  d i s lo c a t i o n  d iv e rg e s  
lo g a r i th m ic a l ly ,  even  p e r  u n i t  le n g th  [de W i t ,1960]. A f i n i t e  le n g th  o f  
s t r a i g h t  d i s lo c a t io n  does g iv e  a f i n i t e  r e s u l t ,  b u t t h i s  i s  in c o m p le te  
s in c e  th e  en erg y  e x p re s s io n  (3 .7 2 ) in v o lv e s  an  i n t e g r a l  o v e r th e  s u r fa c e  
w hich m ust be e n c lo se d  by a lo o p . To overcome t h i s  re q u ire m e n t e f f e c t i v e l y  
c o n s id e r  two s tr a ig h t- s e g m e n te d  d i s lo c a t io n  lo o p s , a s  below , s e p a ra te d ,  
a t  t h e i r  c l o s e s t ,  by a d is ta n c e  p. I f  we w ish  t o  o b ta in
th e  i n t e r a c t i o n  en e rg y  betw een th e  two f i n i t e  segm ents AB and  EF we sh o u ld  
en su re  t h a t ,  a l th o u g h  fo rm a lly  a l l  segm ents i n t e r a c t  w ith  each  o th e r ,  th e  
c o n t r ib u t io n  to  th e  i n t e r a c t i o n  energy  o f  a l l  th e  o th e r  p a i r s  o f  segm ents 
i s  n e g l ig ib le  compared w ith  th e  m utual i n t e r a c t i o n  betw een AB and  EF. Thus, 
we r e q u ir e  t h a t  L »  p and u se  e q u a t io n  (3 .7 3 ) .  To o b ta in  th e  s e l f  e n e rg y  
o f  th e  segm ent AB we sh o u ld  s e t  p = 0 b u t t h i s  w ould c au se  th e  e n e rg y  t o
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d iv e r g e  lo g a r i th m ic a l ly  due to  th e  c o re  re g io n  e f f e c t s  and th u s  we s e t  
p = r Q, ro u g h ly  th e  h a lf -w id th  o f  th e  s in g le  d i s lo c a t i o n ,  and a g a in  u se  
e q u a t io n  ( 3 .7 3 ) , ' i n s e r t i n g  a f a c t o r  The i n t e r a c t i o n  te rm s betw een  
segm ents o th e r  th a n  AB and  EF a re  c a l le d  th e  ’end e f f e c t s ’ and c o n t r ib u te  
c o n s ta n t  t e r n s  o f  th e  o rd e r  o f  m agnitude o f  th e  c o re  energy  to  th e  t o t a l  
i n t e r a c t i o n  en e rg y  [H ir th  and  L o th e ,1 9 6 8 ],
I n  th e  i s o t r o p i c  ap p ro x im a tio n , de W it has shown t h a t ,  f o r  two p a r a l l e l  
screw  d i s lo c a t io n s  o f  le n g th  L, s e p a ra te d  by p and h a v in g  B u rg e r’s v e c to r  
b: ' '
ps _ i ii_
EI  -  2k In
2Nk  \
£_
L2
(3 .7 7 )
w hich  c l e a r l y  shows t h a t  f o r  i n f i n i t e l y  lo n g  s t r a i g h t  d i s lo c a t io n s  
( L —> co), t h i s  i n t e r a c t i o n  en e rg y  d iv e rg e s  lo g a r i th m ic a l ly ,  even p e r  u n i t  
le n g th .  By s e t t i n g  p = r Q and assum ing t h a t  L »  r Q, a s  i s  u s u a l ly  th e  
c a s e ,  de W it o b ta in s  f o r  th e  s e l f  en e rg y  o f  a screw  d is lo c a t io n  p e r  u n i t  
le n g th :  _
o  I  i l l  O T  1
(3 .7 8 )S _
ES “  4%
, 2L 3I n  --
L. r 0 2_l
F o r a p a i r  o f  s t r a i g h t  edge d i s lo c a t i o n s ,  de W it o b ta in s  f o r  th e  
i n t e r a c t i o n  en e rg y :
2%
2(A+p) J L+(p2+L2)^  
A+2p 1 n p
2 , 2 ^ 2
-  1 + 7 2  t Z \ y2 (p +L ) -p
+ \ ( ( p  +L ) -  p) (3 .7 9 )
w here y  i s  th e  component o f  th e  s e p a r a t io n ,  p , t h a t  i s  p e rp e n d ic u la r  to  
th e  B u rg e r’s v e c to r .  To o b ta in  th e  s e l f  e n e rg y  o f  th e  edge d i s lo c a t i o n  
per. u n i t  le n g th ,  de W it s e t s  y=p=rQ« L  and  shows t h a t :
FE =
S 4-71
2(A+p) 2L v /6 p + 7 A— 'A
(A+2p) l n  r 2(i+A /  _
(3 .8 0 )
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De W it a l s o  c o n s id e rs  th e  mixed d i s lo c a t i o n ,  by superim p o sin g  two 
d i s lo c a t io n s ,  one sc rew  and one edge. I f  th e  B u rg e r’ s v e c to r  b makes a n  
an g le  0 w ith  the- d i s lo c a t io n  l i n e ,  th e n  th e  screw  component has a B u rg e r’ s 
v e c to r  b co s  0 and th e  edge component b s i n  0. * De W it shows t h a t  f o r  an  
i s o t r o p i c  medium th e re  i s  no in t e r a c t i o n  energy  betw een two p a r a l l e l  
d i s lo c a t i o n s ,  one edge and th e  o th e r  screw  and  th u s  th e  s e l f  en e rg y  o f a 
mixed d i s lo c a t io n  i s  a sum o f  th e  screw  and  edge com ponents:
so t h a t ,  from  e q u a tio n s  (3 C78) an d  (3 .8 0 ) ,  th e  s e l f  en erg y  p e r  u n i t  le n g th  
o f  a mixed d i s lo c a t io n  i s :
The a n i s o t r o p ic  i n t e r a c t i o n  energy  betw een two d i s lo c a t i o n s ,  A and B, 
i s  g iv en  by e q u a tio n  (3 .7 3 ) w hich in v o lv e s  an  i n t e g r a l  o v e r  a c lo s e d  s u r fa c e  
d e f in in g  one o f th e  d e f e c ts .  Thus in  e v a lu a t in g  th e  i n t e r a c t i o n  energy  
betw een a s t r a i g h t  d i s lo c a t i o n  and  a d i s lo c a t io n  lo o p , we may c o n s id e r  th e  
s u r fa c e  to  be e n c lo se d  by th e  d i s lo c a t i o n  lo o p , B, so t h a t ,  ig n o r in g  co re  
e f f e c t s ,  i t s  i n t e r a c t i o n  w ith  th e  s t r a i g h t  d is lo c a t io n ,A ,  i s  g iv e n  by:
The i n t e r a c t i o n  betw een a s t r a i g h t  d i s lo c a t i o n  and a d i s lo c a t i o n  loop
th e  above e x p re s s io n s ,  s u b s t i t u t i n g  in  th e  i s o t r o p i c  s t r e s s e s  o f  th e  s t r a i g h t  
d i s lo c a t io n ,  e q u a t io n s  ( 3 .2 4 ) , ( 3 .2 5 ) .  In  a d d i t io n ,  to  o b ta in  a s im p le r  
form  f o r  th e  i n t e r a c t i o n  by rem oving th e  in te g r a l s , ,  Kroupa u se d  th e  
co n ce p t o f  th e  i n f i n i t e s i m a l  d i s lo c a t io n  loop  whereby th e  v a lu e  o f  th e  
in te g ra n d  a t  th e  c e n tr e  o f  th e  loop  tim es th e  a r e a  i s  u sed  i n  p la c e  o f  th e
(3 .8 1 )
In  —  -  | (3 .8 2 )
(3 .8 3 )
S,B
i n  an  i s o t r o p i c  medium has been  c o n s id e re d  by Kroupa [1962] who em ployed
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i n t e g r a l .  T h is  i s  j u s t i f i a b l e  a t  s iz e a b le  d is ta n c e s  from  th e  lo o p  where 
th e  v a r i a t i o n  o f  th e  s t r e s s  from  d i f f e r e n t  e lem en ts  o f  th e  lo o p  i s  
n e g l ig ib l e .  ICroupa su g g e s ts  t h a t  d is ta n c e s  o f  th e  o rd e r  o f th e  d ia m e te r  
o f  th e  loop  a r e  s u f f i c i e n t  to  c o n s id e r  th e  in f i n i t e s i m a l  lo o p  co n ce p t 
a p p ro p r ia te *
D is lo c a t io n - p o in t  d e f e c t  i n t e r a c t io n s  p la y  an  im p o r ta n t p a r t  i n  
r e s to r in g  e q u il ib r iu m  c o n d it io n s  i n  a s u p e r s a tu r a te d  s o l id  s o lu t i o n  and we 
c o n s id e r  h e re  th e  m ost im p o rta n t one -  th e  f i r s t  o rd e r  s iz e  i n t e r a c t i o n  ( f o r  
a  d is c u s s io n  o f th e  v a r io u s  i n t e r a c t io n s  t h a t  c a n  e x i s t  betw een a p o in t  
d e f e c t  and a d i s lo c a t io n  see  B ullough  and Newman, 1969). The f i r s t  o rd e r  
s i z e  i n t e r a c t i o n  a r i s e s  from th e  i n t e r a c t i o n  o f  th e  lo n g  range s t r e s s  f i e l d  
o f  th e  d i s lo c a t i o n  and th e  a to m ic  d isp la c e m e n ts  a round  th e  p o in t  d e f e c t ;  
e q u a l ly  i t  may be c o n s id e re d  to  be th e  in t e r a c t io n  o f  th e  s t r e s s  f i e l d  o f  
th e  p o in t  d e f e c t  and th e  d isp la c e m e n t f i e l d  o f  th e  d i s lo c a t io n .  The 
i n t e r a c t i o n  en e rg y  i s  g iv e n  by (3 .6 0 ) a s :
c o n s id e re d  th e  i n t e r a c t i o n  o f s t r a i g h t  m ixed d i s lo c a t io n s  w ith  a  p o in t  
d e fe c t  re p re s e n te d  by an  in f i n i t e s i m a l  d i l a t a t i o n  c e n t r e  i n  an  a n i s o t r o p ic  
cu b ic  medium. They c r e a te  th e  d i s lo c a t i o n  B, i n  th e  s t r e s s  f i e l d  o f  th e  
p o in t  d e f e c t ,  A. Then
(3 .8 4 )
v8
w hich we have shown to  be e q u iv a le n t  to  (3 .6 3 ) a s
w here we a re  ig n o r in g  c o re  re g io n  e f f e c t s .  Goodman and S in es  [ 1972] have
-If-w e ta k e , f o r  co n v e n ie n c e , th e  c u t  s u r fa c e  S a s  be ing  th e  p lan e
d e f in e d  by th e  s t r a i g h t  d i s lo c a t io n  and  th e  p o in t  d e f e c t ,  th e n  th e  e lem en t 
B
o f a re a  dS . i s  r d r  dy a s  may be seen  i n  th e  f ig u r e  below 0J
co.i'
i
dS = r d r  dy
p o in t  d e fe c t
Now th e  s t r e s s  f i e l d  o f  th e  p o in t  d e f e c t  i s  g iv e n  by e q u a tio n s  
(3 ,3 9 )  w ith  (2 .3 )  and i s :
A  -  r  
pi j  i j k l Jkm,ml
where i s  th e  s t r e n g th  o f  th e  f o r c e  d e f in in g  th e  p o in t  d e f e c t .  As 
Gj^Cr, 6 ,0 ) i s  homogeneous and o f  d eg ree  -1 ,  th e n  p ^ . v a r ie s  a s  **/r 3 .
(3 .8 7 )
—3r  b. h . .(6,<£) n . r  d r dy 
1 -1-3 J
p ^ .  = 4  h . . (Q,4>)
13 13 5
th e n  % /2
e < -  /
-% /2  R s e c  y
%/2
■ = R j  bi nj  hi j * 0,<^  cos r  dY '
-7 t/2
T h is e x p re s s io n  i s  due to  Goodman and S in es  [1972] who a p p l ie d  i t  t o
c u b ic  m a te r ia l s ,  b u t  i t  may be e q u a l ly  u sed  f o r  any  m a te r ia l  i f  th e  second
d e r iv a t iv e s  o f  th e  G reen te n s o r  a re  a v a i l a b l e 0
The e x p re s s io n  (3 .8 6 ) may be  u sed  to  c a l c u l a t e  th e  i n t e r a c t i o n  betw een
Ba p o in t  d e f e c t  and a d i s lo c a t i o n  lo o p , w here now th e  s u r f a c e  S i s  t h a t
(3 .8 8 )
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-en c lo sed  by th e  d i s lo c a t i o n  lo o p . F o r th e ~ e q u iv a le n t  i s o t r o p i c  c a s e ,
l e t  u s  c r e a te  th e  p o in t  d e f e c t ,  A, i n  th e  p re se n c e  o f  th e  s t r e s s  f i e l d
o f  a  d i s lo c a t i o n ,  B. I f  th e  d e fe c t  i s  c re a te d  by f o r c in g  an e l a s t i c
sp h e re  o f  r a d iu s  r Q(l+ 8) in t o  a s p h e r ic a l  h o le  o f  r a d iu s  r  , th e n  th e
Bi n t e r a c t i o n  betw een t h i s  in c lu s io n  and th e  s t r e s s  f i e l d ,  p. o f  th e’ J-J
d i s lo c a t io n  has th e  form :
Ex = / Pijeij dV = - / Pu 5 " ’ (3*89)
w here = -8  8 ^  f o r  a s p h e r ic a l  i s o t r o p i c  in c lu s io n ,  and th e  i n t e g r a l
A 4  3i s  o v e r  th e  volum e, y = -r %r , o f  th e  undeform ed c a v i ty .  The s ig n  i so O
c o r r e c t  i f  th e  norm al p o in ts  from  in c lu s io n  to  m a tr ix .  Now, p ^  i s  th e  
h y d r o s ta t ic  s t r e s s  a s s o c ia te d  w ith  th e  d i s lo c a t io n  and i t  may be shown 
t h a t ,  f o r  an  i s o t r o p i c  medium, p ^  i s  a n  harm onic fu n c t io n .  The i n t e g r a l  
o f  such  a fu n c t io n  o v e r a sp h e re  i s  eq u a l to  th e  v a lu e  o f  th e  f u n c t io n  
a t  th e  c e n t r e  o f  th e  sp h ere  m u l t ip l ie d  by th e  volume o f  th e  sp h e re  
[ j e a n s , 1948], Thus, f o r  a s p h e r ic a l  in c lu s io n :
EI  = - 6 pi i  I  *  r o ’ (3 ' 90)
w here p ^  i s  t o  be e v a lu a te d  a t  th e  c e n t r e  o f  th e  p o in t  d e f e c t .  T h is  i s  
an  e x a c t  r e s u l t  [B u llough  and Newman,1969], f o r  a s p h e r ic a l  d e f e c t  o f  
a r b i t r a r i l y  la r g e  ra d iu s  r Q ( e cgo r Q sm all f o r  p o in t  d e f e c t s ,  much l a r g e r  f o r  
v o id s ) .  E q u a tio n  (3 .9 0 ) w i l l  be a p p ro x im a te ly  t r u e  f o r  a p o in t  d e f e c t  
when p ^  i s  n o t  harmomic ( f o r  an  a n is o t r o p ic  medium, f o r  ex am p le), s in c e  
th e  s p a t i a l  v a r i a t i o n  o f  p ^  o v e r th e  volume o f  such  a p o in t  d e f e c t  w i l l  
n o t  be s ig n i f i c a n t , ,  ■ , .
By i n s e r t i n g  th e  a p p ro p r ia te  e x p re s s io n  f o r  p ^  o f  a  d i s lo c a t i o n  in to  
e q u a t io n  (3 .9 0 ) we may o b ta in  th e  i s o t r o p i c  i n t e r a c t io n  e n e rg y  betw een a 
s p h e r ic a l  p o in t  d e f e c t  an d  t h a t  d i s lo c a t i o n .  Thus, f o r  a io n g  s t r a i g h t
-64—
edge d i s lo c a t io n  ly in g  a lo n g  th e  a x is  o f  a C a r te s ia n  c o o rd in a te  
system  (x ^ ,x 2 ,x 3) w ith  i t s  B u rg e r’ s v e c to r  b = ( b ,0 ,0 ) ,  th en  has th e  
v a lu e  (from  e q u a t io n  (3 .2 5 ) )
1 1
pb(l+ v) s in  Q
7t(1~v) r (3
a t  th e  p o in t  ( r , 0 , z ) .  The c y l in d r i c a l  p o la r  system  i s  c e n te re d  on th e  
d i s lo c a t io n  l i n e  th u s :
I f  th e  p o in t  d e f e c t  i s  lo c a te d  a t  ( r ,0 )  th e n  ET h as  th e  v a lu e :
* -  4 /l+v\ * b5 ro Sin 
I  3 ( j - v  J  r (3
I n  su ch  a n  i s o t r o p i c  medium th e r e  i s  no i n t e r a c t i o n  w ith  a s im i la r  
screw  d i s lo c a t i o n  (e q u a tio n  ( 3 .2 5 ) ) ;  how ever, i f  th e  a n is o t r o p y  o r  th e  
n o n - s p h e r ic a l  n a tu re  o f  th e  p o in t  d e f e c t  w ere c o n s id e re d , th e  i n t e r a c t i o n  
would be n o n -z e ro , h av ing  a co m p lica ted  a n g u la r  dependence b u t r e t a i n i n g  
th e  s im p le  in v e rs e  d is ta n c e  dependence.
The i n t e r a c t i o n  energy  betw een a d i s lo c a t io n  lo o p  and a p o in t  d e f e c t  
i n  an  i s o t r o p i c  medium may be o b ta in e d  by s u b s t i t u t i n g  th e  a p p r o p r ia te  
s t r e s s  f i e l d  [B astec k a  and  K ro u p a ,1964] i n to  e q u a t io n  (3 .8 9 ) .  When th e  
c i r c u l a r  loop  o f  r a d iu s  a i s  s i tu a te d  r e l a t i v e  to  th e  p o in t  d e f e c t  a s  
shown below , th e  i n t e r a c t i o n  e n e rg y  i s  [B asteck a  and K roupa, 1964]:
. , - -k
’ (  \ 2  2 (r+ a ) +z
2 -  2 2 2 a  - r  - z
, v 2 2~ (a -r)  +z
E(a) + K (a) (3
w here  E(a) and K(a) a re  th e  com plete  e l l i p t i c  f u n c t io n s  w ith  argum ent:
2 4ar (3 .9 4 )a
t \ 2 2(r+ a ) +z
a  x,3
R
r Q( l + 6 )
/
* / z
X
X ,2
B ullough  e t  a l  [ 1968], have u sed  t h i s  m ethod t o  s tu d y  s ta g e  I I I  
reco v e ry  i n  n e u t r o n - i r r a d ia t e d  niobium  c o n ta in in g  oxygen im p u r ity ,  have 
a l s o  u sed  th e  in f i n i t e s i m a l  lo o p  ap p ro x im a tio n , w hich  i n  th e  s p h e r ic a l  
c o o rd in a te s  (R,©,<£) shown above , r e s u l t s  in  an  i n t e r a c t i o n  en erg y  o f :
An a l t e r n a t iv e  method o f  e v a lu a t in g  th e  lo o p -p o in t  d e f e c t  i n t e r a c t i o n  
energy  i n  an i s o t r o p i c  medium w hich av o id s  th e  u se  o f  th e  e l l i p t i c  f u n c t io n s  
i n  e q u a t io n s  ( 3 .9 3 ) ,  i s  to  u se  Peach an d  K o e h le r’s e x p re s s io n  [1950] f o r  
th e  d i s lo c a t io n  lo o p  (e q u a tio n  (3 .1 1 ) )  s u b s t i tu t e d  in t o  e q u a tio n  ( 3 .9 0 ) .
The v o id -v o id  i n t e r a c t i o n  has been u se d  as  th e  b a s is  f o r  an  
e x p la n a tio n  o f  th e  observ ed  v o id  l a t t i c e  i n  b . c . c .  molybdenum [E vans, 1971; 
M alen and B u llo u g h ,1971]. By u s in g  th e  p e r f e c t  G reen fu n c t io n ,  ftfelen and  
B u llough  [19711 o b ta in  th e  i n t e r a c t i o n  betw een two l i k e  s p h e r ic a l  v o id s  a 
y e c to r  R a p a r t  a s :
• * T h is  ap p ro ach , how ever, n e g le c ts  th e  e f f e c t  o f  th e  m is s in g  m a te r ia l  
w ith in  each  v o id ;  t h i s  i s  th e  in d u ced  o r  inhom ogeneity  i n t e r a c t i o n  w hich , 
i n  th e  case  o f  an  i s o t r o p i c  medium i s  th e  o n ly  n o n -ze ro  i n t e r a c t i o n .  W i l l i s
2
(3 .9 5 )
(3 .9 6 )
and B u llough  [1970] have o b ta in e d  t h i s  in d u ced  i n t e r a c t i o n  and  co n c lu d ed  t h a t
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—two l i  ke- v o id s  w i l l  alw ays a t t r a c t  each  o th e r  w ith  an i n t e r a c t i o n  en e rg y  
a p p ro x im a te ly  g iv e n  by th e  s im p le  inhom ogeneity  e x p re s s io n  due t o
O *7 C
E shelby  [1958J; ' E(R) .= - 7 05 % y  Fy/l-®- > where R =  |R | .  The c o rre sp o n d in g  
e f f e c t  i n  an  a n i s o t r o p ic  body w i l l  n o t  be s im p ly  a t t r a c t i v e  and depend 
o n ly  on R, b u t  w i l l  v a ry , i n  m agnitude and s ig n  o f  i n t e r a c t i o n ,  w ith  R0 
T h is  s h o r t  ran g e  in d u ced  i n t e r a c t i o n  may become q u i te  s i g n i f i c a n t  a t  sm all 
s e p a r a t io n s .  T ran sm issio n  e l e c t r o n  m icro g rap h s o f  v o id s  make i t  a p p a re n t 
t h a t  th e y  a r e  r a r e l y  p e r f e c t ly  s p h e r ic a l  b u t a r e  u s u a l ly  h ig h ly  f a c e t t e d  i n  a 
f a s h io n  r e l a t e d  to  th e  c r y s t a l  symmetry o f  th e  h o s t  m a te r i a l .  However, 
th e  sim ple in c lu s io n  model a p p l ie s  on ly  to  a g e n e ra l  e l l i p s o i d a l  in c lu s io n  
[E s h e lb y ,1957], b u t a re a so n a b le  model o f  such  a f a c e te d  v o id  may be 
o b ta in e d  by im posing  an  a p p r o p r ia te  s p a t i a l  d i s t r i b u t i o n  o f  body f o r c e .  M alen 
and B ullough  [1971] found t h a t  su ch  a model le d  to  an  e q u i l ib r iu m  v o id  
l a t t i c e  sp a c in g  n e a r e r  t o  th e  observ ed  v a lu e  th a n  th e  s p h e r ic a l  in c lu s io n  
modelo
The \ o i d - d i s lo c a t io n  i n t e r a c t i o n  i s  a n  im p o rta n t f e a tu r e  o f  th e  
s a tu r a t i o n  o f  th e  grow th o f  v o id s  and hence s w e ll in g ,  and  m en tion  i s  made 
h e re  o f  th e  two ex trem e d i s lo c a t i o n  c o n f ig u ra t io n s  t h a t  have been  
d is c u s s e d . Thus, s a tu r a t i o n  a r i s i n g  from  d i s lo c a t i o n  d e p le t io n  by d i r e c t  
l o s s  by c lim b  o r  g l id e  o f  d i s lo c a t io n  lo o p s  in to  th e  v o id s  has  been 
c o n s id e re d  by W i l l i s  and B ullough  [1971] and  i s  a p p r o p r ia te  to  m a te r ia ls  
such  as  n ic k e l  where th e  d i s lo c a t io n  d e n s i ty  i s  o b se rv ed  [N elson  e t  a l ,1 9 7 0 ]  
to  d rop  to  a v e ry  low  le v e l  a t  th e  s a tu r a t i o n  d o se . S econd ly , th e  
in d u ced  f i e l d  o f  a lo n g  s t r a i g h t  d i s lo c a t i o n  n e a r  a v o id  w i l l  th e n  cau se  
th e  v o id  to a c t  a s  a  p r e f e r e n t i a l  s in k  f o r  i n t e r s t i t i a l s  and  hence r e t a r d  
grow th [W il l i s  e t  a l ,1 9 7 2 ] e T h is  l a t t e r  w ork c o n s id e re d  a  lo n g  s t r a i g h t  
screw  d i s lo c a t io n  i n  an i s o t r o p i c  body i n t e r a c t i n g  w ith  a f i n i t e  s p h e r ic a l  
v o id . I n  i s o la t io n ,  e i t h e r  d e fe c t  has z e ro  d i l a t a t i o n  f i e l d  and  th u s  
th e r e  i s  no s iz e  e f f e c t  i n t e r a c t i o n  betw een an i n t e r s t i t i a l  and th e s e
i s o l a t e d  d e f e c t s .  When th e  d i s lo c a t i o n  i s  p la c e d  n e a r  th e  v o id ,
how ever, i t  in d u c e s  a s t r e s s  f i e l d  around  th e  v o id  t h a t  h as  a s i g n i f i c a n t  
d i l a t a t i o n  com ponent and t h i s  cau ses  nearby  i n t e r s t i t i a l s  to  be a t t r a c t e d  
in t o  th e  v o id  an d  th u s  r e t a r d  i t s  g row th . In  a d d i t io n  to  th e  g row th  
q u e s tio n , W i l l i s  e t  a l  [1972] showed t h a t  th e  in d u ced  f i e l d  c o u ld  have a 
s h e a r  s t r e s s  com ponent a c t in g  on t h a t  p a r t  o f  th e  d i s lo c a t io n  n e a r e s t  to  
th e  v o id  w hich was g r e a t e r  th a n  th e  c r i t i c a l  s h e a r  s t r e s s  f o r  d i s lo c a t i o n  
g l id e  and  th u s  p a r t  o f  th e  d i s lo c a t i o n  c o u ld  be p u l le d  in to  th e  v o id ;  
N elson  e t  a l  [1970] have o b se rv ed  d i s lo c a t io n s  th re a d in g  th e  v o id s  i n  t h i s  
wayD
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CHAPTER 4 
An A p p lic a tio n  to  Copper
4 d  In tr o d u c t io n
I n  t h i s  C h ap te r  we s tu d y  th e  i n t e r a c t i o n  o f  an  i n t e r s t i t i a l  atom 
w ith  an  i n t e r s t i t i a l  d is lo c a t io n  lo o p  i n  co p p er. The ad v an tag e  o f  u s in g  
c o p p e r i s  t h a t  i t  e n a b le s  u s  to  b o th  u se  th e  a n i s o t r o p ic  r e s u l t s  g iv e n  
e a r l i e r  an d  a ls o  e x p lo i t  th e  v a r io u s  m odels f o r  th e  p o in t  d e f e c t  as i t  i s  
o n ly  i n  copper t h a t  we know th e  p r e c i s e  morphology o f and  th e  
a p p ro p r ia te  f o r c e s  to  s im u la te  p o in t  d e f e c ts  ( in  c o n t r a s t  to  a -u ra n iu m ).
Thus th e  i n t e r s t i t i a l  atom i s  r e p re s e n te d  by e i t h e r  th e  s im p le  s p h e r ic a l  
in c lu s io n  th ro u g h  a l o c a l  f o r c e  model o r  by r e a l i s t i c  K anzaki fo rc e s  f o r  
i t s  dum bell c o n f ig u ra t io n  in  a n o n - lo c a l  fo rc e  m odel. The e f f e c t s  o f 
bo th  th e  m ic ro sco p ic  a n is o tro p y  o f  th e  p o in t  d e fe c t and o f th e  e l a s t i c  
a n is o tro p y  o f  th e  body on th e  form an d  m agnitude o f  th e  i n t e r a c t i o n  i s  
th u s  exposedc
When s e l f  i n t e r s t i t i a l  atom s a re  c r e a te d  by d isp la cem e n t e v e n ts  in  
an  i r r a d i a t e d  m a te r ia l  th e y  f r e q u e n t ly  c l u s t e r  to  fo rm  p la n a r  a g g re g a te s  
o r  i n t e r s t i t i a l  d i s lo c a t io n  lo o p s . The su b se q u e n t i n t e r a c t i o n  betw een 
such  lo o p s  and th e  rem a in in g  o r  newly c r e a te d  p o in t  d e f e c ts  p la y s  a  c r u c i a l  
r o le  i n  th e  d ev e lo p in g  o f  r a d i a t i o n  damage. Thus, f o r  exam ple, any 
n e u t r a l  s in k s  (su ch  a s  sm a ll gas b u b b le s) w i l l  grow in to  d i s c e r n i b le  
v o id s  i f  th e  i n t e r s t i t i a l  lo o p s  have a p r e f e r e n t i a l  a t t r a c t i o n  f o r  
i n t e r s t i t i a l s  compared w ith  v a c a n c ie s  and th e  p re se n c e  o f such  a p r e f e r e n t i a l  
a t t r a c t i o n  fo rm s th e  b a s ic  h y p o th e s is  o f  th e  p r e s e n t  th e o ry  o f  su ch  v o id  
grow th ( s e e ,  f o r  exam ple, B r a i l s f o r d  and B u llough , 1972) «>
• * In  S e c tio n  4o 2 we g iv e  th e  l o c a l  and  n o n - lo c a l  fo rc e  m odels f o r  th e  
s p l i t  dum bell i n t e r s t i t i a l  to g e th e r  w ith  s p e c i f i c  K anzaki f o r c e s  
[Kanzaki., 1957] f o r  c o p p e r . F in a l ly  i n  S e c tio n  4 .3 ,  th e  i n t e r a c t i o n
energ y  betw een a  c i r c u l a r  i n t e r s t i t i a l  d i s lo c a t i o n - loop  and a s e l f
* ■ •/*:>
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„ i n t e r s t i t i a l  i s  c a l c u la te d  fo r_ c o p p e r. The o r i e n t a t i o n  o f_ th e  a x is  o f
th e  dum bell i n t e r s t i t i a l  i s  n o t n e c e s s a r i ly  c o n s tr a in e d  to  a p a r t i c u l a r  
<100> d i r e c t i o n 'b u t  may be a llo w ed  t o  change i t s  o r i e n t a t i o n  to  m inim ise 
th e  t o t a l  en erg y  o f  th e  lo o p -p o in t  d e f e c t  sy stem , and  i t  i s  s e e n  t h a t  such 
a f a c i l i t y  to  sw itc h  a x is  i s  s i g n i f i c a n t l y  u t i l i s e d .  The r e s u l t s  a l s o  
co n firm  th e  p re se n c e  o f  a s i g n i f i c a n t  a t t r a c t i v e  i n t e r a c t i o n  betw een th e  
i n t e r s t i t i a l  lo o p  an d  th e  i n t e r s t i t i a l  atom and  in d i c a te  a p r e f e r e n t i a l  
d r i f t  flo w  o f  th e  i n t e r s t i t i a l  to  su c h  loops th e re b y  s u p p o r tin g  th e  v o id  
grow th h y p o th e s is .  Such flow s can be deduced a s  th e  o r th o g o n a l t r a j e c t o r i e s  
to  th e  v a r io u s  i s o - i n t e r a c t i o n  en e rg y  c o n to u rs  p re s e n te d .
4 .2  The I n t e r s t i t i a l  i n  Copper
The c o n f ig u ra t io n  o f  a ty p ic a l  <100> dum bell i n t e r s t i t i a l  f o r  a fa c e  
c e n tre d  cu b ic  m e ta l such  a s  co p p er i s  d e p ic te d  s c h e m a tic a lly  i n  F ig u re  4 . U  
The p o in t  d e f e c t  l a t t i c e  fo rc e s  f o r  th e  dum bell i n t e r s t i t i a l  i n  co p p er 
have been o b ta in e d  by Tewary [ 1969] u s in g  th e  method o f  l a t t i c e  s t a t i c s  w ith  
th e  p e r f e c t  l a t t i c e  Green fu n c t io n  f o r  co p p e r. The fo r c e s  and d isp la c e m e n ts  
on  th e  12 n e a r e s t  ne ig h b o u r atom s o f  a [ 1 0 0 ]s p lit-d u m b e ll  a re  g iv e n  i n  
T ab le  4 .1 ,  w here th e  p o s i t io n  v e c to r s  o f  th e  v a r io u s  atoms a r e  r e f e r r e d  
to  th e  c e n t r e  p o in t ,  0 ,  o f  th e  dum bell shown i n  F ig u re  4 .1 .  Thus o u r  
n o n - lo c a l  f o r c e  model o f the dum bell i n t e r s t i t i a l  com prises  t i e  f o r c e s  
g iv e n  i n  T ab le 4 .1  a c t in g  a t  th e  re la x e d  n e a r e s t  n e ig h b o u r atom p o s it io n s , ,
The lo c a l  f o r c e  model o f  th e  i n t e r s t i t i a l  c o n s i s t s  o f  th e  u s u a l  t r i a d  o f 
eq u a l double f o r c e s  a c t in g  a t  th e  c e n tr e  o f  th e  d e f e c t ,  p o in t  0  i n  F ig u re
4 .1 ,  and can  o n ly  be ex p ec ted  to  p ro v id e  u s  w ith  a crude  e s t im a te  o f  
th e  i n t e r a c t i o n 0
4 .3  The i n t e r a c t i o n  en e rg y  betw een th e  d i s lo c a t i o n  loop  and th e
i n t e r s t i t i a l  atom in  co p p er
We have from  e q u a t io n  (3 .6 0 ) t h a t  th e  i n t e r a c t i o n  energy  betw een  two 
d e f e c t s ,  A and B, may be w r i t t e n :
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V
w here V i s  th e  volume o f  th e  bocty c o n ta in in g  th e  two d e f e c t s .  On 
in t e g r a t i n g  by p a r t s  and u s in g  e q u a tio n  ( 2 .2 ) ,  we o b ta in
h - ' J  ‘ i ui dV <4 - 2>
A
V
w here th e  volume \A  i s  bounded by th e  i n t e r i o r  o f  a s u r fa c e  s e p a r a t in g
Ath e  two d e fe c ts  and f^  i s  some f i c t i t i o u s  d i s t r i b u t i o n  o f  body fo rc e  
in s id e  w hich p roduces th e  same s t r e s s  and s t r a i n  on th e  s e p a r a t in g  
s u r fa c e  and o u ts id e  o f  V^,
(k)Thus i f  we s im u la te  th e  p o in t  d e f e c t  by s ix  d oub le  f o r c e s ,  ±F^ ,
w ith  k= 1 to  6 , a n d 'th e  c e n t r e  of the  p o in t  d e fe c t  i s  d e f in e d  by th e  v e c to r  
x  r e l a t i v e  to  th e  d i s lo c a t io n  lo o p , where n^ (x ) i s th e  d is p la c e m e n t f i e l d  - 
o f  th e  loop  a t  t h a t  p o in t ,  th e n  th e  i n t e r a c t i o n  e n e rg y  betw een th e  lo o p  and 
th e  p o in t  d e f e c t  i s :
6
E(x) = V  u L(x +s (k )+d( k ) ) F (k ) - u L( x - s (k ) - d °<>) F (k)'  “  /  1    1 1  — 1 (4 .3 )
k=1
The u n re la x e d  p o s i t io n s  j s ^  and th e  d isp la c e m e n ts  c i ^  0 f  th e  tw elve  
n e a r e s t  n e ig h b o u rs  a re  g iv en  f o r  th e  [lOO] dum bell i n t e r s t i t i a l  i n  T ab le  4 .1  
As th e  v e c to r s  s+d w i l l  i n  p r a c t i s e  be sm a ll com pared w ith  x we may 
expand e q u a t io n  (4 .3 )  i n  a T a y lo r  s e r i e s  a ro u n d  x and  r e t a i n  th e  f i r s t  
d e r iv a t iv e  te rm  o n ly j th u s  we o b ta in :
o
e ( x) = 2 y  p * \(x ) s(k)+d(k)’
J J F |k) , (4 .4 )
k=1
w here p ^ .(x )  i s  th e  loop  d i s t o r t i o n  f i e l d  a t  th e  p o in t  x . The e q u iv a le n t  
e x p re s s io n s  f o r  th e  lo c a l  fo rc e  model o f  th e  d e f e c t  i s  g iv e n  by e q u a t io n  
(3 .9 0 ) a s :
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w here f o r - r  'we 'a re  u s in g  th e  c e l l  s iz e  2aQ, so  t h a t  th e  s p h e r ic a l
in c lu s io n  has r a d iu s  2aQ(l+ 8) and m i s f i t  p a ra m e te r  8. The m agnitude o f  8
f o r  a n  i n t e r s t i t i a l  i n  copper may be e s tim a te d  by e q u a t in g  th e  e f f e c t iv e
s t r e n g th  o f th e  dum bell i n t e r s t i t i a l  w ith  th e  f o r c e s  i n  T ab le 4 .1  to  th e
s t r e n g th  o f  th e  s p h e r ic a l  in c lu s io n ;  t h i s  y i e ld s  th e  v a lu e  8=0.067 and
t h i s  v a lu e  has been u sed  in  th e  i s o t r o p i c  i n t e r s t i t i a l  co m p u ta tio n s .
F o rm ally  e q u a t io n  (4 .5 )  i s  a p p r o p r ia te  o n ly  to  an  i s o t r o p i c  body a s  p re v io u s ly
m en tio n ed , b u t as  th e  h y d r o s ta t ic  s t r e s s  o f  th e  lo o p , P ^ ( x )  wi H  v a ry
o n ly  s l i g h t l y  o v e r th e  volume o f  th e  p o in t  d e f e c t ,  th e  e q u a tio n  m i l  a l s o  be
a good ap p ro x im atio n  to  an  a n i s o t r o p ic  body. When th e  body i s  a n i s o t r o p ic
we have u sed  e q u a tio n  (3 .3 0 ) to  e v a lu a te  th e  loop  d i s t o r t i o n  f i e l d ,  an d  f o r
an  i s o t r o p i c  body th e  P each -K o eh le r e x p re s s io n  (e q u a tio n  ( 3 . 11 ) )  h as  been  -
em ployed. Note t h a t  e q u a tio n  (3 .3 0 ) in v o lv e s  a p o s s ib le  th r e e  h a lv e s
s in g u la r i t y  and a l s o  ap p ea rs  t o  be v e ry  c o m p lic a te d ; a s h o r t  d e s c r ip t io n
o f th e  method by which t h i s  e x p re s s io n  was s u c c e s s f u l ly  programmed f o r
com p u ta tio n  i s  in c o rp o ra te d  i n  C h ap te r 5 C
The in t e r a c t i o n  e n e rg ie s  betw een an  i n t e r s t i t i a l  atom  an d  a c i r c u l a r
i n t e r s t i t i a l  d i s lo c a t io n  lo o p  were o b ta in e d  f o r  th e  loop  shown i n  F ig u re
4 .2 .  The i n t e r a c t i o n  energy  was c a l c u la te d  f o r  p o s i t i o n s  o f  th e  c e n t r e
o f  th e  i n t e r s t i t i a l  atom co m p ris in g  a g r id  o f  p o in ts  in  th e  two o r th o g o n a l
p la n e s  (112) and (110) p a s s in g  th ro u g h  th e  c e n t r e  o f  th e  lo o p . C o n to u rs
o f  i s o - i n t e r a c t i o n  e n e rg ie s  were com puted from  th e  r e s u l t i n g  g r id s  o f
v a lu e s  and  th e  r e s u l t s  f o r  th e  v a r io u s  r e p r e s e n ta t io n s  a re  p re s e n te d  i n
F ig u re s  4 .3  to  4 .1 1 . C ontours f o r  th e  s im p le s t  ca se  o f  a n  i s o t r o p i c
p o in t  d e f e c t  n e a r  th e  lo o p  i n  an  i s o t r o p i c  body a re  shown i n  F ig u re  4 .3 ;
th e se  e n e rg ie s  have been e v a lu a te d  u s in g  mean v a lu e s  o f  th e  s h e a r  m odulus
11 2and P o is s o n Ts r a t i o  f o r  co p p er o f  ji = 5 .46x10  dynes/cm  and
v = 0 .3 2 4  [H ir th  and  L o th e ,1 9 6 8 ]. The e l a s t i c  c o n s ta n t s ,  i n  u n i t s  o f
11 2
10 dynes/cm  , f o r  cop p er a r e :  0 ^ = 1 6 .8 4 ,  0 ^ = 1 2 .1 4 ,  C ^ = 7 .5 4 ,  and a re
a l s o  from  H ir th  an d  L othe [1 9 6 8 ]0 In  t h i s  r e p r e s e n ta t io n  th e r e  i s  
com plete  a x i a l  symmetry abou t th e  loop  norm al and th e r e f o r e  a l l  p la n e s  
th ro u g h  th e  [ i l l ]  a x i s  o f  th e  loop  w i l l  have i d e n t i c a l  c o n to u rs  and th e  
com plete  i n t e r a c t i o n  i s  th u s  d e s c r ib e d  by th e  c o n to u rs  i n  F ig u re  4 .3 .  I n  
c o n t r a s t  we showm i n  F ig u re s  4 .4  and 4 .5 ,  th e  c o rre sp o n d in g  c o n to u rs  in  
th e  (112) p la n e  and  th e  (110) p la n e  r e s p e c t iv e ly  f o r  th e  i s o t r o p i c  body 
when th e  i n t e r s t i t i a l  has a dum bell c o n f ig u ra t io n  a s  d e s c r ib e d  e a r l i e r  
w ith  i t s  a x is  p a r a l l e l  to  th e  [ lo o ] d i r e c t io n .  I n  t h i s  s i t u a t i o n  we
se e  t h a t ,  though th e  c o n to u rs  i n  th e  (112) p la n e  a re  o n ly  q u a n t i t a t i v e l y  
a f f e c t e d  by th e  m ic ro sc o p ic  a n iso tro p y  o f  th e  p o in t  d e f e c t ,  th e  
c o rre sp o n d in g  c o n to u rs  i n  th e  (110) p la n e  a r e  q u a l i t a t i v e l y  changed by th e  
p o in t  d e f e c t  a n iso tro p y ,,
F ig u re s  4 .6  and 4 .7  show th e  co n to u rs  f o r  th e  i n t e r a c t i o n  e n e rg y  betw een 
a d i s lo c a t i o n  loop  i n  a n  a n iso tro p y  body an d  th e  i n t e r s t i t i a l  i n  a [lOO] 
dum bell c o n f ig u r a t io n  f o r  th e  (112) p la n e  and  th e  (110) p la n e  r e s p e c t iv e ly .
In  o rd e r  t h a t  we may se e  th e  e f f e c t  o f  c o n s t r a in in g  th e  dum bell a x i s  
to  a  p a r t i c u l a r  d i r e c t i o n  we p r e s e n t  F ig u re s  4 .8  and 4 .9  w hich show th e  
energy  c o n to u rs  f o r  th e  loop  i n  an  a n i s o t r o p ic  body i n t e r a c t i n g  w ith  th e  
dum bell h av in g  i t s  a x is  a lo n g  [010] and [ooi] r e s p e c t iv e ly ,  i n  th e  (112) 
p la n e .  F in a l ly ,  th e r e  i s  o f  co u rse  no re a so n  why th e  a x i s  o f  th e  
i n t e r s t i t i a l  sh o u ld  rem ain p a r a l l e l  to  a p a r t i c u l a r  d i r e c t i o n  as i t  d r i f t s  
tow ards ( o r  away from ) th e  loop  and  we have th e r e f o r e  c a l c u la t e d  th e  
i n t e r a c t i o n  e n e r g y  a t  e a c h  g r id  p o in t  f o r  each  o f th e  <100> 
o r ie n t a t i o n s  o f  th e  i n t e r s t i t i a l  and th e n  adop ted  th e  o r i e n t a t i o n  t h a t  
y i e ld s  t t e  l e a s t  t o t a l  energ y  a t  t h a t  p a r t i c u l a r  p o in t .  These r e s u l t s  f o r  
th e  a n is o t r o p ic  co p p er body a r e  p r e s e n t  f o r  th e  (112) and ( 110) p la n e s  i n  
F ig u re s  4 .1 0  and  4 .11 r e s p e c t iv e ly .
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FIG-4*]-
THE FOUR NEAREST NEIGHBOUR ATOMS TO THE ( 100 3 DUMBELL INTERSTITIAL
IN AN f.c .c .  LATTICE.THE DUMBELL ATOMS ARE INDICATED BY X - X .
8 - (110) NEIGHBOURS • ■ .
4,  (011) NEIGHBOURS 
A. ( 002) NEIGHBOURS 
2. (200 )  NEIGHBOURS
I
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FIG.4-2
THE CIRCULAR, PURE EDGE INTERSTITIAL DISLOCATION LOOP WITH 
BURGERS VECTOR J l  =  % [1113 USED TO CALCULATE THE INTERSTITIAL-LOOP 
INTERACTION IN COPPER.
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FIG.4 . 3
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN AN ISOTROPIC INTERSTITIAL 
POINT DEFECT AND. THE INTERSTITIAL PURE EDGE DISLOCATION LOOP IN AN ISOTROPIC 
BODY IN A QUADRANT OF THE ( 112) PLANE THROUGH THE CENTRE OF THE LOOP.
THE CROSS-SECTION THROUGH THE PERIMETER OF THE LOOP IS INDICATED BY THE
USUAL DISLOCATION SYMBOL ( -3 ) .  THE i t  n ( n - 1 ..... -12) NUMBER ON EACH CONTOUR
INDICATE AN ENERGY OF ± 0 ^ x 2 1~ n «V FOR JHAT CONTOUR ; THE n - 0 CONTOUR 
{--------) MEANS ZERO INTERACTION ENERGY. i
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. FIG. 4 . 4
s
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN A [100 ]  DUMBELL' 
INTERSTITIAL AND THE INTERSTITIAL PURE EDGE DISLOCATION LOOP IN AN 
ISOTROPIC BODY IN THE (II2 ) PLANE THROUGH THE CENTRE OF THE LOOP. 
OTHER* DETAILS ARE SPECIFIED IN THE CAPTION TO FIG.3.
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FIG. 4 - 5
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN A [100] DUMBELL' 
INTERSTITIAL AND THE INTERSTITIAL PURE EDGE DISLOCATION LOOP IN 
AN ISOTROPIC BODY IN THE- (T 10J PLANE THROUGH THE CENTRE OF THE 
LOOP. * OTHER DETAILS ARE SPECIFIED IN THE CAPTION TO FIG.3.
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FiG.4 . 6
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN A [ 1 0 0 ]  DUMBELL 
INTERSTITIAL AND THE INTERSTITIAL PURE EDGE DISLOCATION LOOP IN AN 
ANISOTROPIC BODY (COPPER) IN THE(II2) PLANE THROUGH THE CENTRE OF 
THE LOOP. OTHER DETAILS ARE SPECIFIED IN THE CAPTION 0 F F I G . 3 .
■80*^
Cm
: 
—
— 
(IN 
UN
IT
S 
OF 
TH
E 
LO
OP
 
RA
D
IU
S
+8
+7
c r il  -
+ 6
v + 1 0-10,
+ 5
-12-i
-6.
-12
'-8
+5
-2
+5+10
+12
- 5
+ 9 / +10 +11\ Y l2 \0
- 5 •3 -2 0 2 53•1 1
C1I2 D —  (IN UNITS OF THE LOOP RADIUS r L)
FIG. 4*7
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN A [ 1 0 Oj DUMBELL. 
INTERSTITIAL AND THE INTERSTITIAL PURE EDGE DISLOCATION LOOP IN AN 
ANISOTROPIC BODY (COPPER) IN THE ( 7 1 0 )  PLANE THROUGH THE CENTRE OF 
THE LOOP. OTHER DETAILS ARE SPECIFIED IN THE CAPTION TO FIG.3.
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FIGURE 4 * 8
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN A [ 0 1 0 3  
DUMBELL INTERSTITIAL AND THE INTERSTITIAL PURE EDGE 
DISLOCATION L O O P  IN AN ANISOTROPIC BODY ( C O P P E R )  IN 
T H E ( l i 2 )  PLANE THROUGH THE CENTRE OF THE L O O P .
OTHER DETAILS ARE SPECIFIED IN THE CAPTION OF FIGURE 4 - 3 .
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FIGURE 4 . 9
THE I S O - I N T E R A C T I O N  ENERGY CONTOU RS BETWEEN A [ 0 0 1 3  
DUMBELL INTERSTITIAL AND THE INTERSTITIAL PURE ED G E  
DISLOCATION L O O P  IN AN A N I S O T R O P I C  BODY (C O P P E R )  IN 
THE ( 1 1 2 )  PL A N E THROUGH THE CENTRE O F  THE LOOP. OTHER  
DETAILS ARE SPECIFIED IN THE C A P T IO N  O F F I G- 4 . 3
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FIG. 4*1 0
THE ISO-INTERACTION ENERGY BETWEEN AN ARBITRARY <1 0 0 >  
DUMBELL INTERSTITIAL AND THE INTERSTITIAL PURE EDGE DISLOCATION 
‘LOOPIN’ AN ANISOTROPIC BODY {COPPER) IN THE ( ll 2- ) PLANE THROUGH 
THE CENTRE OF THE LOOP. OTHER DETAILS ARE SPECIFIED IN THE CAPTION
TO FIG .3.
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FIG. 4 ° I  1
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN AN ARBITRARY 
[100]  DUMBELL INTERSTITIAL AND THE INTERSTITIAL PURE EDGE DISLOCATION 
LOOP IN AN ANISOTROPIC BODY (COPPER) I NT HE ( T I O)  PLANE THROUGH THE 
CENTRE OF THE LOOP. OTHER DETAILS ARE SPECIFIED . IN THE CAPTION TO
FIG. 3
■
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S e v e ra l f e a tu r e s  o f  th e s e  c o n to u rs  may be n o te d :
1o Both th e  m ic ro sco p ic  a n is o tro p y  o f  th e  i n t e r s t i t i a l  and th e  a n is o tro p y  
o f  th e  body have a marked e f f e c t  on th e  form  o f  th e  i n t e r a c t i o n  en e rg y  
betw een th e  d i s lo c a t i o n  loop  and  th e  p o in t  d e f e c t  (compare F ig u re s  4 ,3 ,
4 ,5  and 4 .7 ,  f o r  exam ple).
2 0 When th e  com plete  a n is o tro p y  i s  in c lu d e d  th e  i n t e r a c t i o n  may be v e ry  
com plex (F ig u re s  4 .6  and 4 .7 )  and depends s i g n i f i c a n t l y  on th e  a x is  i f  the  
dum bell i s  c o n s t r a in e d  (F ig u re s  4 .8  and 4 .9 ) .  When th e  p o in t  d e f e c t  i s  
a n i s o t r o p ic  b u t i s  a llo w e d  to  r e - o r i e n t a t e  i t s  a x i s  th e r e  can  be q u i t e  a 
r a d ic a l  change i n  th e  c o n to u rs ;  th u s  th e  a re a  o f  a t t r a c t i v e  i n t e r a c t i o n  
i s  g r e a t ly  in c re a s e d  in  th e  (112) p la n e  (F ig u re  4 .1 0 ) com pared w ith  th e  
f ix e d  [100] o r i e n t a t i o n  (F ig u re  4 .6 ) .
3 . P erh ap s th e  m ost im p o r ta n t o b s e rv a tio n  i s  t h a t ,  i n  g e n e ra l,  a n is o tro p y  
g r e a t ly  red u ces  th e  d r i f t  p a th  le n g th  t h a t  any i n t e r s t i t i a l  w ould have to  
ta k e  to  be c a p tu re d  by th e  i n t e r s t i t i a l  lo o p  (and th e re b y  in c r e a s e  i n  
s i z e ) .  Thus i f  we compare th e  co m p le te ly  i s o t r o p i c  r e s u l t s  in  F ig u re  4 .3  
w ith  th e  c o n to u rs  i n  F ig u re  4.11 f o r  th e  a n is o t r o p ic  body and a r b i t r a r i l y  
o r i e n t a te d  dum bell we se e  t h a t  a t  any p o in t  i n  th e  l a t t e r  p la n s  th e  
i n t e r s t i t i a l  p a th  (o r th o g o n a l t r a j e c t o r y  to  th e  i s o - i n t e r a c t i o n  en erg y  
c o n to u rs )  t o  th e  lo o p  i s  alw ays v e ry  s h o r t .  The c o rre sp o n d in g  d r i f t  p a th s  
i n  F ig u re  4 .3  when th e  i n t e r s t i t i a l  i s  lo c a te d  i n  th e  volume above th e  loop  
a re a  a re  much lo n g e r .  The q u a l i t a t i v e  c o n c lu s io n  i s  t h a t  th e  a n is o tro p y  
o f  c o p p e r le a d s to  a n  enhancem ent o f  th e  e f f i c i e n c y  o f  i n t e r s t i t i a l  c a p tu re  
by an  i n t e r s t i t i a l  lo o p .
4 .  F in a l ly ,  we n o te  t h a t  th e  a t t r a c t i v e  i n t e r a c t i o n  e n e rg ie s  a re  l a r g e ;  
a t  a d is ta n c e  o f  h a l f  a loop  r a d iu s  from  th e  p e r im e te r  o f  th e  lo o p  th e  
en e rg y  i s  s t i l l  ~  0 .0 5  eV. I n  a d d i t io n ,  th e  c o n to u r  l i n e s  a r e  com pact, 
th e re b y  im p ly ing  a h ig h  d r i f t  v e lo c i ty  and a g a in  i n d i c a t in g  a n  im p o r ta n t  
i n t e r s t i t i a l  p o in t  d e f e c t - i n t e r s t i t i a l  d i s lo c a t i o n  lo o p  in t e r a c t i o n .
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CHAPTER 5
The S t r e s s  F ie ld s  o f  D efec ts  in  a-U r a n i  urn 
5 01 I n t r o d u c t io n
I n - t h i s  C h a p te r  we f i r s t  g iv e  th e  symmetry and  c r y s ta l lo g r a p h y  o f  
a -u ran iu m . Then in  S e c tio n  5 .3  we g iv e  s p e c i f i c  d e t a i l s  o f th e  v a r io u s  
r e p r e s e n ta t io n s  f o r  th e  G reen f u n c t io n  i n  a -u ran iu m  and  p r e s e n t  some 
r e s u l t s  to  i n d i c a t e  th e  form  o f  G and  i t s  a n i s o t r o p ic  n a tu r e .  S e c tio n  
5 .4  d e a ls  w ith  th e  d e fe c ts  t h a t  a r e  observ ed  in  a - u , ; th u s  we f i r s t  d is c u s s  
th e  s l i p  geom etry  and  p r e s e n t  some g ra p h ic a l  r e s u l t s  f o r  th e  v a r io u s  
d i s t o r t i o n  and  s t r e s s  f i e l d s  o f  observed  s t r a i g h t  d i s lo c a t i o n s .  S im ila r  
f i e l d s  a r e  th e n  shown f o r  th e  p o in t  d e f e c t  s im u la te d  by th e  l o c a l  fo rc e  
model and m ention  i s  made o f  such a  m odels l i m i t a t i o n s .  F in a l ly  we 
p re s e n t  g ra p h ic a l  r e s u l t s  o f  th e  d i s t o r t i o n  and s t r e s s  f i e l d s  o f  some 
observ ed  d i s lo c a t io n  loops in  a -u ran iu m . These a re  o f p a r t i c u l a r  
i n t e r e s t  inasm uch a s  t h e i r  a v a i l a b i l i t y  p ro v id e s  u s  w ith  a b a s i s  o f  
s tu d y in g  th e  phenomenon o f  grow th i n  a -u ran iu m .
5 .2  The c ry s ta l lo g ra p h y  and symmetry o f  a-u ran ium
The a to m ic  arran g em en t o f a -u ran iu m  s t r u c t u r e  w ith  th e  th r e e  p r in c i p a l  
p r o je c t io n s  i s  shown o v e r le a f ,  F ig u re  5 .1 .  The u n i t  c e l l  i s  d e p ic te d  
by dashed  lines©
A t room te m p e ra tu re s  th e  l a t t i c e  p a ra m e te rs  a r e :
o o o
a  = 2 .8 5 4  A; b = 5 .8 6 9  A; c = 4 .9 5 5  A
(S tu c k e r  and P o s t ,  1960). The atoms a r e  s i t u a t e d  a t :
(O jy*^) ; ( V , y 9% ); ( ^ - y > % ) ;  form ing  c o r ru g a te d  s h e e ts  of
atom s p a r a l l e l  to  th e  (010) p la n e  in  w hich th e  y  p a ra m e te r  i s  a te m p e ra tu re  
dependen t m easure o f th e  degree  o f  c o r ru g a t io n .  A t room te m p e ra tu re  
y  = 0 .1 0 2 5 . The s t r u c t u r e  com prises two in t e r p e n e t r a t i n g  base  c e n te re d  
o rtho rhom bic  l a t t i c e s  w hich have c h a r a c t e r i s t i c a l l y  th r e e  m u tu a lly
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FIGURE S-l
THE ATOMIC ARRANGEMENT O F « - U R A N I U M  STRUCTURE WITH 
THE THREE PRINCIPAL PR O JE C T IO N S .  THE UNIT CELL IlS 
SHOWN BY DASHED L I N E S .  '
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p e rp e n d ic u la r  tw o -fo ld  ax es  ( r o t a t i o n  o r  in v e rs e )  b u t  no a x is  o f  h ig h e r
17o r d e r .  T h is  symmetry i s  c l a s s i f i e d  a s  ^ h ^ m c m  [ S m ith a l l s ,  1955],
5 .3  The e x p l i c i t  G reen fu n c t io n  f o r  a -u ran iu m
a) The Fredholm  method f o r  low  symmetry
The Fredholm  m ethod, a s  o u t l in e d  in  S e c t io n  2 .2 ,  has  been  u sed
to  o b ta in  th e  G reen fu n c tio n  f o r  b o th  th e  g e n e ra l  t r i c l i n i c  symmetry and 
f o r  th e  p a r t i c u l a r  o rtho rhom bic  symmetry a p p r o p r ia te  to  a -u ran iu m . To 
a p p ly  F redholm ’ s fo rm u la , e q u a t io n  ( 2 .4 8 ) ,  we need to  know th e  c o e f f i c i e n t s  
o f  th e  s e x t i c  (e q u a tio n  ( 2 .4 7 ) ) ,  and we in d i c a te  h e re  th e  m ethod o f  
o b ta in in g  th e se  c o e f f i c i e n t s  f o r  th e  ca se  o f  a m a te r ia l  w ith  o rtho rhom bic  
symmetry. The more com plex e x p re s s io n s  f o r  th e  c o e f f i c i e n t s  o f  th e  s e x t i c  
f o r  th e  t r i c l i n i c  system  a r e  g iv e n  i n  A ppendix 1.
F o r a - m a te r ia l  such a s  a -u ran iu m  w ith  o rtho rhom bic  symmetry th e  
reduced  e l a s t i c  c o n s ta n ts  m a tr ix  ta k e s  th e  form :
C11 C12 C13
0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 Q
C. . = C„ ^    (5 .1 )1 J
66
The te n s o r  o p e r a to r  D . e q u a t i o n  (2 02 8 ), h as  com ponents g iv e n  by
C11X1+C66X2+C55X3 (C12+CW x1X2 ^C13+C55^x 1X3
Di j  = (C12+CW X1X2 C66X1+C22X2+C44X3 ^ C23+CW  X2X3
, ^C13+C55^X1X3 ^C23+C44^ X2X3 C55X1+C44X2+C33X3
(5 .2 )
w here we have s y m b o lic a lly  re p la c e d  3 /9 x ^  i n  (2 .2 8 ) w ith  x^ .
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The D* . m a tr ix  o f e q u a t io n  (2 .4 8 ) a re  th e  m inor d e te rm in a n ts  o f  D. , and 
jlj U
a re  g iv e n  by:
th u s :
D22D33 D23D32’ e t c '
=  ( C 6 6 V C 2 2 V C 4 4 X 3 ) ( C 5 5 4 + C 4 4 X 2 + C 3 3 X 3 )
"  ^ C23+C44^X2X3^ ’ (5.3)
w ith  s im i l a r  e x p re s s io n s  f o r  th e  o th e r  com ponents o f  D*^., The fu n c t io n  
f ( x l 5xo 5x_) i s  th e  d e te rm in a n t o f  D. . ( e q u a tio n  ( 2 .2 9 ) ) ,  i . e .
I Z, o  1 J
f ( x , , x 2 ,x 3) = D 110 *1 + 0 12^ 2 + I>13D*3 . (5 .4 )
The f i r s t  term  on th e  r i g h t  hand s id e  o f  e q u a t io n  (5 .4 )  would th e n  be:
[d1 , ] (5 ‘ 5)
w hich i s  a s ix th  o rd e r  p o lynom ial i n  and x^ . The t o t a l  e x p re s s io n ,
f  (x.| ,X2>x3) , c a n  be grouped i n  term s a c c o rd in g  to  t h e i r  c o e f f i c i e n t s ,  and  
a f t e r  c o n s id e ra b le  a lg e b ra ic  a n a ly s i s  we o b ta in :
We can  d i r e c t l y  r e p la c e  and x^ by £,ri and 1 r e s p e c t iv e ly  in
th e  above e x p re s s io n ,  th u s  o b ta in in g  a n  e x p re s s io n  f o r  f ( £ , r i l ) .  On 
e l im in a t in g  ti from  f ( 5 / n , l )  , by u se  o f e q u a tio n  ( 2 .4 0 ) ,  we o b ta in  th e  s e x t i c  
p o lynom ial (e q u a tio n  (2 .4 7 ))  vshere th e  c o e f f i c i e n t s  may be e x p re s s e d  in  
C a r te s ia n  c o o rd in a te s  (x ,y ,z )  a s :
a, = + ConC „C c r -  2CnX A/tCCCi -  C2 C L j4  N~22~44~55y . 22 33 66 23 44 66 23 66
+
y
C11C22C33 2C11C23G44 + 4G44G55G66 "  2°13C22°5 5
“ C11C23 ~ C13C22 + 2C12C13C23 + 2°13C23C66 + 2G12G23G55
+ 2C23C55C66 + 2G12C13C44 + 2G13G44G66 + 2G12G44G55 
-  2C12C33C66 -  c 12c 23 „
+ 7  (G11G44G66 + G11G22G55 '  2G12G55G66 ~ ' f c s s *
2 2
+ 6 x z -(C C C + C C C -  2C„ _C . AC^n ~ c ; c :  )22 55 66 11 22 44 12 44 66 12 44
+ 15 2 - f  (C22C44C66)
+ (C11C33C66 + C11C44C55 "  2C13C55C66 "  C13C6 6 ^
a„  = G11G22G33 2G11G23G44 + 4G44G55G66 2G13G22G55
-  CU C22 + 2C12C,3 C23 + 2C,3 C23C66 + 2C12C23C55 
+2C23C55C66 + 2C12C,3 C44 + 2C,3 C44C66 + 2C12C44C55 
_2C12C33C66 "  C12C23
+ 4  7 T  (C22C55C66 + C,1 C22C44 “ 2C, 2C44C66 “  < 4 C4 4 }
+ 4 4 <C22C44C55 + C22C33C66 '  2C~ C~ C«  “ C~ C~ >23 44 66 ,2'23~66;
+ 20 £ £  (C22C44C66)
-9 2 -
a 2 “  y 2 ^C22C33C55 + C33C44C66 “ 2C23C44C55 C23C55^
+ ~ 4  (C22C55C66 + C,1 C22C44 "  2C, 2 ^ 6 ( 5  "  C12C44)
y
+ .6
2 2 x z
4 ^C22C44C55 + C22C33C66 2C23C44C66 ~ C23C66^
C11C22C33 2C11C23C44- + 4C44C55C66 “ 2C13C22C55
^ 3 C2 2 + 2C,2 C13C23 + 2C13C23C66 + 2C12C23C55 
+2C23C55C66 + 2C12C13C44 +2C13C44C66 + 2C12C44C55 
“ 2C12C33C66 “  C12C23
-  (
+ 1 5  6 (C22C44C66^
+ ^C11C33C44 + C33C55C66 "  2C13C44C55 ” C13C44^ *
a 1 = 2 7  (C22C33C55 + C33C44C66 ~ 2C23C44C55 "  C23(W
+ y4  + C22C33C66 “  2C23C44C66 “ C23C66^
5r ^
“i
y+ 6 H  (C22C44C66) •
a 0  = 7  (C22C44 C66)
+ y4  ^C22C44C55 + C22C33C66 2C23C44C66 -  C23C66>
+ %  (C22C33C5S + C33C44C66 2C23C44C5S -  C2^ W
+ (C33C44C35 )-
11°23
(5 .7 )
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I t  i s  c l e a r  t h a t  th e s e  c o e f f i c i e n t s  w i l l  be fu n c t io n s  o f  th e  e l a s t i c  
c o n s ta n ts  and o f  th e  p o la r  c o o rd in a te s  (©,$) o n ly , when th e  C a r te s ia n  
c o o rd in a te s  a re  tran sfo rm e d  to  s p h e r ic a l  p o la r s .
The m inor d e te rm in a n ts  D? . r s  a r e  c a lc u la te d  a f t e r  r e p la c in g  x . , x  ,x  by
1 J  I / O
£,r] and 1 r e s p e c t iv e ly  and e l im in a t in g  r\ from  th e  r e s u l t i n g  r e l a t i o n s  w ith  
( 2 .4 0 ) .  H ere th e y  a r e  g iv e n  a s  f u n c t io n s  o f  £ w ith  t h e i r  c o e f f i c i e n t s  
c o n v e r te d  to  s p h e r ic a l  p o la r s ,  and  a g a in  we see  t h a t  th e y  a r e  fu n c t io n s  
o n ly  o f  th e  an g les  ( 0 ,<£) and o f  th e  e l a s t i c  c o n s ta n ts
Dt\  — b4 B, + b3 B, + b2 B, + b 1?  + b 11 1 o
where
b4  = ^  <C22C44> + (C44C66 + C22C55) + C55C66s m  9 s m  9
“ 3 '  * “ A  * C44C66* * ‘  « W Vs m  © s i n  9 s m  © s m  9
b 2 = C33C66 + C44C55 + T T ~ 27 (C44C66 + V Ws m  0 s i n  9
+ # ^ 3 3  -  C23 -  2C23V  + 6 - g 26 C<V C22C4 4 )
s m  <f> s i n  0 s in  </>
,  ,  , , ; g . . £ .co, ,t ,c  0 , 3 - 4 - 2 0 ^ )
s m  0 s m  $  s m  0 s m  <fi
bC = (C22C44> + (C22C33-C2 3 -2C2 3 Vs m  0 s m  9 s m  0 s m  <t>
+ C44C33
D22 = f /  + f 3 ^  + + f lS + f o
wher.e
f 4  = C,1 CS 5-+ ^  (C55C66 + C,1C44> + ^  “ W Ws in  9 s m  9
-9 4 -
= 2 .c o s . i_ c o s _ i  (c  c  + C C ) + 4  C0S 6 p9^  (C ^C gg)
3 s i n  e s in  $  55 s i n  9 s i n  *
' 2 2 * 2 a s co s 0 COS 4> ( n  n  \f  =  c o s j i  (C c  + C C ) + 6  J
2 s i n 26 s i n  $  55 66 "  s in 20 s in  ^
+ ^  (C44CS5 + C33°66) + (° t  1C33 "  °13  “ W i S S *
s i n  9
f  = 4 c o s 96 c o s j  (C c  ) + 2  C° S 6 Cq^  <C44C55 + C33C66}
1 s in  6 s i n  $  4 4 6 6  s i n  6 s i n  *
4
c o s2© , n p « 4- r  C V +  t ° S ~ r-  ( C ^ C . Jf  =  C - _ C _ c  +   - r o  (O ^ /iO rtr +  3 3  6 6  • • A  ^
0 33 55 s i n  0 s in  $ s ln  9 s ln  ^
1^3 = h# 4  + h3? 3 + h2§2 + h 15  + U0
where
9 ‘ ^ A
cos <b (r  p -  c 2 -  2C C ) + CO,S'^  (C00CRfi) 
h4 = C 11C66 + “ 2: (C1l C22 12 ^ 4  22 66
^  s m  9 ^
3 ,
J 9 x COS 0 COS 9  / n  n  \cos  e c o s J> ( c  c - C2 -  2C c  ) + 4
3 s in  0 s in  11 2? ’ s m  © s m  *
h 2 ~ . 2 °S 6 2 (C11C22 _ °12  ”  2C12C66) + (C11°44 + C55CW
s m  0 s m  9
+ 6 c o s2e_c o s ^  ( J + c o s ^  ( +
- s m  0 s m  9 s m  9
3
, . „ COS 0 COS 4> ' / n  „   ^ „ COS 0 COS <f> tr* n  , n  n  \
h 1 = 4    5; ” ' 7 47 22 66 + 2 “7 '' ‘ T" 27 44 66 + C22C55}
s m  0 s m  9 s in  ® s in  9
^0 = C44C55+ -  i f " ' .  T ,  (C44C66 + C22C55) + 4 ^ T  (C22C66)
s m  0 s in  9  S ln  y s in  9
d * 2  =  i 4 g 4  +  i /  4  l /  4  1 , 5  4  i o
w here
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where
D* = 23
w here
0  fS in ce  we know f ( 5 / n , l )  a s  a fu n c tio n  o f  g o n ly  we can  c a l c u la te  (£ ,r iv (£ ) )  
from  (2 047) 0
Thus, g iv e n  o n ly  th e  e l a s t i c  c o n s ta n ts  o f  th e  medium and th e  p o s i t io n  
v e c to r  r ,  ( r  = x^x + x^x2 + x^x^ = xx^ + yx^ + zx^ = | r |  co s  0. s i n  <j> x^ +
-  | - r | - s i n  © s in  ^  x2 + | r |  cos -<f> x ^ ) ,  i t  i s  p o s s ib le  to  n u m e ric a lly  e v a lu a te  th e  
Green te n s o r  fu n c t io n  a t  r  f o r  a medium w ith  o rtho rhom bic  sym m etry.
Both th e  o rtho rhom bic  e x p re s s io n s  ( th e  ’p a r t i c u l a r  c a s e ’ ) and th e  
t r i c l i n i c  ( th e  ’ g e n e ra l  c a s e ’ ) e x p re s s io n s  were programmed and u sed  to  
n u m e ric a lly  e v a lu a te  th e  G reen fu n c tio n  a s  g iv e n  i n  e q u a tio n  ( 2 .4 8 ) .  The 
t r i c l i n i c  program  i s  n a tu r a l ly  much l e n g t h i e r  th a n  th e  p a r t i c u l a r  c a se  b u t  
h as  th e  obv ious ad v an tag e  o f be ing  v a l id  f o r  any e l a s t i c  m a te r i a l ,  th e  
symmetry o f  th e  m a te r ia l  u n d er c o n s id e ra t io n  b e in g  b u i l t  i n  by th e  form  o f i t s  
e l a s t i c  c o n s ta n t s 0
The r e s u l t s  o b ta in e d  from  th e  t r i c l i n i c  program  a re  in  e x a c t  
ag reem ent w ith  th e  p a r t i c u l a r  ca se  when th e  o rtho rhom bic  e l a s t i c  
c o n s ta n ts  a r e  u se d ; b o th  th e  t r i c l i n i c  program  and th e  p a r t i c u l a r  program  
g iv e  agreem ent w ith  th e  c u b ic  program  u sed  by B ullough  e t  a l  [ 1971 ] when 
cu b ic  e l a s t i c  c o n s ta n ts  a r e  u s e d . T h is i s  to  be e x p e c te d  a s  th e  c u b ic  
symmetry in c lu d e s  a l l  th e  symmetry o f  th e  t r i c l i n i c  and ortho rhom bic  
system s and  th e  u se  o f  cu b ic  e l a s t i c  c o n s ta n ts  in  th e se  two program s shou ld  
th u s  fo rc e  them to  e x h i b i t  cu b ic  sym m etry. In  a d d i t io n ,  lo t h  th e  t r i c l i n i c  
and th e  p a r t i c u l a r  program s e x h ib i t  a l l  th e  c o r r e c t  symmetry f e a tu r e s  f o r  
o rtho rhom bic  symmetry when ortho rhom bic  e l a s t i c  c o n s ta n ts  a r e  u sed ,
b) The F o u r ie r  s e r i e s  r e p r e s e n ta t io n  o f  G f o r  a -u ran ium
A F o u r ie r  s e r i e s  r e p r e s e n ta t io n  o f  th e  G reen f u n c t io n  f o r  
a -u ran iu m  would be u s e f u l  f o r  two re a s o n s .  F i r s t l y  th e  method o f  Fredholm  
r e q u ir e s  th e  s o lu t io n  o f  a s e x t i c  e q u a t io n  f o r  ev ery  e v a lu a t io n  o f  Q ( r ) ; 
se c o n d ly , we u s u a l ly  r e q u ir e  th e  f i r s t  o r  second d e r iv a t iv e s  o f  th e  fu n c t io n  
r a t h e r  th a n  G i t s e l f ,  and th e s e  a re  n o t e a s i l y  e x t r a c te d  from  F redholm ’ s 
s o lu t io n .  However, a F o u r ie r  s e r i e s  r e p r e s e n ta t io n  in v o lv e s  o n ly  th e  
e le m e n ta ry  t r ig n o m e tr ic  fu n c t io n s  s in e  and c o s in e  an d  th u s  i t  may e a s i l y  
be i n t e g r a te d  o r  d i f f e r e n t i a t e d  f o r  v a r io u s  a p p l ic a t io n s .
The G reen te n s o r  i s  a homogeneous fu n c t io n  o f  d e g re e  -1 and can th u s  
be e x p re s se d  i n  s p h e r ic a l  p o la r  c o o rd in a te s ,  ( r , 6,<£) a s  e q u a t io n  (2 .5 0 ) :
G j j ( r )  = r -1  , ( 5 .8 )
w here r  = | r |  and H ^ ( 6,$ )  i s  a fu n c t io n  o n ly  o f  th e  p o la r  a n g le s  0 and  
$  d e f in e d  i n  F ig u re  2 C1 and th e  e l a s t i c  constan ts* ,
• * The symmetry o f  an  o rtho rhom bic  s t r u c t u r e  i n  0 and le a d s  u s  to  
e x p e c t r e l a t io n s h ip s  i n  th e  G. . ’ s  o f :
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4> symmetry 0 <: 4> 4  % re p re s e n ta b le  by: p=0 j l f 2 f »»0
G11^  = G11 = = Gn ( 2n:-0 ) : cos 2p$
G22W  = G22 (%^ ] = G22^ +^  = G22(2^ } cos 2p<£
G33W  = G33(^ ) = g 33( ^ )  = G33(2^ )  : cos 2p$ (5 .9 )
G12(<#,) = - GI2 (x- '#,) == g ^ 2 (%+$) = -G 12(2^ ) : s in  2p<£
g 13W  = - ° 13(^ )  = -G.13(7C+ )^ = G13( 2^ ) : c o s (2p+l)<£
G23.(W = G23(K- ^  = - g 23( w 0 ) == ^ 2 3 (2^ ) : s i n ( 2p+l)<£
0 symmetry - re p re s e n ta b le  by: q—0 j 1 j 2 j , # #
G n ( e )  =  G j ,  ( x - e ) cos 2q 0
G22(6) = G22(,l- e) : cos 2q 0
G3 3 (6) = G33(X- 0) : cos 2q 0 (5 .1 0 )
G, 2 ( e) = G12(« -e ) cos 2q0
G13(6) = - G13(^ e) : s in  2q0
G23(6) = - G23{,C- 0) s in  2q0
On c o n s id e r in g  th e  above r e la t io n s h ip  \ve see  'th a t  th e  fo llo w in g  
double F o u r ie r  s e r i e s  can  a d e q u a te ly  r e p r e s e n t  th e  b e h a v io u r  o f  th e  com ponents 
o f  th e  G reen  te n s o r :
r  = h ^  cos 2q 0 cos 2p<f>
r  G22( e ,# )  
r  <5, 3( 6,*)
r  G^ 6’^  
r  G13( 0,< )^
r  G23( e ,* )
22h cos 2q0 cos 2p<f> pq
33h cos 2q 0 cos 2p6 pq H
12h cos 2q 0 s in  2pd>
PQ
s in  2q0 c o s ( 2p+l)</>
23h s in  2q 0 s i n ( 2p+1)$  .
To a i d  i n  com pu ta tion  we a l t e r  th e  in d e x  so t h a t  i t  ru n s  from  1 to  n 
r a th e r  th a n  0 to  n , so t h a t :
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r  G ^  e ,^ )  = 
r  G22( 9 ^ )  = 
r  G33( 6, 0 ) =
r  Gi 2 ^6,(^  = 
r  G13(©,^) =
r 'G 23( 0 , «  =
1 1h cos 2 (q -
.pq
k22 n rh cos 2 (q -  
h33 cos 2 (q -pq
h ^  cos 2 (q -  
PQ .
h ^  s in  2 (q -pq
h ^  s in  2 (q -  pq
)0 co s  2 ( p - 1)<£
)0 co s  2 (p-1 )cf> 
) 0 cos 2 (p -1 )<f> 
) 0 cos 2 (p—1 ) 4> 
)0  c o s (2p-l)<£ 
1)0 s i n ( 2p - 1)<£.
p ,q = 1, 2 , . . . n
However, f o r  th e  12 component th e re  w i l l  be no c o n t r ib u t io n  to  G ^
12f o r  p=1 and  h  i s  in d e te rm in a te ;  we th e r e f o r e  o n ly  sum t h i s  term  f o r  p >2
i q
i n  s i n  2(p-l)<£ o r ,  a l t e r n a t i v e l y ,  sum s in  2p4> from  p=1. A s im i la r  argum ent 
i s  a p p l ie d  to  th e  0 dependance o f  th e  com ponents G^3 and G . Now:
r  G j1 ( 0,$ ) II
■o
31
-
X3 
—
COS 2( q —1) 0 cos 2(p-1 )<£
r  G22(e ,^ ) =  h22pq COS 2 ( q —1) 0 cos 2(p-*1 )<£
r  G33(6 , 4) ,3 3  
= hpq COS 2 (q- 1 ) 0 cos 2(p-1)<£
r  G12( 0,<£) = h12pq COS 2 ( q - l )0  s in 2p $
r  G13( 0,<£) = h13pq s in  2q 0 c o s ( 2p - l ) $
r  G23(6/f,) = h23pq s in  2q 0 s i n ( 2p - 1)<£
p ,q = 1, 2 , . . .n
(5 .1 1 )
The F o u r ie r  c o e f f i c i e n t s ,  hp^ , have been  n u m e ric a lly  e v a lu a te d  by a
l e a s t  sq u a re s  f i t t i n g  p ro ced u re  to  a range o f  a c c u r a te ly  com puted
v a lu e s .  In  f a c t  each  com ponent o f  H. . m s  com puted by th e  d i r e c t  Fredholm
J
method f o r  n in e ty  0 v a lu e s  f o r  O<0<:c and  n in e ty  v a lu e s  f o r  and th e
b e s t  f i t  to  t h i s  d a ta  w ith  te n  p ,q  in d e x  v a lu e s  was fo u n d . The s i n g u l a r  
p o in ts  i n  th e s e  double F o u r ie r  s e r i e s  w ere av o id ed  by im posing  on th e  
f i t t i n g  p ro ced u re  th e  a b s o lu te  req u ire m en t t h a t  th e  t e n s o r  com ponents 
m ust be in d e p en d en t o f  $  when 0=0 , w hich im p lie s  t h a t :
-1 0 0 -
n\ h
pq
■h11 = 0 i f  p j /  1
q=1
pq
q=1 . (5*12 )
n
pq
q=1
h33 = 0 i f  p V  1
n
' h pq
= 0 f o r  a l l  p ,
q=1
In  a d d i t io n ,  can  depend o n ly  on cos <fi o r  s in  4> and hence
we m ust impose th e  c o n d i t io n s  t h a t
n
2q = 0 i f  p 4  1 
q=1 (5 .1 3 )
n
2q hp3 = 0 i f  p 4  1
q=i
I f  th e  above c o n d it io n s  a re  n o t  s a t i s f i e d  i n  th e  l e a s t  sq u a re s  
f i t t i n g ,  i t* h a s  l i t t l e  e f f e c t  on th e  acc u racy  o f  th e  G reen te n s o r  
r e p r e s e n ta t io n  o v e r m ost o f  t h e  range o f  0 and <f>. However, i t  h as  v e ry  
s e r io u s  e f f e c t s  on th e  acc u racy  o f  th e  d e r iv a t iv e s  o f  th e  G reen te n s o r  a s  
6 —» 0 . In  f a c t  th e s e  c o n d i t io n s  e l im in a te  th e  prob lem  o f  d e a l in g  
w ith  th e  term  ( 1 / s i n  0) (3 /3 $ ) G. . when c a l c u la t in g  C a r te s ia n  d e r iv a t iv e s  
o f  th e  G reen te n s o r  and  th e  s e r i e s  ex p an s io n  may be u sed , w ith o u t  l o s s  o f  
ac c u ra c y , to  c a l c u la te  th e  d e r iv a t iv e s  down t o  sm a ll enough v a lu e s  o f  0 
so t h a t  no a p p re c ia b le  e r r o r  i s  in t ro d u c e d  by u s in g  th e  v a lu e  a p p r o p r ia te
-1 0 1 -
to  6 b e in g  e x a c t ly  z e ro . To o b ta in  th e  C a r te s ia n  d e r iv a t iv e s  o f  G we 
n o te  t h a t  (e q u a tio n  ( 5 .8 ) ,
G. . ( r , 6 ,0 )  = -  H. .(e-,0) (5 .1 4 )
l j  r  l j
and th e r e f o r e
0G. . .
_ _ L l = -  -1— h
2 i j
9 G . . « ~
"w1 =FeTeHij (5*15)
3G. .. , 3
9<jb r  d<£> i j
The p a r t i a l  C a r te s ia n  d e r iv a t iv e s  a re  g iv e n  by:
9 - a  j 9 co s  0 cos <b 9 s i n  <t> 1 0~—  = s m  0 cos 9 ^  r r ------- :— £ “  r-r0x^ ^ 0 r  r  0 0 s i n  0 r  00
0 Q . , 3 co s  0 s m  <b 0 cos 9 1 0
r —  = sm  0 Sin 9 r —  +  ------------- r - r  +  — :  £  —  r - r0x 2 r  0 r  r  0 0 sin  0 r 0<£
0 0 s in  0 00x -  cos 0 a r  -  r  aQ
O
Then we o b ta in
r  = s in  0 cos $  „  cos 0 cos 9 9 _ s in  9 1 9
i j ,1 r 2 i j  p2 90 i j  s i n  0 p2 0<£ i j
r  = s in  0 s in  4> „  cos 0 s in  4> 9 TT co s  9 1 9 n
i j ,2  “  ~ p2 Hi j  + r 2 00 Hi j  s i n  0 r 2 0cfi i j
Now, a s  we have H. . a s  a doub le  F o u r ie r  s e r i e s  i n  0 and <£, we may e a s i l y  ■i- j
3 3 *
o b ta in  gg and  ^
-102-
~  (H. .6 . .) = - 2 ( q - l )  h*^ s in ( 2 ( q - l ) 0 )  co s(2 (p -1  )<£) 6
o v  l j  J-J P 4 J
(Hi J 6i J ) = - 2 ( p - 1) h^jj c o s (2 ( q - l ) 0) s i n ( 2 (p-1 )<£) 6 ^
3H12 129Q = - 2 ( q - 1) h s i n ( 2 ( q - l ) 0) s i n ( 2p$)
3H
= 2p h ^2 c o s (2 ( q - l ) 6) c o s ( 2p<£) 
c<p pq
3H
Qi ^ = 2q h^ 3 c o s ( 2q 0) co s( ( 2p-1 )<£) (5 .1 7 )
3H
= - ( 2p - l )  hp ^ s i n ( 2q 0) s in (  ( 2p-1 )<£)
3H
~  = 2q h 23 c o s ( 2q 0) s in (  ( 2p~l)<£)
3H
■z—  = ( 2p - l )  h23 s i n ( 2q 0) c o s(  ( 2p-1 )<£) dcp pq
When 0=0 th e  d e r iv a t iv e s  may be o b ta in e d  by u s in g  th e  a p p r o p r ia te  
e x p re s s io n s :
G- • 1 = “  I n  G- •i j , 1  r  3 0 i j
r  -  1 2 _  r  u i j , 2  r  30 i j
<fx= 0
<p=%/2
J L L - hr 2 3 0 “ i j
<56=0
■ J L L .i t  
r 2 30 Hi j
4>=%/2
(5 .1 8 )
N ote t h a t  th e se  e x p re s s io n s  i n  th e  p a p e r o f  B u llough  e t  a l  [1971]
have a f a c t o r  1/ r  m iss in g . H igher d e r iv a t iv e s  may e a s i l y  be o b ta in e d  i n
-1 0 3 —
a s im i la r  way. Care m ust be ta k e n  to  e n su re  t h a t  s u f f i c i e n t  v a lu e s  o f  
p and q a re  u sed  and t h a t  th e  F o u r ie r  s e r i e s  a r e  f i t t e d  to a s u f f i c i e n t l y  
f i n e  mesh o f  v a lu e s  o f  0 and <f> so  t h a t  convergence o f  th e s e  s e r i e s  i s  
o b ta in e d ;  i t  i s  w e ll known t h a t  d i f f e r e n t i a t i o n  o f  a t r u n c a te d  (fo rm a lly  
i n f i n i t e )  s e r i e s  red u ce s  th e  convergence o f  th e  r e s u l t i n g  s e r i e s  and  
th e r e f o r e  th e re  i s  a l i m i t  to  th e  number o f  tim es  th e  double F o u r ie r  
s e r i e s  may be d i f f e r e n t i a t e d  w h i l s t  s t i l l  r e t a in in g  a c e r t a i n  l e v e l  o f  
a c c u ra c y . We have used  th e  F o u r ie r  s e r i e s  o n ly  f o r  th e  G reen te n s o r  
i t s e l f  and i t s  f i r s t  d e r iv a t iv e s .  Com parison o f  th e  v a lu e s  o f  th e  G reen 
te n s o r  com ponents o b ta in e d  by th e  d i r e c t  Fredholm  method and by th e  
F o u r ie r  s e r i e s  method have been made o v e r a la rg e  range  o f  0 and  $> v a lu e s  
( in c lu d in g ,  b u t  n o t o n ly , th o s e  v a lu e s  to  w hich th e  F o u r ie r  s e r i e s  was 
f i t t e d )  and a re  in  agreem ent to  b e t t e r  th a n  0 o01$. S im i la r ly ,  com parison  
o f  th e  v a lu e s  o f  th e  com ponents o f th e  f i r s t  C a r te s ia n  d e r iv a t iv e s  o f th e  
G reen fu n c tio n  have been made betw een th o se  o b ta in e d  by th e  a p p r o p r ia te  
F o u r ie r  s e r i e s  and c o rre sp o n d in g  v a lu e s  o b ta in e d  by th e  F o u r ie r  tra n s fo rm  
te c h n iq u e , (e q u a tio n  ( 2 .7 7 ) ) .  The v a lu e s  a r e  i n  agreem ent to  b e t t e r  
th a n  0 o1% r e l a t i v e  e r r o r .  The F o u r ie r  c o e f f i c i e n t s  f o r  th e  s e r i e s  
e x p an s io n s  o f  th e  Green fu n c t io n  f o r  a-u ran ium  (e q u a tio n  (5 .1 1 ) )  a r e  g iv e n  
- i n  A ppendix 2C
c) . The F o u r ie r  tra n s fo rm  method
The e x p re s s io n s  f o r  th e  G reen te n s o r  and  i t s  d e r iv a t iv e s ,  e q u a tio n s  
( 2 ,7 6 ) ,  (2 .7 7 ) and (2 .7 9 ) ,  developed  by B a rn e t t  [ 1972 ] f o r a  g e n e ra l  
a n i s o t r o p ic  body, a l l  in v o lv e  a s i n g l e  i n t e g r a l  o v e r  f i n i t e  l i m i t s  o f  a w e ll 
b e h av e d  fu n c t io n ,  and a s  su ch  a re  am enable to  n u m e rica l q u a d ra tu r e .  The 
e f f i c i e n t  method o f  Rombeng in t e g r a t i o n  was u sed  [D avis and  R ab in o w itz , 1967], 
U n lik e  th e  Fredholm  m ethod, th e r e  i s  no s e x t i c  e q u a t io n  to  s o lv e ,  and , 
i n  a d d i t io n ,  any o rd e r  o f  d e r iv a t iv e  may be e v a lu a te d  w ith o u t e n c o u n te r in g  
th e  p roblem s o f  lo s s  o f  a c c u ra c y  due to  poor convergence  a s  o c c u r  w ith  a
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s e r i e s  r e p r e s e n ta t io n  o f  G. However, as we p ro ceed  to  h ig h e r  o rd e r  
d e r iv a t iv e s  u s in g  t h i s  m ethod th e  e x p re s s io n s  become more in v o lv e d , and 
a lth o u g h  th e y  rem ain  e s s e n t i a l l y  s im i l a r  and e a s i l y  programmed f o r  
n u m e rica l e v a lu a t io n ,  th e y  do in v o lv e  in c r e a s in g ly  la rg e  am ounts o f  
c o m p u ta tio n a l tim e . Thus i f  we w ished  to  e v a lu a te  th e  d i s t o r t i o n  f i e l d  
o f  a  c i r c u l a r  d i s lo c a t i o n  lo o p , we c o u ld  u se  e q u a tio n  (3 .1 0 ) in  w hich th e  
F o u r ie r  tra n s fo rm  method p ro v id e s  th e  n e c e ssa ry  f i r s t  d e r iv a t iv e  o f  th e  
G reen fu n c t io n .  The e x p re s s io n  th e n  in v o lv e s  a double i n t e g r a l .
However, by s u i t a b ly  programm ing th e  e q u iv a le n t  e x p re s s io n  g iv e n  by 
W i l l i s  (e q u a tio n  ( 3 .3 0 ) ) ,  we f in d  t h a t ,  a lth o u g h  th e  l a t t e r  e x p re s s io n  
lo o k s  v e ry  com plex, i t  u s u a l ly  p ro v id e s  u s  w ith  th e  d i s t o r t i o n  f i e l d  much 
more q u ic k ly . The o n ly  e x c e p tio n s  a r e  when th e  p o s i t i o n  a t  w hich  th e  
f i e l d  i s  r e q u ire d  i s  v e ry  c lo s e  to  th e  loop  p la n e  and when t h a t  p o s i t io n  
i s  r i g h t  i n  th e  lo o p  p la n e  b u t  i s  o u ts id e  th e  p e r im e te r  o f  th e  lo o p . These 
d i f f i c u l t i e s  and r e s t r i c t i o n s  a r e  due t o  th e  th r e e - h a lv e s  s i n g u l a r i t y  w hich  
i s  i n  e q u a t io n  (3 .3 0 ) ;  th e  ca se  where th e  p o s i t io n  i s  c lo s e  to  th e  loop  
p la n e  may be d e a l t  w ith  by p r o t r a c te d  q u a d ra tu re  b u t  w here th e  p o s i t i o n  
i s  i n  th e  lo o p  p la n e  and  o u ts id e  o f  th e  lo o p , th e  e x p re s s io n  c o n ta in s  a 
g enu ine  th r e e - h a lv e s  s i n g u l a r i t y .  The method o f  program m ing e q u a t io n  
(3 .3 0 ) w i l l  be d e s c r ib e d  i n  a  l a t e r  s e c t io n .  Speed o f  c a l c u l a t i o n  i s  an 
im p o rta n t p r a c t i c a l  c o n s id e ra t io n  and th u s  th e  u se  o f  th e  F o u r ie r  
tra n s fo rm  method i s  lim ite d o
d) The a n g u la r  form o f  th e  continuum  G reen fu n c t io n  f o r  a -u ran iu m
and i t s  i s o t r o p i c  e q u iv a le n t
The s ix  f ig u r e s  fo llo w in g  a re  in c lu d e d  to  i l l u s t r a t e  th e  
a n is o t r o p ic  v a r i a t i o n  o f  th e  G reen fu n c t io n  com ponents a s  f u n c t io n s  o f 
th e * p o la r  a n g le s ,  6 and 4> a s  d e f in e d  i n  F ig u re  2 .1 ,  and t o  com pare t h i s  
form  w ith  th e  e q u iv a le n t  i s o t r o p i c  form . The a n i s o t r o p ic  e l a s t i c  
c o n s ta n ts  f o r  a -u ran iu m , u sed  th ro u g h o u t t h i s  w ork, a re  ta k e n  from
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G it tu s  [1963] and a re  g iv e n  in  T able 1 , The i s o t r o p i c  ap p ro x im atio n  to  
th e  a -u ran iu m  e l a s t i c  c o n s ta n ts  a re  from  Saxl and O truba [1969] and a re  
a l s o  g iv e n  i n  T ab le 1. I n  th e se  f ig u r e s  th e  a n i s o t r o p ic  and i s o t r o p ic  
v a r i a t i o n s  a re  d e p ic te d  by s o l i d  and b roken  l i n e s  r e s p e c t iv e ly .
The r e s u l t s  a l l  e x h i b i t  th e  symmetry e x p ec ted  f o r  th e  o rtho rhom bic  
s t r u c t u r e  and com parison  o f  th e  a n is o t r o p ic  and  i s o t r o p i c  c u rv e s  f o r  eac h  
component g iv e s  a c l e a r  i n d i c a t io n  o f  th e  im portance  o f  in c lu d in g  
a n is o tro p y  i n  e l a s t i c  s tu d ie s  o f  a -u ran iu m . Thus, F ig u re  5 .7 ,  w hich 
d e p ic ts  th e  v a r i a t i o n  o f  th e  G ^  component w ith  th e  p o la r  a n g le  0 f o r  
v a r io u s  v a lu e s  o f  th e  a z im u th a l a n g le  <p9 i s  p a r t i c u l a r l y  d ra m a tic ;  in  th e  
i s o t r o p i c  ap p ro x im atio n  th e  cu rv e  i s  co m p le te ly  in d e p e n d e n t, as may be 
ex p ec ted  from  e q u a tio n  (2 .2 4 ) ,  o f  <£, w hereas i f  a n is o tro p y  i s  c o n s id e re d  
- th e  G^^ component e x h ib i t s  a s e n s i t i v e  dependence on <j>. F ig u re  5 .4 ,  G ^ j  
shows a l a r g e  d isc rep a n cy  betw een th e  i s o t r o p i c  and a n i s o t r o p ic  r e s u l t s ,  
b o th  i n  m agnitude o f  th e  component and  in  th e  symmetry o f th e  c u rv e s .  The 
i s o t r o p i c  cu rv es  a re  sym m etric ab o u t 0=45° -  a r e s u l t  w hich i s  a l s o  obv ious 
from  e q u a t io n  (2 .2 4 ) -  w hereas t h i s  symmetry does n o t e x i s t  f o r  th e  
a n i s o t r o p ic  v a r i a t i o n s  whose peaks a l l  l i e  a t  v a lu e s  o f  0 s i g n i f i c a n t l y  
g r e a t e r  th a n  4 5 ° . A s im i la r  s i t u a t i o n  o c c u rs  i n  F ig u re  5 .6  ( th e  G^  
component) w here a g a in  we have synm etry  a b o u t 0=45°  f o r  th e  i s o t r o p i c  
c u rv e s  ( s e e  e q u a t io n  ( 2 .2 4 ) ) ,  b u t  i n  t h i s  ca se  th e  peaks o f  th e  a n i s o t r o p ic  
cu rv es  a re  a l l  s h i f t e d  to  a lo w er a n g le .  The a n is o t r o p ic  v a r i a t i o n s  f o r  
th e  G^2 component (F ig u re  5 .5 )  have a minimum a t  th e  same p la c e  a s  th e  
i s o t r o p i c  r e s u l t s  maximum an d  in  a d d i t io n  have peaks whose p o s i t i o n  
depends on <fi and  a re  n o t g iv e n  by th e  i s o t r o p i c  e q u iv a le n t ,.  The 
s i m i l a r i t y  o f  th e  a n i s o t r o p ic  and i s o t r o p i c  cu rv es  o f  F ig u re  5 .3  (G ^ )  i s 
i n  marked c o n t r a s t  to  th e  r e s u l t s  o f  th e  o th e r  com ponents w hich  a l l  show 
a  s i g n i f i c a n t  d isc re p a n c y  i n  th e  c u rv e s , th u s  s u b s t a n t i a t i n g  th e  s ta te m e n t 
t h a t  a n is o tro p y  sh o u ld  be in c o rp o ra te d  in to  e l a s t i c  s tu d ie s  o f  a -u ran iu m .
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5 .4  The o b s e rv a tio n s  o f d e f e c ts  in  a -u ran iu m  and  t h e i r  a s s o c ia t e d
e l a s t i c  f i e l d s
a) I n t r o d u c t io n
In  th e  fo llo w in g  s e c t io n  we b r i e f l y  reviejv  th e  o b serv ed  s l i p  modes 
o f  a -u ran iu m . A n is o tro p ic  e l a s t i c i t y  has  been u sed  by Saxl e t  a l  [ 1968a, 
1968b ,1969], and by Yoo [1967] to  e x p la in  th e  te m p e ra tu re  dependence o f  
th e  ch o ice  o f  p r in c i p a l  s l i p  sy stem  and  thus we p r e s e n t  some g ra p h ic a l  
r e s u l t s  to  in d i c a te  th e  e f f e c t  o f  a n is o tro p y  on th e  s t r e s s  f i e l d s  o f  th e  
o b serv ed  s l i p  sy s te m s . The p o in t  d e fe c t  in  a -u ran ium  i s  th e n  c o n s id e re d  
and r e s u l t s  f o r  v a r io u s  d i s t o r t i o n  and  d isp la c e m e n t f i e l d s  o f  b o th  th e  
.s in g le  fo rc e  d ip o le  and th e  c e n t r e  o f  d i l a t a t i o n  m odels a re  p re se n te d ,. 
F in a l ly  th e  d i s t o r t i o n  and s t r e s s  f i e l d s  o f  v a r io u s  d i s lo c a t i o n  lo o p s  in  
a -u ran iu m  a r e  shown and a d is c u s s io n  o f  th e  method by w hich su ch  f i e l d s  were 
o b ta in e d ,a n d  t h e i r  r e le v a n c e , i s  in c lu d e d 0
b) The s l i p  modes o f  a -u ran ium
Hie c r y s ta l lo g r a p h ic  f e a tu r e s  o f th e  d e fo rm a tio n  modes i n  a -u ran iu m  
w ere f i r s t  r e p o r te d  by Cahn [1953] from la rg e - g r a in e d  p o ly c r y s t a l l i n e  
specim ens s u b je c te d  to  th e rm a l c y c l in g ,  a b ra s io n  and co m p ressio n . Hie 
m ost f r e q u e n t ly  observ ed  mode was s l i p  on th e  (010) p la n e , and  th e  n e x t 
im p o r ta n t mode was tw in n in g  on th e  [ l3 0 i c o m p o sitio n  p la n e . L loyd and 
C h isw ick  [-1955], by o r i e n t a t i o n  c o n t ro l  o f  s i n g l e - c r y s t a l  specim ens i n  
r e l a t i o n  to  th e  s t r e s s  a x i s ,  e s t a b l i s h e d  t h a t  th e  p rim ary  s l i p  sy stem  i s  
(010) [lO O ]. C hisw ick  e t  a l  [1958] o b served  t h a t  a t  e le v a te d  te m p e ra tu re s  
th e  c r i t i c a l  r e s o lv e d  s h e a r  s t r e s s  o f  th e  (001) [lOO] s l i p  sy stem  was 
lo w er th a n  t h a t  o f  th e  (010) [lOO] s l i p  sy stem , th u s  in d i c a t in g  t h a t  th e  
(001) [lOO] system  becomes th e  dom inant s l i p  mode a t  e le v a te d  te m p e ra tu re s .  
Yod [1967] has c o n s id e re d  th e  s l i p  modes o f  a -u ran iu m  i n  d e t a i l  and by 
c a lc u la t in g  such  te m p e ra tu re -d e p e n d e n t d i s lo c a t i o n  p a ram e te rs  a s  th e  
e f f e c t iv e  s h e a r  m oduli, d i s lo c a t io n  e n e r g ie s ,  d i s lo c a t io n  w id th s ,  and 
P e ie r ls -N a b a rro  s t r e s s e s  by a p p ly in g  a n i s o t r o p ic  e l a s t i c i t y  th e o ry ,  has
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g iv e n  an  ad eq u a te  e x p la n a tio n  f o r  th e  p re v a la n c e  o f  t h e  (001) [lOO]
s l i p  system  o v e r  th e  (010) [lOO] system  a t  te m p e ra tu re s  above 300-350°C.
S u b sid a ry  s l i p  on th e  J n o ]  p la n e s  h as  been o b served  [Cahn, 1953;
Teeg and O g ilv ie ,  1961; Lemogne, 1965; C hisw ick  e t  a l  1958] and i s
a p p a re n t ly  co n fin e d  i n  th e  [001 ] d i r e c t i o n  a t  low te m p e ra tu re s  and i n  th e
<110> d i r e c t io n s  a t  h ig h e r  te m p e ra tu re s .  Lloyd and C hisw ick  [1955]
o b se rv e d , i n  a few i s o l a t e d  c a s e s ,  s h o r t  s l i p  t r a c e s  o f  th e  [ o i l ]  [lOO]
sy stem , m o stly  em anating  from  th e  t i p s  o f  ’ [176}’ tw in s  w hich r e q u ire
com plex s t r e s s  c o n d i t io n s  f o r  t h e i r  i n i t i a t i o n ,  and th e y  n o ted  t h a t  th e y
p ro b ab ly  r e p re s e n t  a form  of s t r a i n  r e l i e f  f o r  th e  tw in s .  A no ther m inor
s l i p  sy stem , [0 2 l]  <112>, was o b serv ed  a t  600°C to  i n i t i a t e  a t  a h ig h
c r i t i c a l  re s o lv e d  s h e a r  s t r e s s  [C hisw ick  e t  a l  1958],
c) The a n g u la r  v a r i a t i o n  o f  th e  d i s t o r t i o n  and r e l a t e d  f i e l d s  o f  
i n f i n i t e  s t r a i g h t  d i s lo c a t io n s  i n  a -u ran ium
The fo llo w in g  f ig u re s  have been c o n s tru c te d  to  i l l u s t r a t e  th e
d i s t o r t i o n ,  s t r e s s ,  d i l a t a t i o n  and h y d r o s ta t ic  s t r e s s  f i e l d s  a s s o c ia te d
w ith  v a r io u s  i n f i n i t e  s t r a i g h t  d i s lo c a t io n s  in  a -u ran iu m . T hree
s i g n i f i c a n t  s l i p  p la n e s  w ere c o n s id e re d : (0 1 0 ) , (001) and  (1 1 0 ) . The
cube s l i p  p la n e s  had a s s o c ia te d  w ith  them a B urgers v e c to r  o f  b = [lOO]
w h i l s t  th e  co rre sp o n d in g  B urgers v e c to r  a s s o c ia t e d  w ith  th e  ( 110) s l i p
• - p la n e  was b = [no] .
The d isc re p a n c y  betw een th e  a n i s o t r o p ic  and th e  i s o t r o p i c  f i e l d s  i n  th e
ca se  o f th e  d i s lo c a t io n s  w ith  B urgers v e c to r  a lo n g  a cube d i r e c t i o n  and ly in g
i n  cube s l i p  p la n e s  i s  u s u a l ly  o n ly  s l i g h t  a s  one would e x p e c t. Thus
i n  F ig u re s  5 .8  and 5 .9  we se e  t h a t  th e  (3^ and p ^  com ponents 0f  th e
d i s t o r t i o n  f i e l d  o f  th e  s t r a i g h t  edge d i s lo c a t i o n  ly in g  i n  th e  (0 1 0 ) s l i p
p la n e  and  h av in g  b = [lOO] show v i r t u a l l y  no d i s t i n c t i o n  betw een th e
i s o t r o p i c  and a n i s o t r o p ic  c u rv e s .  T h is  s i m i l a r i t y ,  how ever, i s  n o t a lw ays
e x h ib i te d ;  th u s  two o f  th e  com ponents o f th e  d i s t o r t i o n  f i e l d  (P 31 and
P3g) o f  th e  s t r a i g h t  edge d i s lo c a t io n  i n  th e  s l i p  p la n e  (001) w ith
—114—
b = [lOO] d is p la y  a r a d ic a l  d i f f e r e n c e  between th e  a n i s o t r o p ic  and i s o t r o p i c
cu rv es  a s  F ig u re s  5 .1 0  (P - .)  and  5.11 (p -^ ) in d i c a t e .  The s t r e s s  f i e l d s
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o f  th e  d i s lo c a t io n s  ly in g  i n  th e  cu b e  p la n e s  (010) and  (001) a l s o  
g e n e r a l ly  show l i t t l e  d i s t i n c t i o n  between th e  i s o t r o p i c  and  a n i s o t r o p ic  
r e s u l t s ,  w ith  th e  o n ly  s i g n i f i c a n t l y  d i f f e r e n t  com ponents shown i n  
F ig u re s  5 .1 2 , 5 .1 3  and 5 .1 4 . F ig u re  5 .1 2  shows th e  p ^  com ponent o f th e  
s t r a i g h t  edge d i s lo c a t i o n  ly in g  a lo n g  [001] and  h av in g  B urgers v e c to r ,
P22 and p^3 com ponents 
r e s p e c t iv e ly  o f  th e  s t r e s s  f i e l d  o f  th e  s t r a i g h t  edge d i s lo c a t i o n  ly in g  
a lo n g  [010] and hav ing  B urgers v e c to r  b = [lO O], In  th e s e  th r e e  f ig u r e s  
i t  sh o u ld  be n o te d  t h a t  a lth o u g h  th e r e  i s  a v e ry  s i g n i f i c a n t  d i s t i n c t i o n  
betw een th e  two r e s u l t s ,  th e y  do c o in c id e  e x a c t ly  a lo n g  th e  h ig h  symmetry 
cube d i r e c t i o n s .  The d i s t o r t i o n  and s t r e s s  f i e l d s  o f  a  s t r a i g h t  
d i s lo c a t io n  i n  an i s o t r o p i c  body a re  g iv e n  a n a l y t i c a l l y  i n  e q u a t io n s  (3 .2 4 ) 
and (3 .2 5 ) and may be im m ed ia te ly  u sed  as a  g u id e  f o r  th e s e  cube edge 
d i s lo c a t io n s  where th e  c r y s ta l lo g r a p h ic  axes a r e  u sed  a s  th e  r e f e r e n c e  a x e s .  
In  th e  ca se  o f  th e  more complex (110) s l i p  p la n e , where th e  B u rg ers  v e c to r  
i s  [ 110] ,  we show r e s u l t s  f o r  bo th  an  edge and a sc rew  d i s lo c a t i o n .  N ote 
t h a t  th e  com ponents d isp la y e d  fo r  th e se  d i s lo c a t io n s  r e f e r  to  th e  
c r y s ta l lo g r a p h ic  axes and n o t  th e  d i s lo c a t io n  sy s tem 0
The d i s t o r t i o n  f i e l d  com ponents o f  t h i s  screw  d i s lo c a t i o n  a r e  m ost 
s i g n i f i c a n t l y  d i f f e r e n t  from  th e  i s o t r o p i c  r e s u l t s  f o r  th o se  com ponents 
where th e  i s o t r o p i c  v a lu e  i s  z e ro ; i . e .  co rre sp o n d in g  to  a d isp la c e m e n t 
p e rp e n d ic u la r  to  th e  d i s lo c a t io n  l i n e .  F ig u re s  5 ,1 5  and  5 .1 6  show th e  
p and  p com ponents r e s p e c t iv e ly .  The s t r e s s  f i e l d  com ponents o f3 1 33
th e s e  edge an d  screw  d is lo c a t io n s  a ls o  a l l  show some d if f e r e n c e  betw een 
th e  i s o t r o p i c  and  a n i s o t r o p ic  r e s u l t s  and we show h e re  th o s e  v a r i a t i o n s  
w ith  a more d ram a tic  d isc re p a n c y . F ig u re s  5 .1 7  and 5 .1 8  g iv e  th e  p ^  
and p^^ components o f  th e  s t r e s s  f i e l d  o f  th e  screw  d i s lo c a t i o n  w h i l s t
b = [100J. F ig u re s  5 .1 3  and 5 .1 4  d e p ic t  th e
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F ig u re  5 .1 9  d is p la y s  th e  p__ component o f  th e  edge d i s lo c a t io n .  N ote
OO
t h a t  th e  two s t r e s s  com ponents f o r  th e  screw  d i s lo c a t io n  show agreem ent 
betw een th e  tw o .cu rv es  a lo n g  th e  h ig h  symmetry d i r e c t io n s  w hereas t h i s  
i s  n o t th e  c a se  f o r  th e  edge d i s lo c a t io n  s t r e s s  component p ^ *  The 
d i l a t a t i o n  and  h y d r o s ta t ic  s t r e s s  f i e l d s  a re  o f  s p e c ia l  i n t e r e s t  a s  th e se  
q u a n t i t i e s  a r e  i n v a r i a n t s ,  i . e .  th e y  a r e ' in d e p en d en t o f  th e  r e fe re n c e  
fram e. Both q u a n t i t i e s  a re  i d e n t i c a l l y  ze ro  f o r  th e  s t r a i g h t  screw  
d i s lo c a t io n  ly in g  i n  th e  cube p la n e  -  a r e s u l t  i n  com plete  ag reem en t w ith  
th e  i s o t r o p i c  r e s u l t .  However, fo r  th e  edge d i s lo c a t io n s  w ith  cube s l i p  
p la n e s ,  b o th  th e  a n is o t ro p ic  h y d r o s ta t ic  s t r e s s  and th e  d i l a t a t i o n  f i e l d s  
— a re  non -zero  and d i f f e r  from  th e  i s o t r o p i c  non -zero  r e s u l t  as  may be s e e n  
i n  F ig u re  5 .2 0 , w hich shows th e  a n g u la r  v a r i a t i o n  o f  th e  h y d r o s ta t ic  s t r e s s  
o f  th e  s t r a i g h t  edge d i s lo c a t i o n  ly in g  in  th e  (010) s l i p  p la n e  and hav ing  
b = [1 0 0 ], The e f f e c t  o f  a n is o tro p y  on th e  low  symmetry ( 110) [ 110 ] 
screw  d i s lo c a t i o n  i s  p a r t i c u l a r l y  s t r i k i n g ;  th e  i s o t r o p i c  c u rv e s  f o r  th e  
h y d r o s ta t ic  s t r e s s  and d i l a t a t i o n  f i e l d s  b e in g  e x a c t ly  zero  w h i l s t  th e  
- a n is o t ro p ic  r e s u l t s  a re  f a r  from  t h i s ,  a s  may be seen  from  F ig u re s  5.21 
( P i i )  and 5 .2 2  ( p ^ ) .  T h is  w i l l ,  o f  c o u rse , g iv e  r i s e  to  r a t h e r  
i n t e r e s t i n g  f i r s t  o rd e r  s i z e  e f f e c t  i n t e r a c t io n s  betw een su c h  screw  
d is lo c a t io n s  and p o in t  d e f e c t s ,  a s i t u a t i o n  w hich does n o t p r e v a i l  i n  th e  
i s o t r o p i c  a p p ro x im a tio n .
I n  th e  fo llo w in g  f ig u r e s  f o r  th e  d i s t o r t i o n  and r e la t e d  f i e l d s  o f
i n f i n i t e  s t r a i g h t  d is lo c a t io n s  i n  a -u ran ium , th e  r e le v a n t  f i e l d  component
i s  p lo t te d  as  an  a n g u la r  v a r i a t i o n  e v a lu a te d  a t  a f ix e d  r a d i a l  d i s ta n c e  
o
of 100 A from  th e  d i s lo c a t io n  l i n e .  The c o n tin u o u s  cu rve  i s  th e  
a n i s o t r o p ic  r e s u l t  and th e  b roken  cu rve  i s  th e  c o rre sp o n d in g  i s o t r o p i c  
a p p ro x im a tio n . The in n e r  and  o u te r  c o n c e n tr ic  c i r c l e s  c o rre sp o n d  to  
n e g a tiv e  and p o s i t i v e  v a lu e s  r e s p e c t iv e ly  o f  th e  v a lu e  d as  g iv e n  i n  
each  f ig u r e ,  and  th e  c e n t r a l  c o n c e n tr ic  c i r c l e  r e p re s e n ts  z e ro .  The
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FIGURE 5-8
FHE ANGULAR VARIATION OF THE DISTORTION FIELD y?ll  
GROUND THE PURE ED GE DISLOCATION IN THE ( O I O )  PLANE  
j = 0 - 3 l 4 ' X  IO"2
OTHER DETAILS ARE GIVEN IN THE LEADING CAPTION.
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FIGURE 5A \
rHE ANGULAR VARIATION OF THE DISTORTION FIELD 22  A R O U N D  
THE. PURE EDGE DISLOCATION IN T H E ( O I O )  P L A N E .  
d = 0 - l 7 5 x j 0 ' 2
OTHER DETAILS ARE GIVEN IN THE LEADING C A P T I O N .
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FIGURE 5 4  0  •
THE ANGULAR VARIATION OF THE DISTORTION FIELD £ 3 1  AROUND  
.THE PURE EDGE DISLOCATION IN T H E ( O O l )  P L A N E .  
d =  0 - 5 4 9  x IO'2
OTHER DETAILS ARE GIVEN IN THE LEAPING C A P T IO N .
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FIGURE 5*1 ^
T H E ANGULAR VARIATION OF THE DISTORTION FIELD y5 3 3  
AROUND THE PURE EDGE DISLOCATION IN THE C O O l)  P L A N E .  
d = 0 - 3 S 8 x | 0 " 2
OTHER DETAILS ARE GIVEN IN THE LEADING CAPTION .
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FIGURE 5-\CL
THE ANGULAR VARIATION OF THE STRESS FIELD P 3 3  AROUND  
THE PURE EDGE DISLOCATION IN THE (O I O )  P L A N E ,  
d =  O - 2 2 6  x I O 10 d y n e s / c m 2
OTHER DETAILS ARE GIVEN IN THE LEADING CAPTION
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FIGURE 5-V3
THE ANGULAR VARIATION OF.THE STRESS FIELD P 2 2  AROUND  
THE PURE EDGE DISLOCATION IN THE ( O O I )  PLANfe.  
d =  0 - 5 0 9 - X  l O 10 d y n e s / c m 2
OTHER DETAILS ARE GIVEN IN THE LEADING CAPTION-
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FIGURE 5 * 'V
THE ANGULAR VARIATION OF THE S T R E S S  FiELD P 3 3  A R O U N D  
THE PURE EDGE D ISLO CATIO N IN THE ( O O I ) PLANE  
d = 0 - 1 0 8  x . l O 11 d y n s s / c m 2
O TH ER  DETAILS ARE GIVEN IN THE LEADING C A P T IO N
’ P  *
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FIGURE - 5 •'IS
THE ANGULAR VARIATION O F THE DISTORTION FIELD £.31 AROUND  
THE PURE SCREW DISLOCATION IN THE (I J O )  P L A N E ,  
d =  O- 16 x IO “ 2
OTHER DETAILS ARE GIVEN IN THE LEADING CAPTION
/  ,  ■ , • . •
' ■;  / ■  / ,  ■ r . •
-1 2 4 -
[ b a o ]
• *4“ .•
.+d ■Ca
.r
FIGURE 5-1G
THE ANGULAR VARIATION OF THE DISTORTION FIELD ^ 3 3  
AROUND THE PURE SCREW DISLOCATION IN THE Cl I O )  P L A N E  
d = O • 2 2  x l O 2
OTHER DETAILS ARE GIVEN IN THE LEADING C A P T IO N .
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FIGURE 5*1*7
THE ANGULAR VARIATION OF THE STRESS FIELD PIS A R O U N D  
THE PURE SCREW DISLOCATION IN THE O T O )  P L A N E . 
d = 0 * 9 x  l O 9 d y n e s / c m 2
OTHER DETAILS ARE GIVEN IN THE LEADING C A P T IO N .
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FIGURE 5 ^ 3
HE ANGULAR VARIATION OF THE STRESS FJELD P 3 3  AROUND  
HE PURE SCREW DISLOCATION IN THE ( M O )  PL A N E .  
s O ' S l x i o 10 d y n e s  / c m 2
THER DETAILS ARE' GIVEN IN THE LEADING C A P T IO N .
[ a  b o],
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FIGURE 5-1=1
THE ANGULAR VARIATION OF THE S T R E S S  FIELD P 3 3  A R O U N D  
THE PURE EDGE DISLOCATION IN THE ( N O )  P L A N E .  
d =  0 - 3 5  x  lO 10 d y n e s / c m 2
OTHER DETAILS ARE GIVEN IN THE LE A D IN G  CAPTION.
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FIGURE 5 * 2 . 0
THE ANGULAR VARIATION OF THE HYDROSTATIC S T R E S S  FIELD 
Pit  AROUND THE PURE EDGE DISLOCATION IN THE (O IO )  P L A N E . 
d = O * 2 0 9  x I O u d y n e s  /  c m 2 
. OTHER DETAILS ARE G IV EN  IN THE LEADING C A P T I O N .
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FIGURE 5*0.1
THE AN G ULA R  VARIATION OF T H E  DILATATION FIELD Bjj 
AROUND THE PURE SCREW DISLOCATION IN THE ( iT O ) P L A N E ,  
d =  0 - 2 5 4  XIO*2
OTHER DETAILS ARE GIVEN IN THE LEADING C A P T I O N .
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FIGURE
THE ANGULAR VARIATION OF THE HYDROSTATIC STR E SS FIELD P i i  
AROUND THE'PURE SCREW DISLOCATION IN THE ( M O )  P L A N E .  
d = O-l 14 x IOn Q’y n c s  / c m 2 
.OTHER DETAILS ARE GIVEN IN THE LEADING C A P T I O N .
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em ergen t p o in t  o f  th e  d i s lo c a t i o n  i s  in d ic a te d  by th e  u s u a l  sym bol. In  
o rd e r  t h a t  th e  a ig u la r  d isc re p a n c y  betw een th e  i s o t r o p i c  and a n i s o t r o p ic  
cu rv e s  i s  c l e a r l y  seen , th e  i s o t r o p i c  v a r i a t i o n  i s  u n ifo rm ly  s c a le d  so 
t h a t  i t s  maximum/minimum v a lu e  i s  th e  same a s  t h a t  o f  th e  a n i s o t r o p ic  
c u rv e . The s c a l in g  f a c t o r ,  d e f in e d  a s  th e  i s o t r o p i c  max (m in ) /a n is o t ro p ic  
max (m in ), v a r i e s  betw een 0 .6 5  and 1 .3 5 , depend ing  on th e  fu n c t io n  
c o n s id e re d 0
The a n is o t r o p ic  d i s t o r t i o n  f i e l d  was e v a lu a te d  u s in g  e q u a tio n  (3 .2 0 ) 
w h i l s t  th e  co rre sp o n d in g  i s o t r o p i c  e x p re s s io n s  u sed  w ere e q u a t io n s  (3 .2 4 ) 
and ( 3 .2 5 ) .
d) P o in t  d e f e c ts  in  a-uran iurn
To s im u la te  a p o in t  d e f e c t  by th e  n o n - lo c a l  fo r c e  model r e q u ir e s  a 
.knowledge o f ' th e  l a t t i c e  fo r c e s  which a r e  im posed on th e  p o in t  d e fe c ts  
n e ig h b o u rin g  atom  p o s i t i o n s .  S ince a l a t t i c e  G reen fu n c t io n  f o r  
a -u ran ium  h as  n o t,  a s  y e t ,  been  c o n s tru c te d ,  th e r e  i s  no way o f  
c a l c u la t in g  th e se  re q u ire d  f o r c e s .  Hence we a r e  fo rc e d  to  c a l c u l a t e  th e  
e l a s t i c  f i e l d  a round  such  p o in t  d e f e c ts  by u s in g  th e  co m p le te ly  lo c a l  
f o rc e  model f o r  th e  d e f e c t .
The d isp la c e m e n t f i e l d  o f  a  t r i a d  o f  m u tu a lly  o r th o g o n a l d o u b le  fo r c e s  
a c t in g  from  th e  o r ig i n ,  w hich i s  o u r  lo c a l  f o r c e  model o f  th e . d e f e c t ,  i s  
g iv e n  by e q u a tio n  (3 .3 8 ) a s :
u . ( r )  = p G ( r )  (5 .1 9 )
where p i s  th e  s t r e n g th  o f  th e  f o r c e s .  The d i s t o r t i o n  f i e l d  i s  th e r e f o r e
(3. ( r )  = p G . . . ( r )  . (5 .2 0 )q  -  y  i j , j q  -
* *
Now, th e  i s o t r o p i c  G reen fu n c tio n  (e q u a t io n  ( 2 . 21) )  i s
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^ i j ^  Srcfi i j  ,PP ~ (X+2p) F , i j
(5 .2 1 )
and th u s
P x .1 ( l - 2v )Xi
87i;ji(l“ V )r '
(5 .2 2 )
so  t h a t ,  i n  an  i s o t r o p i c  medium
p ( 1- 2v) xi  
ui  — ” “  87ip ( l - v )  „3
and
p. ( r )  = -  r i q  —
p ( l - 2v 
8l | i (  1 -v
-  5. 
i q
3
—  r
3 x .x  -  
i  Q 
5r  _i
(5 .2 3 )
(5 .2 4 )
I t  i s  q u i te  c l e a r  from  t h i s  e x p re s s io n  t h a t  an  i s o t r o p i c  p o in t  
d e f e c t  s im u la te d  by th e  lo c a l  f o r c e  model h as  no d i l a t a t i o n  ( ( 3 ^ ) ,  n o r  
h y d r o s ta t ic  s t r e s s  (P j^ ) f i e l d .  The i n t e r a c t i o n  e n e rg y  betw een two such  
d e f e c ts  may be g iv e n  (e q u a tio n  ( 3 .9 0 ) ) ,  a s
r  4  3L  = -o  p . . “  7t r± *11 3 o (5 .2 5 )
w here p ^  i s  th e  h y d r o s ta t ic  s t r e s s  o f  one d e f e c t  e v a lu a te d  a t  the  c e n t r e  
o f  th e  o th e r ,  h a v in g  a ra d iu s  o f  r Q, and 6 i s  th e  c h a r a c t e r i s t i c  m i s f i t  
p a ra m e te r . T h is  i n t e r a c t i o n  i s  c l e a r ly  s e e n  to  be ze ro  i n  an  i s o t r o p i c  
body.
We p re s e n t  h e re  some r e s u l t s  to  i n d i c a te  th e  d isp la c e m e n t and d i s t o r t i o n  
f i e l d s  o f  a  c e n t r e  o f  d i l a t a t i o n  and a l s o  f o r  a s in g le  f o r c e  d ip o le .  I n  
e v a lu a t in g  th e se  f i e l d s  th e  fo llo w in g  p a ra m e te rs  w ere in tro d u c e d :
x.
X. = ~l  2a R = 7 T  2a
u .
U.i  2a (5 .2 6 )
w here 2a i s  a  l a t t i c e  p a ra m e te r  so t h a t  X ,U  and R a r e  d im e n s io n le ss  
q u a n t i t i e s .  Thus, f o r  th e  i s o t r o p i c  d isp la c e m e n t f i e l d  o f  a c e n t r e  o f 
d i l a t a t i o n  model o f  a p o in t  d e fe c t
-1 3 3 -
u  (R) = -  P d - 2 ^  h  J -  = _ J' (1 ~2v) 1
1  -  8 7 in ( 1 - v )  r 3 g a 3 g ^ 3  \  ^ ( ^ J r 3  J
-2w here p i s  i n  dynes cm (e q u a tio n  ( 3 .3 4 ) ) ,  and p i s  in  u n i t s  o f  dynes cm . 
Thus we e v a lu a te  th e  d im e n s io n le ss  q u a n t i ty
U .(R ) / ,  o \ x -
—i--- =- = -  7v T ~4 (5 .2 7 )
(P/8 p a 3 ) 8 7 t( ,- v ) R3
D 3w hich i s  th e  d isp la c e m e n t f i e l d  i n  u n i t s  o f  ( / 8pa ) x 2a .  The e q u iv a le n t  
a n i s o t r o p ic  e x p re s s io n  i s
U. (R)
= |i G. . .(R) . (5 .2 8 )
(P/ 8 |u,3 )
The in c lu s io n  o f  th e  i s o t r o p i c  s h e a r  modulus i n  t h i s  e x p re s s io n  i s  
p u re ly  f o r  conven ience i n  t h a t  t h i s  a llo w s  th e  two above e x p re s s io n s  to  
be d i r e c t l y  com pared. The i s o t r o p i c  d i s t o r t i o n  f i e l d  o f  t h i s  t r i a d  o f  
double f o r c e s  i s  g iv e n  i n  u n i t s  o f  ( ^ / 8pa^) as
_ y = L _  (1-2V) I 5Xi.X0 I  . (5 29)
 (P/ V 3) ■ 8* e - v> 1 R3 R5 J
and th e  e q u iv a le n t  a n i s o t r o p ic  e x p re s s io n  i s
P* Q*)
.... = [j. G (R) . (5 .3 0 )
( / 8 pa ) •
The g e n e ra l e x p re s s io n s  f o r  th e  d isp la c e m e n t and  d i s t o r t i o n  f i e l d s  
o f  a  s in g le  f o r c e  d ip o le  w ith o u t moment a r e  g iv e n  by e q u a t io n s  (5 .2 8 )  and 
(5 .3 0 ) in  w hich th e  in d e x  j  i s  n o t summed, b u t  i s  r a t h e r  th e  com ponent 
d i r e c t io n  a lo n g  w hich th e  f o r c e s  a c t .  I t  sh o u ld  be n o te d  t h a t  th e  
sy m m etrica l c e n t r e  o f  d i l a t a t i o n  i s  p ro b a b ly  a more re a so n a b le  m odel o f  th e  
vacancy  th a n  o f th e  i n t e r s t i t i a l  (which m igh t ta k e  up a s p l i t  dum bell ty p e  
o f  c o n f ig u ra t io n  as  i n  c o p p e r, f o r  ex am p le). The s in g le  f o r c e  d ip o le  can
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be c o n s id e re d  a s  a .c ru d e  model o f  su ch  a s p l i t  dum bell i n t e r s t i t i a l .
T here i s ,  o f  c o u r s e ,  no d i r e c t  e v id en ce  f o r  dum bell ty p e  d e f e c ts  in  
a -u ran iu m , b u t c o n v e rse ly  th e r e  i s  a l s o  no d i r e c t  ev idence  f o r  p e r f e c t ly  
sy m m etrica l p o in t  d e f e c ts  and th u s  th e  in c lu s io n  o f  b o th  p o s s i b i l i t i e s  
i s  ju s t i f i e d o
The ad v an tag e  o f  c o n s id e r in g  th e  sym m etrica l d i l a t a t i o n  so u rce  
i s  t h a t  th e  d e v ia t io n  o f  th e  r e s u l t i n g  a n i s o t r o p ic  f i e l d s  from  th e  
-co rre sp o n d in g  i s o t r o p i c  f i e l d s  i s  p u re ly  a  r e s u l t  o f  th e  a n is o t ro p y  o f 
th e  m a te r ia l  and does n o t in c lu d e  th e  m ic ro sco p ic  a n is o tro p y  o f  th e  p o in t  
d e f e c t .  The a n is o t ro p y  o f  th e  f i e l d s  o f  th e  s in g le  f o r c e  d ip o le  how ever, 
c o n s i s t s  o f  b o th  th e  re sp o n se  o f th e  medium and  a l s o  th e  a n i s o t r o p ic  
n a tu re  o f  th e  d e f e c t  i t s e l f .  The fo llo w in g  cu rv es  a re  a l l  a p p ro p r ia te  
to  th e  s im u la t io n  o f  a v acan cy , th e  i n t e r s t i t i a l  f i e l d s  b e in g  o b ta in e d  
i n  t h i s  m odel, o f  c o u rs e , by a  change o f  s ig n .  The fo llo w in g  f ig u r e s  show 
th e  a n is o t r o p ic  r e s u l t  in  a s o l id  l i n e  w h i l s t  th e  i s o t r o p i c  a p p ro x im a tio n  
i s  shown as  a b roken  cu rv e .
F ig u re s  5 .2 3  and 5 .2 4  show th e  v a r i a t i o n  o f  th e  d is p la c e m e n t f i e l d  
com ponents U9 and U r e s p e c t iv e ly  a g a in s t  th e  p o la r  a n g le  6 when th e  p o in t~ O
-d e fec t ( d i l a t a t i o n  c e n tre )  i s  s i tu a te d  a t  th e  o r ig in .  I n  th e s e ,  and  a l l  
“su b se q u en t f ig u r e s  i n  t h i s  s e c t io n  we a re  c o n s id e r in g  th e  v a r i a t i o n  in  
th e  (100) p la n e , i . e .  a z im u th a l a n g le  <p = k / 2  (see  F ig u re  2 .1 ) .  I t  may be 
seen  t h a t  la r g e  d is c r e p a n c ie s  e x i s t  betw een th e  i s o t r o p i c  and a n i s o t r o p ic  
r e s u l t s ,  am ounting to  more th a n  100$ in  c e r t a i n  s i t u a t i o n s ,  and o b v io u s ly  
such  d is c r e p a n c ie s  in d i c a te  th e  s i g n i f i c a n t  e f f e c t  t h a t  a n i s o t r o p ic  
c o n s id e ra t io n s  w i l l  have on p o in t  d e f e c t  c a l c u la t io n s  i n  a -u ran iu m . N ote 
t h a t  i n  F ig u re  5 .2 3  b e s t  ag reem en t betw een th e  a n is o t r o p ic  and  i s o t r o p i c  
r e s u l t s  i s  seen  a t  0=0 an d  %, and w o rs t a round  0=7t / 2 , w hereas th e  o p p o s ite  
s i t u a t i o n  o ccu rs  in  F ig u re  5 .2 4 . The d i s t o r t i o n  component (3|^ in  
F ig u re  5 .2 5  i s  p a r t i c u l a r l y  s t r i k i n g ,  and  i f  i t  i s  com pared w ith  F ig u re s
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5 .2 6  (P00) and 5 .2 7  (£ _ ) , i t  i s  seen  t h a t  th e  i s o t r o p i c  d i l a t a t i o n ,/ /  OO
(3 , i s  alw ays zero  w hereas t h i s  i s  n o t  th e  ca se  f o r  th e  d e f e c t  in  an
a n is o t r o p ic  body. Thus th e  c e n t r e  o f  d i l a t a t i o n  in  an  a n is o t r o p ic
body w i l l  have a  n o n -ze ro  i n t e r a c t i o n  w ith  a n o th e r  s im i la r  d e f e c t
(e q u a tio n  (5 .2 5 ) )  -  a s i t u a t i o n  w hich does n o t p r e v a i l  i n  an i s o t r o p i c
m a te r ia l .  F ig u re  5 .2 8  f o r  th e  component in c lu d e d  to  show t h a t
th e  d isc re p a n c y  a r i s i n g  from  th e  assu m p tio n  o f  is o t r o p y  i s  n o t  l im i t e d  to
th e  d ia g o n a l com ponents o f  th e  d i s t o r t i o n  f i e l d .
F ig u re s  5 .2 9  and  5 .3 0  show th e  component o f  th e  d isp la c e m e n t
f i e l d  due t o  a d ip o le  fo rc e  a l ig n e d  a lo n g  th e  cube d i r e c t io n s  Xj and x2
r e s p e c t iv e ly ,  and  c l e a r ly  show th e  e f f e c t  o f  m ic ro sco p ic  a n is o t ro p y ,  i . e .
th e  im portance  o f th e  a x is  o f  th e  d ip o le .  A lthough  F ig u re  5 .2 9  shows
v e ry  good ag reem en t between th e  i s o t r o p i c  and a n i s o t r o p ic  r e s u l t s ,  th e
more ty p ic a l  s i t u a t i o n  f o r  s in g le  d ip o le  f i e l d s  i s  t h a t  o f  s u b s t a n t i a l
d isag ree m en t a s  i n  F ig u re  5 .3 0 . We conclude t h a t  th e  e f f e c t  o f  a n is o t ro p y
on p o in t  d e f e c t  c a lc u la t io n s  i n  a-u ran ium  i s  im p o r ta n t b u t  t h a t  we a l s o
" r e q u ir e  a b e t t e r  knowledge o f  th e  morphology o f  d e fe c ts  i n  a -u ran iu m
to g e th e r  w ith  th e  n ecessa ry  l a t t i c e  fo rc e s  to  c o n s t r u c t  a d eq u a te  n o n - lo c a l
f o r c e  m odels o f  th e s e  d e f e c t s .
e) P r is m a tic  d i s lo c a t io n  lo o p s  i n  a-u ran ium
The o r i e n t a t i o n  and B urgers v e c to r s  o f  th e  d i s lo c a t i o n  lo o p s  form ed
i n  a-u ran iu m  by n e u tro n  i r r a d i a t i o n  have been d e te rm in e d  by Hudson [ 1964]•
Vacancy loops form  on (100) w ith  B urgers v e c to r  [100] w h i l s t  i n t e r s t i t i a l
/*2 2~lo o p s  form on (010) and have B urgers  v e c to r s  ^ y a  +b <110>. The lo o p s
w ere observ ed  to  l i e  i n  s h e e ts  c o -p la n a r  w ith  th e  lo o p  p la n e . The
e x is te n c e  o f  such  lo o p  fo rm a tio n s  i s  th e  b a s is  o f  o u r  e x p la n a t io n  o f  
* *
th e  grow th phenomenon in  th e  n e x t c h a p te r ;  i n  t h i s  s u b - s e c t io n  we 
p r e s e n t  sim ply  th e  f i e l d s  o f  su ch  o b served  d i s lo c a t io n  lo o p s  a s  c a l c u la te d  
by b o th  a n is o t r o p ic  and i s o t r o p i c  e l a s t i c i t y  t h e o r i e s ,  which s e rv e s  to
-1 4 4 -
i n d i c a t e  th e  in a d e q u a c ie s  o f  th e  l a t t e r  t r e a tm e n t .  The i s o t r o p i c  f i e l d s  
w ere e v a lu a te d  by n u m erica l q u a d ra tu re  o f  th e  P each -K o eh le r e x p re s s io n ,  
e q u a t io n  (3 .1 3 ) '.
I n  o rd e r  t h a t  we may e v a lu a te  bo th  th e  a n i s o t r o p ic  s t r e s s  f i e l d  o f  
a  d i s lo c a t i o n  lo o p  and a l s o  th e  a n i s o t r o p ic  lo o p -lo o p  i n t e r a c t i o n  en erg y  
we n eed  to  o b ta in  th e  d i s t o r t i o n  f i e l d  o f  th e  d i s lo c a t io n  lo o p , and f o r  
re a so n s  o f  Speed o f  e v a lu a t io n  as p re v io u s ly  m en tioned , th e  e x p re s s io n  
g iv e n  by W i l l i s  ( e q u a t io n  ( 3 .3 0 ) ) ,  was g e n e ra l ly  u s e d . We s h a l l  b r i e f l y  
d e s c r ib e  h e re  th e  way in  w hich th i s  e x p re s s io n  was u se d  i n  n u m e rica l 
a p p l ic a t io n .
The d i s t o r t i o n  f i e l d  of a n  e l l i p t i c a l  d i s lo c a t io n  lo o p , e q u a t io n  
(3 .3 0 ) i s
—where k i s  a v e c to r  in  th e  u n i t  c i r c l e ,  k a  n  = 1, n = lo o p  no rm al,
im a g in a ry  p a r t  and D i s  g iv e n  by ( 3 .1 7 ) .  The r a d i i  o f  th e  e l l i p s e  a re  a 
and b .
F o r a c i r c u l a r  d i s lo c a t io n  lo o p , w ith  a=b=R, t h i s  may be e x p re s s e d
la b  ~ ,—r -  C • b n ,  2k  Im rs  m 1
(5 .3 1 )
N N Nk . n  = 0 . k = k +  p n a re  th e  s o lu t io n s  o f  D(k )=0 w ith  p o s i t i v e
a s
(5 .3 2 )
L N=1
We may e v a lu a te  f  once f o r  a l l  r .  F o r c e r t a i n  k  v a lu e s  around
th e  u n i t  c i r c l e  we may have (when | r |  R)
R2 ~  r e a l [ ( k N. r ) 2 ] (5 .3 3 )
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w hich c l e a r l y  shows t h a t  t h e  i n t e g r a l  does n o t converge u n ifo rm ly .
In  a d d i t io n ,  a t  r on=0 , t h a t  i s ,  i n  th e  loop  p la n e , we se e  t h a t  f o r  
| r  | :>, R, th e n  f o r  some k
R2 = (kN. r ) 2 (5 .3 4 )
w hich i s  th e  p o s i t i o n  o f  a th r e e - h a lv e s  s in g u la r i t y  in  th e  in te g ra n d .  An 
e f f i c i e n t  way o f  n u m e ric a lly  e v a lu a t in g  an u n e q u a lly  co n v e rg in g  i n t e g r a l  
i s  by an  a d a p t iv e ,  n o n -re c u rs iv e  N ew ton-Cotes method [D avis and  R ab inow itz  
1967]0 To m eet ou r re q u ire m e n ts  such  a method was programmed to  
i n t e g r a t e  a  n in e  component v e c to r  u s in g  a Sim pson’s r u le  ap p ro x im a tio n  
o p e ra t in g  on each  i n t e r v a l  o f  the  f u l l  range d iv id e d  in to  th r e e  eq u a l 
s e c t io n s .  The ro u t in e  im poses th e  convergency  c o n d i t io n  o v e r th e  a b s o lu te  
v a lu e  o f th e  fu n c t io n  r a th e r  th a n  o v e r  i t s  d e r iv a t iv e s  a s  in  m ost 
r e c u r s iv e  m ethods and  t h i s  ap p ea rs  to  p re v e n t  e x c e s s iv e  s u b d iv is io n  o f  th e  
i n t e r v a l s .  B ecause th e  ro u t in e  w i l l  su b d iv id e  th e  i n t e r v a l  a c c o rd in g  to  
a Sim pson’ s method we know th e  p o s i t io n s  a t  which th e  fu n c t io n  may need  to  
-be e v a lu a te d  a t  t o  a c h ie v e  s u c c e s s fu l  q u a d ra tu re ; th u s  th e  r o u t in e  f i r s t  
e v a lu a te s  and s t o r e s  th e  fu n c tio n  f .  (kN) and kN a t  163 e q u a l ly  spaced
'XmrJ
i n t e r v a l s  o v e r  th e  ran g e  0 , 7t .  T h is  i s  e q u iv a le n t  to  f o u r  s u c c e s s iv e
s u b d iv is io n s  o v e r  th e  range  0 , 7c, and i s  u s u a l ly  s u f f i c i e n t  to  a c h ie v e
s u c c e s s fu l  q u a d ra tu re .  In  a d d i t io n ,  because  f .  (k^) and k^ a re
■^P
sm oothly  v a ry in g  fu n c tio n s  around th e  u n i t  c i r c l e ,  a c u b ic  s p l in e  i s  f i t t e d
to  them w hich  i s  a c c u ra te  t o  s ix  s i g n i f i c a n t  f i g u r e s » Then, i f  co nvergence
can n o t be o b ta in e d  u s in g  th e  f ix e d  e v a lu a t io n s  a lo n e  th e  r o u t in e  c o n tin u e s
to  s u b d iv id e  th e  s u b - in te r v a l  which i s  n o n -co n v erg en t and  em ploys th e
c u b ic  s p l in e  f i t  to  e v a lu a te  th e  fu n c t io n .  I f  co nvergence  h as  n o t  been  
* 0
o b ta in e d  a f t e r  te n  s u c c e s s iv e  s u b d iv is io n s  o f  th e  f u l l  ran g e  0 , 7t, i n  a 
p a r t i c u l a r  s u b - in te r v a l ,  th e n  th e  f i n a l  ap p ro x im atio n  i s  a c c e p te d .  T h is  
a rran g em en t ap p ea rs  to  be th e  b e s t  com prom ise betw een th e  s to ra g e  
problem s o f  th e  f ix e d  e v a lu a t io n s  and  th e  more tim e consum ing s p l in e
f i t t i n g  m ethod. F o r c e r t a i n  low  in d e x  p la n e s  o f  th e  lo o p  th e  s e x t i c  
red u ces  to  a cu b ic  w hich , when e v a lu a te d  a t  some k v a lu e s  a lo n g  h ig h  
symmetry d i r e c t i o n s ,  h as  double r o o ts .  Then in  e q u a t io n  (5 .3 1 ) we have 
3D(kN)...
—z —-----  — > 0 . A p p lic a t io n  o f  th e  Cauchy theorem  o f  th e  d e r iv a t iv e
q
shows t h a t ,  a l th o u g h  f . (k^) :— -> ± oo f o r  th e  double r o o ts ,  th e  whole 
in te g r a n d  has a co n v e rg e n t v a lu e .  However, i t  i s  d i f f i c u l t  to  f i t  a 
c u b ic  s p l in e  n e a r  th e se  p o in t s  a s  th e  fu n c t io n  may v a ry  r a p id ly .  The 
ro u tin e  lo c a te s  th e s e  doub le  r o o t  p o s i t i o n s  by em ploying th e  c h a r a c t e r i s t i c  
n a tu re  o f  th e  ro o ts  o f  a c u b ic  and th e n  f i t s  c u b ic  s p l in e s  to  th e  re g io n s  
betw een th e  end p o in ts  o f ' t h e  f u l l  i n t e r v a l  and su ch  doub le  ro o t  
p o s i t i o n s ,  le a v in g  a band a b o u t th e se  p o s i t io n s  u n f i t t e d .  W henever th e  
ro u t in e  r e q u ir e s  th e  e v a lu a t io n  o f  th e  fu n c t io n  w ith in  su ch  a band i t  
s o lv e s  th e  s e x t i c  e q u a tio n  a t  t h a t  p o in t ,  i n  th e  same way a s  f o r  th e  
i n i t i a l  f ix e d  p o s i t i o n s ,  and th e n  s to r e s  th e  fu n c t io n  and  p o s i t i o n  v a lu e s .  
Thus r e - e v a lu a t io n  o f  th e  fu n c t io n  a t  th e s e  p o s i t io n s  i s  u n n e c e ssa ry . To 
f u r t h e r  reduce th e  com p u ta tio n  tim e , th e  i n t e g r a l  i s  e v a lu a te d  on ly  
betw een th e  l i m i t s  0 , 7t; t h i s  i s  due to  th e  f a c t  t h a t  th e  in te g ra n d  may be 
shown to  be sym m etric a b o u t % [S a v in o ,1972]. The ro u t in e  i s  a d a p ta b le  so  
t h a t  th e  e r r o r  check  may be a p p l ie d  in d iv id u a l ly  to  a l l  n in e  com ponents o f  
f . (k  ) o r  a l t e r n a t i v e l y  to  o n ly  th e  m ost s i g n i f i c a n t  com ponent. T h is•I-Jr
m ethod reduces th e  c o m p u ta tio n a l e f f o r t  to  a n  a c c e p ta b le  l e v e l  and i s
p a r t i c u l a r l y  w e ll  s u i te d  to  p roblem s r e q u ir in g  a la rg e  number o f
e v a lu a t io n s  o f  th e  s t r e s s  f i e l d ,  f o r  exam ple, th e  lo o p - lo o p  i n t e r a c t i o n
en e rg y . The b a s ic  f e a tu r e s  o f th e  m ethod were d ev e lo p ed  w ith  Sav ino  [-1972]
and we have developed  and e x p lo i te d  th e  method to  s tu d y  th e  s t r e s s  f i e l d s  
• *
o f  d i s lo c a t i o n  lo o p s , p o in t  d e fe c t> -d is lo c a tio n  lo o p  i n t e r a c t i o n s  and 
lo o p - io o p  i n t e r a c t i o n s .
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The fo llo w in g  f ig u r e s  have been p re p a re d  to  i l l u s t r a t e  th e  e f f e c t  
o f  a n is o tro p y  on th e  v a r ia t io n s  o f  th e  d i s t o r t i o n ,  d i l a t a t i o n ,  s t r e s s  and
d i s lo c a t io n  lo o p s  i n  a -u ran iu m . The f ig u r e s  a l s o  in c lu d e  th e  
c o rre sp o n d in g  i s o t r o p i c  r e s u l t  g iv e n  by th e  b roken  c u rv e . The 
d i r e c t io n s  a long  w hich th e  v a r io u s  f i e l d s  o f  th e  d i s lo c a t i o n  lo o p s  a re  
e v a lu a te d  a r e  shown i n  F ig u re  5 .3 1 . Thus i n  F ig u re  5 .3 2  we g iv e  th e  
- d i s t o r t i o n  f i e l d  component p ^  o f  th e  o b se rv ed  vacancy loop  (norm al 
= [100]> b = [ a ,0,o]) a s  a fu n c t io n  o f  d is ta n c e  a lo n g  ^ 2^2 m easured  ^ 1X3111 
P ^ . The i s o t r o p i c  r e s u l t  v a r i e s  much more s e n s i t i v e ly  th a n  th e  
c o rre sp o n d in g  a n is o t r o p ic  c u rv e , and  g e n e ra l  agreem ent i s  seen  to  o c c u r  a t  
a d is ta n c e  o f  ab o u t 4R (R = lo o p  r a d i u s ) ; t h i s  d is ta n c e  g e n e r a l ly  
a f f o r d in g  such  ag reem en t. Beyond t h i s  d i s t a n c e . t h e  i n f i n i t e s i m a l  loop  
ap p ro x im atio n  i s  g e n e ra l ly  q u i te  good. The (3^2 comP °n en t o f  th e  d i s t o r t i o n
i s  p lo t t e d  a g a in s t  d is ta n c e  a lo n g  ^ 2^2 F^Su re  5.31 i n  F ig u re  5 .3 3 , and  
a s  i n  th e  p re v io u s  f ig u r e ,  th e  d isc re p a n c y  betw een th e  i s o t r o p i c  and
-a n is o t ro p ic  r e s u l t  w hich i s  th e  more s e n s i t i v e .  In  F ig u re  5 .3 4  we show 
th e  p u  component o f  th e  d i s t o r t i o n  f i e l d  o f  th e  vacancy lo o p  i n  
-a-uranium  a g a i n s t  th e  d is ta n c e  a lo n g  th e  a x i s  o f  th e  lo o p , i . e .  th e  v a r i a t i o n  
o f  p j a lo n g  o f  F ig u re  5 .3 1 . The i s o t r o p i c  r e s u l t ,  a l th o u g h
s im i la r  i n  g e n e ra l  form , i s  ap p ro x im ate ly  \Ofo d i f f e r e n t  from  the  a n i s o t r o p ic  . 
r e s u l t  a t  th e  m ost s i g n i f i c a n t  p a r t  o f  th e  c u rv e s .  I n  a d d i t io n  i t  may 
be seen  t h a t  th e  two peaks o f  th e  a n i s o t r o p ic  cu rve  o c c u r a t  p o s i t i o n s  
s l i g h t l y  c lo s e r  e i t h e r  s id e  o f  th e  lo o p  p la n e  th a n  do th e  e q u iv a le n t  
i s o t r o p i c  p eak s . The d i s t o r t i o n  component p^g o f  th e  i n t e r s t i t i a l  lo o p
th e  loop  a x is  i n  F ig u re  5 .3 5 . Here th e  m ost pronounced d is c re p a n c y
h y d r o s ta t ic  s t r e s s  f i e l d s  in  v a r io u s  d i r e c t io n s  n e ig h b o u rin g  th e  c i r c u l a r
f i e l d  o f  th e  i n t e r s t i t i a l  loop  (norm al
a n is o t r o p ic  r e s u l t s  i s  a s  much a s  5C$, a l th o u g h  i n  t h i s  f ig u r e  i t  i s  th e
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FIGURE .5.31
TO ILLUSTRATE THE D IR E C T IO N S  ALONG WHICH 
THE VARIOUS FIELDS OF THE CIRCULAR DISLOC^ 
m  c ' - U  ARE EVALUATED
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FIGURE 5.32
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FIGURE 5 .3 3
THE DISTORTION FIELD A  3 2  OF A CIRCULAR INTERSTITIAL 
DISLOCATION LOOP IN o C -  URANIUM 
LOOP NORMAL = [ 0 1 0 3  £*» '/2 •ia2 + b 2' [TTo]
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FIGURE 5 . 3 4
THE DISTORTION FIELD £ \ \  Or  A CIRCULAR VACANCY 
DISLOCATION LOOP IN 0 < -URANIUM  
LOOP NORMAL = 11003 £  = [ a o o ]
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-F IG U R E  5 .3 5
THE DISTORTION FIELD ^ 3 3  OF A CIRCULAR INTERSTITIAL 
' DISLOCATION LOOP IN © C - URANIUM 
LOOP NORMAL = [ O I O h  £  = b2'l ITo]
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. FIGURE 5 . 3 6
THE STRESS FIELD P s 3  OF A CIRCULAR INTERSTITIAL 
DISLOCATION LOOP IN oC - U RANIUM 
LOOP NORMAL = [O IO L  £  =r I/ 2 N/ a 2 'hb2‘[Tro]
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FIGURE 5 . 3 7
THE STRESS FIELD ? 3 3  OF A CIRCULAR VACANCY 
DISLOCATION LOOP IN c< -  URANIUM 
LOOP NORMAL = [1 0 0 3 .  £  = [ a , o , o ]
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FIGURE 5 . 3 8
THE HYDROSTATIC STRESS FIELD Pii OF A CIRCULAR VACANCY 
DISLOCATION LOOP IN ©C — URANIUM 
LOOP NORMAL =* [ l O O l . £  = [a ,o ,o ]
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FIGURE 5-39
THE DILATATION FIELD ^ i i  OF A CIRCULAR VACANCY 
DISLOCATION LOOP IN oC —URANIUM 
LOOP NORMAL =  [ I O O ] . £• =
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betw een th e  i s o t r o p i c  and a n i s o t r o p ic  cu rv e  o c c u rs  a t  a d is ta n c e  o f  
ap p ro x im a te ly  one loop  r a d iu s  up th e  a x i s  from  th e  loop  p la n e . A gain  
we s e e ,  a s  i n  a l l  th e  r e s u l t s ,  t h a t  th e  f i e l d s  o f th e  lo o p  d ie  o f f  v e ry  
q u ic k ly  ( in  f a c t ,  a s  1/ r  a s  i s  obv ious from  th e  a sy m p to tic  l i m i t  o f  
e q u a tio n  (3 .9 )  and th e  f a c t  t h a t  th e  second  d e r iv a t iv e  o f  G v a r i e s  a s  1/ r  ) .  
In  F ig u re s  5 .3 6  and 5 .3 7  we p r e s e n t  g rap h s  o f  th e  s t r e s s  com ponent p ^  
v a r ie d  a g a i n s t  th e  d is ta n c e  a lo n g  a s  depj-c t ed i n  F ig u re  5 .3 1 .
F ig u re  5 .3 6  i s  f o r  an i n t e r s t i t i a l  loop  h av in g  B urgers v e c to r  
b = \  * / a +b [TTo], w h i l s t  F ig u re  5 .37  i s  a p p ro p r ia te  to  th e  o b se rv ed  
vacancy  lo o p  i n  a -u ran iu m . In  b o th  f ig u r e s  we see  t h a t  a s i g n i f i c a n t  
d isc re p a n c y  e x i s t s  betw een th e  i s o t r o p i c  and a n is o t r o p ic  r e s u l t s  from  th e  
p o s i t i o n  on th e  loop  a x is  o u t  to  a b o u t fo u r  lo o p  r a d i i  where th e  f i e l d  has 
dropped o f f  to  a v a lu e  ap p ro ach in g  z e ro . Both f ig u r e s  a l s o  show th e  
e f f e c t  o f  th e  a n i s o t r o p ic  peak  occu rring  a t  a d i f f e r e n t  p o s i t io n  th a n  t h a t  
o f  th e  i s o t r o p i c  c u rv e . F ig u re  5 .3 8  shows th e  v a r i a t i o n  o f  h y d r o s ta t i c  
s t r e s s  w ith  d is ta n c e  a lo n g  ^ ^ 2  the vacancy 1°°P  i n ctr-uranium, w here th e  
l a r g e s t  d isc re p a n c y  o ccu rs  a t  a p o s i t i o n  on th e  a x is  o f  th e  lo o p . The 
v a r i a t i o n  o f  th e  d i l a t a t i o n  f i e l d  o f  th e  vacancy  loop  w ith  p o s i t i o n  up th e  
lo o p  a x is  i s  shown i n  F ig u re  5 .3 9 .
I t  may be seen  i n  th e se  f ig u r e s  t h a t  th e r e  i s  g e n e r a l ly  a s i g n i f i c a n t
d if f e r e n c e  betw een th e  i s o t r o p i c  and th e  a n i s o t r o p ic  f i e l d s  o f  d i s lo c a t i o n
lo o p s  i n  a -u ran iu m , and  we th e re fo re  c o n s id e r  t h a t  th e  in c o rp o r a t io n
o f  a n i s o t r o p ic  e l a s t i c i t y  th e o ry  o v e r  i s o t r o p i c  m ethods i n  t h e  s tu d y  o f
p ro c e s s e s  in v o lv in g  d i s lo c a t io n  lo o p s  in  a -u ran ium  m ig h t w e ll  r e s u l t  i n
s i g n i f i c a n t l y  d i f f e r e n t  c o n c lu s io n s . I n  f a c t  we s e e  i n  th e  n e x t c h a p te r
t h a t  th e s e  d is c re p a n c ie s  do p la y  a s i g n i f i c a n t  r o le  i n  p ro v id in g  
* *
a  more a c c u ra te  e x p la n a tio n  th a n  g iv e n  h i t h e r t o  o f  th e  phenomenon o f  
grow th  in  a -u ran iu m 0
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CHAPTER 6
The A g g re g a tio n  o f  P o in t D e fe c ts  and  th e  Phenomenon o f  grow th
i n  a-U ranium
6.1 In t r o d u c t io n
I n  t h i s  c h a p te r  we f i r s t  d e f in e  th e  meaning o f  grow th  i n  a -u ran ium  
and th e n  d is c u s s  th e  v a r io u s  p re v io u s  e x p la n a tio n s  g iv e n  f o r  t h i s  
phenomenon. In  s e c t io n  6 .3  we s t a t e  why p o in t  d e f e c t - d i s lo c a t io n  loop 
in t e r a c t i o n s  a re  r e le v a n t  and g iv e  r e s u l t s  o f  such  a n i s o t r o p ic  e l a s t i c  
c a l c u la t io n s .  S e c tio n  6 .4  d e a ls  i n  a  s im i la r  way w ith  lo o p -lo o p  i n t e r -  
- a c t io n  en e rg y  c a l c u la t io n s ,  and f i n a l l y ,  we summarise th e  im po rtan ce  w hich 
sh o u ld  be a t ta c h e d  to  th e  in c lu s io n  o f  a n iso tro p y  i n  e l a s t i c  s tu d ie s  o f  
phenomena such  a s  grow th i n  a -u ran ium  and  o th e r  a n i s o t r o p ic  m a te r i a l s .
6 .2  The d e f i n i t i o n  o f  grow th
The m ost s p e c ta c u la r  m a n if e s ta t io n  of r a d i a t i o n  damage i n  a -u ran ium  
i r r a d i a t e d  by th e rm a l n e u tro n s  i s  i t s  d im en sio n a l i n s t a b i l i t y .  U nder 
i r r a d i a t i o n ,  th e  shape o f  a uranium  s in g le  c r y s t a l  i s  changed; i t  
expands a lo n g  [0 1 0 ], c o n t r a c ts  by an  e q u a l f r a c t i o n  a lo n g  [lO O ], an d  
rem ains u n a l te r e d  a lo n g  [0 0 l]  [ K i t t e l  and  P a in e ,1955], th e  o v e r a l l  volume 
change a t  te m p e ra tu re s  below  400°C b e in g  n e a r ly  z e ro . The s t r u c t u r e  
rem ains o rth o rh o m b ic . T h is phenomenon i s  c a l l e d  ’g ro w th ’ .
Growth was f i r s t  o b se rv ed  by K i t t e l  an d  P a in e  [1955] a f t e r  
i r r a d i a t i o n  a t  room te m p e ra tu re . The le n g th s  a lo n g  [o io ]  and  [lOO] 
were fo u n d  to  v a ry  e x p o n e n t ia l ly  w ith  th e  b u rn -u p , t ,- w hich i s  th e  r a t i o  
o f  th e  number o f  f i s s io n e d  atom s to  th e  t o t a l  number o f  atom s. The 
grow th r a t e ,  g, h as  been i n i t i a l l y  d e f in e d  a s :
1 and  1 b e in g  th e  le n g th s  a f t e r  and b e fo re  i r r a d i a t i o n ,  and a t  h ig h  
b u rn -u p s (> 5 x 10 ) ,  g  ta k e s  a c o n s ta n t  v a lu e .  Growth g iv e s  a
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m acroscop ic  ev id en ce  f o r  th e  a to m ic  t r a n s p o r t  due t o  eac h  f i s s i o n  e v e n t .  
C o n s id e r  a  c u b ic - s in g le  c r y s t a l  w ith  edges p a r a l l e l  to  th e  p r i n c i p a l  
d i r e c t io n s  and  c o n ta in in g  No a tom s. I f  one f i s s i o n  t r a n s f e r s  q atoms from  
th e  ( 100) s u r fa c e  to  th e  (010) s u r f a c e ,  th e  le n g th  a lo n g  [010] in c r e a s e s  
by A l / l 0 = q/N o, and  a f t e r  a bu rn-up  t , i . e .  Not f i s s i o n  e v e n ts ,  one 
has A l / l o = Tq o r  g^=qD The grow th r a t e  a t  h ig h  b u rn -u p s  i s  found  to  be 
e q u a l to  th e  number o f  atoms t r a n s f e r r e d  p e r  f i s s i o n  from a 
(100) to  a (010) s u r f a c e  o f  th e  c r y s t a l .  One th e n  e x p e c ts  t h a t  th e  l a r g e r  
number o f  s u b s i s t in g  d e fe c ts  ( i . e .  th e  low er th e  i r r a d i a t i o n  te m p e ra tu re )  
th e  h ig h e r  th e  grow th  r a t e ,  a s  i s  in d e ed  o b served  [L e te u r te  and Q u ere ,1 9 7 2 ], 
In  a d d i t io n ,  grow th does n o t s a tu r a t e  b u t  goes on a t  h ig h  b u rn -u p s  t i l l  
th e  d e s t r u c t io n  o f  th e  sam ples [L e te u r te  and Q u e re ,1972],
Hudson e t  a l  [1962] and , a g a in ,  Hudson [1964-] p re p a re d  th in  f o i l s  
o f  uranium  which were th e n  i r r a d i a t e d  to  a range o f  b u rn -u p s  a t  te m p e ra tu re s  
o f  -1 9 5 ° ,8 0 °  and 350°C. In  a l l  c a se s  d is lo c a t io n  lo o p s  o r  u n re so lv e d  
d o ts  w ere o b se rv ed . A t a g iv en  i r r a d i a t i o n  te m p e ra tu re , in c r e a s in g  th e  
bu rn -up  in c re a s e d  th e  s i z e  o f th e  lo o p s . A t a g iv e n  b u m -u p , in c r e a s in g  
th e  i r r a d i a t i o n  te m p e ra tu re  low ered  th e  loop  d e n s i ty  and in c re a s e d  th e  
av e rag e  d ia m e te rs  o f  th e  lo o p s . These r e s u l t s  a r e  q u i te  g e n e ra l  and a r e  
o b ta in e d  in  any m a te r ia l  i r r a d i a t e d  w ith  f i s s i o n  fra g m e n ts .
The c r y s ta l lo g ra p h y  and B urgers  v e c to r s  o f  th e se  lo o p s  was a l s o
s tu d ie d .  The d i s lo c a t io n  lo o p s  a re  p e r f e c t  and l i e  on (010) and  ( 100)
/ 2 2
-p la n e s  w ith  B urgers v e c to r s  \  v  a  +b <110> and [lOO] r e s p e c t iv e ly ;  th e  
lo o p s  on ( 100) a r e  vacancy and  th o se  on (010 ) i n t e r s t i t i a l .  The grow th  
phenomenon can  be e x p la in e d  i n  term s o f  th e  fo rm a tio n  and  movement o f  
th e s e  lo o p s .
B efo re  Hudson’ s e x p e rim e n ta l ev id en ce  t h a t  grow th i s  th e  r e s u l t  
o f  an  a n i s o t r o p ic  p o in t  d e f e c t  c o n d e n sa tio n , s e v e ra l  c o n f l i c t i n g  th e o r i e s  
w ere p roposed  to  e x p la in  th e  t r a n s p o r t  o f  a tom s from  ( 100) to  (0 1 0 ) p la n e s  
and we s h a l l  b r i e f l y  m ention  th e s e  nowc
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S e ig le  and O p insk i [1957] a t t r i b u t e d  i t  to  a n  a n is o t r o p ic  m ig ra tio n  
o f  p o in t  d e f e c ts .  G onser [ i9 6 0 ]  su g g es ted  t h a t  th e  a n i s o t r o p ic  m o b i l i ty  
c o u ld  be due t o  fo c u s s in g  rep la cem e n t c o l l i s i o n s  r a t h e r  th a n  due to  
th e rm a l d i f f u s io n .  Pugh [ i9 6 0 ]  and  C o t t r e l l  [1953] a s c r ib e d  th e  a to m ic  
t r a n s f e r  to  p l a s t i c  d efo rm a tio n  p roduced  by s t r e s s e s  i n  th e  h e a te d  re g io n  
su rro u n d in g  th e  f i s s i o n  t r a c k .  F in a l ly ,  Buckley [1962] p roposed  t h a t  th e  
l o c a l  th e rm a l s t r e s s e s  due to  th e  th e rm al sp ik e  i n  a d isp la c e m e n t cascad e  
in d u c e  an  a n i s o t r o p ic  c o n d e n sa tio n  o f  p o in t  d e f e c ts  due to  th e  th e rm a l 
ex p an sio n  a n is o tro p y  o f  a -u ran iu m .
Thomson [1961] i r r a d i a t e d  uranium  w ith  3 MeV p ro to n s  w hich p roduce 
m a in ly  p o in t  d e f e c ts  and few  c a s c a d e s . For e q u a l numbers o f  d e fe c ts  
c r e a te d ,  i t  was found t h a t  th e  p ro to n -in d u c e d  grow th was s m a l le r  th a n  th e  
n e u tro n - in d u c e d  grow th by a t  l e a s t  an o rd e r  o f  m agn itude , w hereas i f  
a n i s o t r o p ic  m ig ra tio n  o f p o in t  d e fe c ts  o r  fo c u s s in g  re p la cem e n t c o l l i s i o n s  
w ere th e  o p e ra t iv e  f a c t o r  o f  grow th th e  o p p o s ite  e f f e c t  would be 
e x p e c te d . Thus t h i s  experim en t r u le s  o u t S e ig le  and O p in s k i’ s [1957] 
and G o n se r’s [1960] m odels. By com puting  th e  i s o t r o p i c  a c t i v a t i o n  en e rg y  
n e c e s s a ry  t o  n u c le a te  a d i s lo c a t io n  loop  u n d er a th e rm a l s t r e s s  to  be 
~  30 e V ., Buckley [19623 concluded  t h a t  th e rm a l f lu c t u a t i o n s  a round  th e  
f i s s i o n  t r a c k  c o u ld  n o t p o s s ib ly  n u c le a te  such  a lo o p  and  so d is c o u n te d  
th e  m odels p rop o sed  by Pugh [ i9 6 0 ]  and C o t t r e l l  [1 9 5 3 ]. B u ck ley ’s model 
p ro p o ses  t h a t  th e  th e rm a l s t r e s s e s  n e a r  th e  th e rm al sp ik e  a re  s u f f i c i e n t
 to  n u c le a te  lo o p s  and t h a t ,  to g e th e r  w ith  the  a n i s o t r o p ic  th e rm a l
ex p an s io n  o f  a -u ran iu m , one would e x p e c t lo o p s  to  n u c le a te  i n  th e  o b serv ed  
o r i e n t a t i o n s .  T h is  model was s u b s ta n t i a te d  when i t  was shown t h a t  
hexagona l m e ta ls  w ith  a n i s o t r o p ic  th e rm a l ex p an sio n  c o e f f i c i e n t s ,  such  a s  
Zn,Cd and  Zr e x h i b i t  g row th .
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Hudson [1964] has o b se rv ed  th a t  some o f  th e se  lo o p s  a r e  c i r c u l a r
o
w ith  a d ia m e te r  o f  a s  much a s  800-1000 A and s in c e  th e  lo o p s  l i e  in  
s h e e ts ,  th e  lo o p s  c o p la n a r  w ith  th e  s h e e t s ,  th e  manner o f  th e  grow th o f 
th e  lo o p s  and  t h e i r  re -a rra n g e m e n t m ust th e r e f o r e  a l s o  be e x p la in e d .
Hudson c o n s id e re d  th e  i n t e r a c t i o n  o f  l i k e  lo o p s  to  a t te m p t to  e x p la in  
th e  re -a rra n g e m e n t o f  th e  lo o p s  in to  s h e e t s ;  he employed th e  r e s u l t s  
o f  Foreman and E shelby  [1962] who s tu d ie d  th e  e l a s t i c  i n t e r a c t i o n  en e rg y  
o f  a p a i r  o f  in f i n i t e s i m a l  p r is m a tic  d i s lo c a t io n  lo o p s  i n  an i s o t r o p i c  
medium. Hudson found  t h a t  th e  i n t e r a c t i o n  o f a p a i r  o f  th e  o b se rv ed  
i n t e r s t i t i a l  lo o p s  would have a r e s u l t in g  e q u i l ib r iu m , on t h i s  b a s i s ,  
when th e  l i n e  jo in in g  th e  two c e n tre s  made an  a n g le  o f  ~  40° w ith  th e  
loop  p la n e , and  t h a t  a s i m i l a r  s i t u a t i o n  e x i s t s  f o r  a p a i r  o f  vacancy  
i o o p s .  He su g g e s te d  t h a t  th e  lo o p s co u ld  become c o -p la n a r  by th e  e f f e c t  
o f  c lim b , and th u s  form b ig g e r  loops u n t i l  a com plete s h e e t  o f atom s i s  
removed (1 0 0 ), o r  added (0 1 0 ) . I t  w ould be u s e f u l  to  make an  a n i s o t r o p ic  
s tu d y  o f  l i k e  and u n l ik e  lo o p -lo o p  in t e r a c t i o n s  in  w h ich  th e  f i n i t e  s iz e  
o f  th e  lo o p s  a re  co n s id e re d  i n  o rd e r  t h a t  we may e s t im a te  i f  c lim b  i s  as 
im p o r ta n t a s  i s  su g g e s te d  by Hudson. I n  a d d i t io n ,  a p o in t  d e f e c t - d i s lo c a t io n  
loop  i n t e r a c t i o n  s tu d y  would be u s e fu l  to  see  i f  a n is o tro p y  p r e d ic t s  th e  
- p r e f e r e n t i a l  grow th  o f  a p a r t i c u l a r  ty p e  o f  lo o p  on a  p a r t i c u l a r  p la n e .
6o3 The growth o f  d i s lo c a t io n  lo o p s i n  a -u ran ium
The phenomenon o f  grow th o f  a -u ran iu m  c o n s i s t  e s s e n t i a l l y  o f  th r e e  
p a r t s ;  f i r s t l y  th e  d i s lo c a t io n  lo o p s  a re  n u c le a te d  in to  p r e f e r e n t i a l  
p la n e s  by th e  i r r a d i a t i o n  [B u c k le y ,1962]. S econd ly , th e s e  lo o p s  m ust grow 
a s  v e ry  la r g e  c i r c u l a r  lo o p s  have been  o b served  [H udson ,1964], and  
f i n a l l y ,  th e  vacancy  and  i n t e r s t i t i a l  lo o p s  m ust a t t r a c t  t h e i r  own k in d  
a s  th e y  a re  s e e n  t o  form  in t o  s h e e t s ,  and  m ust n o t  te n d  to  a n n i h i l a t e  
by u n l ik e  lo o p  c o a le s c e n c e . We c a n n o t d is c u s s  th e  lo o p  n u c le a t io n  s ta g e  
w ith in  o u r fram ew ork and we a c c e p t  B uck ley ’ s p ro p o s a l t h a t  th e  d i s lo c a t i o n
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lo o p s  form  p r e f e r e n t i a l l y  on th e  o b served  p la n e s .  In  o rd e r  t h a t  th e  
o b se rv ed  d i s lo c a t io n s  grow th e y  m ust p r e f e r e n t i a l l y  a t t r a c t  p o in t  d e fe c ts  
o f  t h e i r  own ty p e . To s tudy  t h i s  e l a s t i c a l ly - w e  need to  know th e  
i n t e r a c t i o n  o r  f o r c e  f i e l d  betw een a d i s lo c a t io n  lo o p  o f  th e  o b serv ed  
ty p e  and th e  p o in t  d e f e c t .  As we have m entioned  p r e v io u s ly ,  we do n o t  
have a v a i la b le  th e  l a t t i c e  fo r c e s  n e c e s sa ry  to  s im u la te  a n o n - lo c a l  
fo rc e  model o f  th e  p o in t  d e f e c t ,  and  th u s  o u r  s im u la tio n  o f  th e  p o in t  
d e f e c t  w i l l  be r e s t r i c t e d  to  th e  crude lo c a l  f o r c e  m odel. However, we 
f e e l  t h a t  such  a lo o p -p o in t  d e f e c t  i n t e r a c t i o n  en e rg y  s tu d y  i s  s t i l l  
u s e f u l ,  p a r t i c u l a r l y  i n  th e  c a se  o f  the  vacancy  lo o p -v acan cy  p o in t  d e f e c t  
as  o u r lo c a l  fo rc e  model i s  p ro b ab ly  more a p p l ic a b le  to  v a c a n c ie s  th a n  
i n t e r s t i t i a l s .
In  t h i s  s e c t io n  we p r e s e n t  c o n to u r  p lo t s  o f  th e  is o -e n e rg y  o f  
i n t e r a c t i o n  betw een th e  o b se rv ed  ty p e  o f  d i s lo c a t io n  lo o p s  and  a lo c a l  
f o r c e  model ( d i l a t a t i o n  c e n tre )  o f a p o in t  d e f e c t  o f  th e  same ty p e  ( i . e .  
vacancy o r  i n t e r s t i t i a l )  a s  th e  d i s lo c a t io n  lo o p . The is o -e n e rg y  c o n to u rs  
a re  e v a lu a te d  f o r  th e  p o in t  d e f e c t  h av in g  i t s  c e n t r e  s i t u a t e d  a t  p o in t s  
i n  p la n e s  w hich p ass  th ro u g h  th e  c e n t r e  o f  th e  d i s lo c a t io n  lo o p . F ig u re
6.1  shows th e  p o s i t i o n  o f  th e s e  p la n e s  r e l a t i v e  to  th e  d i s lo c a t i o n  
lo o p .
The e x p re s s io n  f o r  th e  i n t e r a c t i o n  betw een an  i s o t r o p i c  p o in t  d e f e c t  
s im u la te d  by a s t a r  o f  double f o r c e s  an d  an a n i s o t r o p ic  d i s lo c a t i o n  lo o p  
i s  g iv e n  ap p ro x im a te ly  a s ,  e q u a t io n  (3 .9 0 )
w here p ^ ( x )  i s  th e  h y d r o s ta t ic  s t r e s s  o f  th e  d i s lo c a t i o n  lo o p  a t  th e  
c e n t r e  o f  th e  p o in t  d e fe c t  and r Q(l+S) i s  th e  in c lu s io n  ra d iu s  w i th  6 th e  
m i s f i t  p a ra m e te r . We a r e  u n ab le  to  g iv e  an a c c u r a te  e s t im a te  o f  th e
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FIGURE S.'S
THE RELATIONSHIP OF THE PLANES IN WHICH THE POINT  
DEFECT 15 CENTRED TO THE DISLOCATION LOOP IN THE 
STUDY O F THE L O O P - P O I N T  DEFECT INTERACTION IN
oC — URANIUM
164-
v a lu e  o f  8 a s  we d id  i n  th e  co p p er s tu d y  because we do n o t have th e  
l a t t i c e  fo r c e s  f o r  a -u ran ium  and so we have somewhat a r b i t r a r i l y  ad o p ted  
th e  v a lu e  8=0 .1  f o r  th e  i n t e r s t i t i a l  and m inus t h i s  f o r  th e  v acan cy .
The v a lu e  o f  th e  l a t t i c e  p a ra m e te r  in  th e  [lOO] d i r e c t i o n  was u sed  
f o r  th e  c o n s ta n t  r Q. The v a lu e  o f  th e  h y d r o s ta t ic  s t r e s s ,  o f  th e
d is lo c a t i o n  lo o p  in  an  a n i s o t r o p ic  o r  i s o t r o p i c  body was o b ta in e d  from 
e x p re s s io n  (5 .3 1 ) o r  (3 .1 3 ) r e s p e c t iv e ly .
In  F ig u re  6 .2  we show th e  c o n to u rs  o f  an  i s o t r o p i c  v acancy  i n t e r a c t i n g
w ith  an  i s o t r o p i c  vacancy d i s lo c a t io n  lo o p . There, i s  com p le te  a x i a l
symmetry a b o u t th e  loop norm al and th e r e f o r e  a l l  p la n e s  th ro u g h  th e  [lOO]
a x is  o f  th e  loop  w i l l  have id e n t i c a l  c o n to u rs  and th u s  th e  com plete
i n t e r a c t i o n  f o r  t h i s  r e p r e s e n ta t io n  i s  d e s c r ib e d  by th e  c o n to u rs  i n
-F ig u re  6 .2 .  The c o n to u rs  betw een t h i s  i s o t r o p i c  vacancy  and th e  o b se rv ed
a n i s o t r o p ic  vacancy d i s lo c a t i o n  loop  i s  shown in  F ig u re  6 .3  f o r  p o s i t io n s
o f  th e  p o in t  d e f e c t  in  th e  (010) p la n e . Com parison o f  t h i s  f ig u r e  w ith
th e  p re c e d in g  one shows t h a t  th e  in c lu s io n  o f  th e  a n i s o t r o p ic  n a tu re  o f
th e  lo o p  in t o  th e  c a l c u l a t i o n  r e s u l t s  i n  a n  in c re a s e d  a re a  o f  a t t r a c t i o n
betw een th e  d e fe c t and th e  lo o p , in d i c a t i n g  a g r e a t e r  l i k e l ih o o d  o f th e
lo o p  grow ing i f  a n is o tro p y  i s  c o n s id e re d . When th e  p o in t  d e f e c t  i s
lo c a te d  a t  p o s i t io n s  i n  th e  (001) p la n e  however, a s  i n  F ig u re  6 .4 ,  th e
d i s t i n c t i o n  betw een th e se  c o n to u rs  and F ig u re  6 .2  i s  l e s s  m arked, a l th o u g h
a  s l i g h t l y  l a r g e r  re g io n  o f  a t t r a c t i o n  i s  s t i l l  g iv e n  by th e  a n i s o t r o p ic
lo o p  r e s u l t s .  I n  F ig u re  6 .5  we show th e  i s o - i n t e r a c t i o n  en e rg y  c o n to u rs
betw een a n  i s o t r o p i c  i n t e r s t i t i a l  p o in t  d e f e c t  and th e  a n i s o t r o p ic
y 2 2 —
i n t e r s t i t i a l  d i s lo c a t io n  loop  w ith  B urgers v e c to r  b = W » + b  [110].
H ie  p o in t  d e f e c t  i s  p o s i t io n e d  i n  th e  (001) p la n e  t h a t  p a s s e s  
th ro u g h  th e  c e n t r e  o f  th e  lo o p . F ig u re  6 .6  shows th e  i s o - i n t e r a c t i o n  
en erg y  c o n to u rs  o f  th e  same s i t u a t i o n  e x c e p t t h a t  th e  d i s lo c a t io n  loop  
now l i e s  i n  a n  i s o t r o p i c  body. The e l a s t i c  c o n s ta n ts  u sed  to  r e p r e s e n t
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(IN UNITS O F  THE L O O P  RADIUS rL)[ O O i]
FIGURE 6 -2
I m L. ISO-INTERACTION ENERGY CONTOURS BETWEEN AN
ISOTROPIC VACANCY POINT DEFECT AND THE VACANCY 
DISLOCATION LO O P IN AN ISOTROPIC { o £— URANIUM) BODY 
IN A QUADRANT O F  THE (OIO) PLANE THROUGH THE CENTRE  
OF THE LOOP. THE LOOP HAS B U R G E R S  VECTOR £  =  I c ,o ,o ] .  
THE C R O S S -S E C T I O N  THROUGH THE PERIMETER OF THE LOOP  
IS INDICATED BY THE SYMBOL { -3 ) .  THE t  n (n  = 1......125 NUMBER
ON EACH CONTOUR INDICATES AN ENERGY OF Z  0 - 4 x 2 i _ n eV. 
FOR THAT CONTOUR. THE n = o  CONTOUR MEANS ZERO
INTERACTION ENERGY.
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FIGURE 6 . 3  '
THE ISO-INTERACTION ENERGY CONTOURS BETWEEN AN 
ISO T R O PIC  VACANCY POINT DEFECT AND THE VACANCY  
DISLOCATION LOOP IN AN ANISOTROPIC BODYk'-URANIU.Vi)  
IN A Q U A D R A N T  OF THE (OIO) PLANE THROUGH THE CENTRE 
OF THE LOOP. THE LOOP HAS BURGERS VECTOR £  = [ 0 ,0 , 0 ] 
OTHER DETAILS ARE SPECIFIED IN THE CAPTION TO FIG.6-2
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FIGURE 6 - 4
THE ISOHNTERACTION ENERGY CONTOURS BETWEEN AN 
ISOTROPIC VACANCY POINT DEFECT AND THE VACANCY  
DISLOCATION LO O P IN AN ANISO TRO PIC BODY(cC-URANIUM) 
IN A QUADRANT 0 F T H E . ( 0 0 ! )  PLANE THROUGH THE CENTRE  
OF THE LOOP. THE LOOP HAS BURGERS VECTOR ~  = [a,o,o]. 
OTHER DETAILS ARE SPECIFIED IN THE CAPTION TO FIG. 6.2.
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FIGURE 6 . 5
THE ISO -IN TERACTION ENERGY CONTOURS BETWEEN AN 
ISO T R O PIC  INTERSTITIAL POINT DEFECT AND THE 
INTERSTITIAL DISLOCATION LO O P IN AN ANISOTROPIC  
BODY ( c i - U R A N I U M  ) IN THE ( O O I ) P L A N E  THROUGH THE 
CENTRE O F THE LOOP. THE L O O P  HAS BURGERS VECTOR 
£  =  ’/ 2  J a 2 -I-b21 [ | T o ] .  OTHER DETAILS ARE SPECIFIED IN 
• . THE CAPTION TO F I G .6*2
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; FIGURE 6 . 6
THE ISO-INTERACTION ENERGY CONTOURS^ BETWEEN AN  
ISOTROPIC INTERSTITIAL POINT DEFECT AND THE 
' INTERSTITIAL DISLOCATION LOOP IN AN I SOT*ROPiC BODY 
( ■ ^ U R A N I U M )  IN THE (1003  PLANE THROUGH THE CENTRE  
OF THE LOOP. THE L O O P HAS BURGERS VECTOR
Xl2yjeL2 j r  b ?  [ l T o l .  OTHER DETAILS ARE SPECIFIED IN 
• * THE CA PTIO N  TO FIG. 6 . 2
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[OOS] -<=»■{ IN UNITS OF THE LOOP RADIUS rL)
FIGURE 6 . 7
THE ISO-INTERA CTION ENERGY CONTOURS BETWEEN AN 
ISOTROPIC INTERSTITIAL POINT D E F E C T  AND THE  
INTERSTITIAL DISLOCATION LOOP IN AN ANISOTROPIC  
BODY ( c C -U R A N IU M )  IN THE [ 1 0 0 3  P L A N E  THROUTH THE 
C E NTR E OF THE LOOP. THE LOOP HAS BURGERS VECTOR 
b =  t y 2 / a  2 -;- b2n [ T T o ] . OTHER DETAILS ARE SPECIFIED  
IN THE CAPTION TO FIG. 6 . 2
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FIGURE 6 * 8
THE ISO -IN TER A C TIO N  ENERGY CONTOURS BETWEEN AN 
ISO T R O PIC  IN TER STITIA L P O IN T  D E F E C T  AND THE 
INTERSTITIAL D IS L O C A T IO N  L O O P  IN AN ISO T R O PIC  
BODY IN THE ( 1 0 0 5  PLANE THROUGH THE C E N T R E  O r  
THE LO O P .  T H E L O O P  H A S BURGERS VECTO R  
£  a  [ 7 7  o] ,  OTHER DETAILS ARE S P E C IF IE D
IN .THE CAPTION TO FIG. 6 . 2
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t h i s  m a te r ia l  a re  g iv e n  i n  T ab le  1 a s  a re  th e  i s o t r o p i c  a p p ro x im a tio n s . 
Com parison o f  F ig u re s  6 .5  an d  6 .6  show t h a t ,  a s  in  th e  ca se  o f  a vacancy 
lo o p , th e  a n i s o t r o p ic  c a l c u l a t i o n  le a d s  to  a l a r g e r  a re a  o f  a t t r a c t i o n  
o f  th e  i n t e r s t i t i a l  by th e  i n t e r s t i t i a l  lo o p  th a n  g iv e n  by th e  i s o t r o p i c  
c a l c u la t io n .
T h is  r e s u l t  in d ic a te s  t h a t  th e  a n i s o t r o p ic  n a tu re  o f  a -u ran iu m  a id s
'  r
th e  d i s lo c a t io n  lo o p  grow th by a p ro c e s s  o f  a t t r a c t i o n  o f  in d iv id u a l  
p o in t  d e f e c ts .  However, as we have p re v io u s ly  m en tioned , th e  u se  o f  an 
i s o t r o p i c  p o in t  d e f e c t  model i s  p ro b a b ly  a crude ap p ro x im atio n  ( b e t t e r  
s u i t e d  to  the vacancy  th a n  th e  i n t e r s t i t i a l )  and we sh o u ld  n o t  a t te m p t 
- - t o - i n t e r p r e t  th e  d e t a i l  o f~ th e  c o n to u rs  o v e r and above n o tin g  t h e i r  
tren d so
In d eed ,, th e  r e s u l t s  shown i n  F ig u re s  6 .7  and 6o8 in d i c a te  t h a t  the  
in c lu s io n  o f  a n is o t ro p y  o f  th e  d i s lo c a t i o n  loop  red u ces  th e  p o s s i b i l i t y  o f  
g row th  o f  th e  lo o p . F ig u re  6 .7  shows th e  i n t e r a c t i o n  en e rg y  c o n to u rs  
betw een th e  i s o t r o p i c  i n t e r s t i t i a l  in  th e  ( 100) p la n e  and  th e  i n t e r s t i t i a l
/  2 ^ ——
. d i s lo c a t io n  lo o p  w ith  B u rgers  v e c to r  b = J f /a ^ + b ^  [ 1T0 ] i n  a n  a n i s o t r o p ic  
body, w hereas i n  F ig u re  6 ,8  we show the  c o n to u rs  f o r  th e  same c a se  b u t  
w ith  th e  loop  i n  an  i s o t r o p i c  body. The a re a  o f  a t t r a c t i o n ,  and  th u s  
c a u s in g  th e  loop  to  grow, i s  g r e a t e s t  when th e  loop  i s  in  th e  i s o t r o p i c  
body. In  a d d i t io n ,  i t  may be s e e n  t h a t  f o r  a n  i n t e r s t i t i a l  o r i g i n a t i n g  
i n  l a r g e  a re a s  o f  F ig u re  6 .7 ,  i t s  e q u i l ib r iu m  p o s i t io n  w i l l  be on th e  
a x is  p a s s in g  th ro u g h  th e  lo o p , th u s  tr a p p in g  i t  i n t o  a  p o s i t io n  w here i t  
may n o t a id  th e  grow th o f th e  lo o p . T h is  s i t u a t i o n  does n o t e x i s t  i n  
F ig u re  6 .8  where we see  t h a t  u l t im a te ly  a l l  i n t e r s t i t i a l s  s u rro u n d in g  th e  
lo o p  may be a t t r a c t e d  in to  i t .  We co n c lu d e , how ever, t h a t  th e  e f f e c t  o f  
a n is o tro p y  on th e  i n t e r a c t io n  o f  p o in t  d e fe c ts  w ith  d i s lo c a t i o n  lo o p s  i n  
a -u ran iu m  i s  marked and t h a t  to f u l l y  s tu d y  th e  m ethod o f  th e  o b se rv ed  
grow th o f d i s lo c a t io n  lo o p s  r e q u ir e s  a knowledge o f  th e  m orphology o f  p o in t
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d e f e c ts  i n  a -u ran ium  and th e  l a t t i c e  fo r c e s  n e c e ssa ry  to  s im u la te  such  
d e f e c t s .
6 .4  The i n t e r a c t i o n  o f d i s lo c a t io n  loops i n  a -u ran ium
We have m entioned  p re v io u s ly  t h a t  Hudson [1964] h as  o b se rv ed  t h a t  
th e  d i s lo c a t i o n  lo o p s  l i e  i n  s h e e ts ,  th e  loop  p la n e  c o -p la n a r  w ith  th e  
s h e e t  p la n e . The lo o p s  n u c le a te d  in  th e  d isp la cem e n t s p ik e s  a re  form ed 
random ly an d  m ust su b se q u e n tly  move in to  th e  s h e e ts  o b se rv ed  a t  th e  
e x p e rim e n ta l i r r a d i a t i o n  te m p e ra tu re s  o f  80° and 350°C. Hudson co n c lu d es  
t h a t ,  s in c e  a n n e a lin g  a f t e r  i r r a d i a t i o n  does n o t produce n o t ic e a b le  
changes u n t i l  ~  300°C, th e  m ost l i k e l y  mechanism f o r  lo o p  movement a t  
80°C i s  by g l id e .  Hudson1s r e s u l t s  show t h a t  th e  lo o p s  a l ig n  th em se lv es  
more c lo s e ly  i n to  rows w ith  in c r e a s in g  te m p e ra tu re , th u s  s u p p o r tin g  th e  
mechanism o f  movement in t o  rows by g l id e ,  s in c e  th e  e a se  o f  d e fo rm a tio n  
by s l i p  i n  a -u ran iu m  in c re a s e s  w ith  te m p e ra tu re .
In  t h i s  s e c t i o n  we s tu d y  th e  a n is o t r o p ic  e l a s t i c  i n t e r a c t i o n  o f  th e  
observ ed  d i s lo c a t io n  lo o p s  i n  a -u ran ium , w ith  th e  movement o f  th e  lo o p s  
r e s t r i c t e d  to  g l i d e .  rih is  model g iv e s  r e s u l t s  s u b s t a n t i a l l y  c l o s e r  to  
th e  o b serv ed  s i t u a t i o n  th an  th e  i s o t r o p i c  a sy m p to tic  lo o p  m odel o f  Foreman 
and E shelby  [1962] which was employed by Hudson [ l9 6 4 ] .  As we have shown, 
th e  in c o rp o ra t io n  o f  a n iso tro p y  in t o  e l a s t i c  c a l c u l a t i o n s f o r  a -u ran iu m  
le a d s  to  s i g n i f i c a n t  im provem ents, and th u s  such  an  in c o rp o r a t io n  i s  
o b v io u s ly  u s e f u l .  The s t r e s s  f i e l d  o f a d i s lo c a t i o n  loop  i s  q u i te  s h o r t -  
ranged  and th u s  th e  i n t e r a c t io n  o f  th e  loops a t  c lo s e  q u a r te r s  w i l l  be 
s i g n i f i c a n t ;  th e  u se  o f  a sy m p to tic , o r  i n f i n i t e s i m a l ,  lo o p  f i e l d s  may 
th e r e f o r e  n o t be w e ll s u i te d  to  such  a s tu d y  and  in  o u r w ork we have made 
no such  s im p lify in g  assu m p tio n . In  a d d i t io n  to  c o n s id e r in g  th e  i n t e r a c t i o n  
o f  l i k e  lo o p s  ( t h a t  i s ,  b o th  vacancy  o r  b o th  i n t e r s t i t i a l ) ,  w hich 
co n ce rn s  th e  fo rm a tio n  o f  th e  s h e e ts  o f  lo o p s , we a l s o  s tu d y  th e  i n t e r a c t i o n  
o f  u n l ik e  lo o p s ;  t h i s  shows t h a t  i f  a n i s o t r o p ic  and f i n i t e  lo o p s  a r e  
employed ( r a t h e r  th a n  th e  i s o t r o p i c  and a sy m p to tic  m o d e ls ), th e  p o s s i b i l i t y  
o f  m utual a n n ih i l a t io n  i s  th e n  red u ced .
-1 7 4 -  *
The i n t e r a c t i o n  energ y  betw een two d e f e c t s ,  A and B, has been 
g iv e n , e q u a t io n  ( 3 ,6 4 ) ,  a s :
%  = 7 pi J  bi  nj dS ' (6 *1)
sB
w here th e  i n t e g r a t i o n  i s  once o v e r th e  c u t  s u r fa c e  d e f in in g  d e f e c t  B.
F o r o u r p u rp o ses  we may c o n s id e r  th e  d e fe c t  A to  be a d i s lo c a t io n  loop  
c e n te re d  on th e  o r ig in  and p ro d u c in g  a s t r e s s  f i e l d  p^ . ( x ’ ) a t  th e  p o s i t io n
x ’ . The d i s lo c a t i o n  loop  B, c e n te re d  on a  p o in t  S, has a B u rg ers  v e c to r
B Bb and loop  norm al n . The in t e g r a t i o n  i s  now o v er th e  s u r fa c e  o f  loop
Er (s )  = f  pA , ( x ')  b® n® d S (x ')  o (6 .2 )
j   ^ J
s®
By H ooke’s law , e q u a t io n  ( 2 .3 ) ,  t h i s  i s
% (£) = j  Ci j k l  p ^ t x ’ ) b® n® d S (x ')  . (6 .3 )
S®
We may s u b s t i t u t e  i n  e q u a t io n  (2 .3 0 ) f o r  th e  d i s t o r t i o n  f i e l d  o f  th e
d i s lo c a t io n  lo o p  A, and i f  we c o n fin e  o u r s e lv e s  to  a c i r c u l a r  lo o p  o f 
Ara d iu s  R we have
E  ( C )  X( rA)2  T  f  J  I  V  ^  N k r ~ N )  ^  dL • |  d S (;: ')
I  - > _  2*  ^ J W . L  a 3DQcN) [(RA) 2 -  (»<N. x ' ) 2] 3 /2  J
gB L N-1 n t  9
Thus
(6 .4 )
V i )  = /  { J  F (k) } d S (x ')  (6 .5 )
S®
where T , , = C. .. ,C bAb?nAnB, andk l r s  l j k l  p q rs  q l  p j ’
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The i n t e r a c t i o n  e n e rg y , e q u a t io n  (6 05 ) ,  has been so e x p re s se d  in  o rd e r  
- t o  a id c o m p u ta t io n ;  f o r  a p a r t i c u l a r  p a i r  o f  lo o p s , i r r e s p e c t i v e  o f  t h e i r  
s e p a r a t io n ,  .S, th e  m a tr ix  T may be e v a lu a te d  j u s t  once and s to r e d .
S im ila r ly  th e  fu n c t io n  F (k) may be ta b u la te d  f o r  a mesh o f k v a lu e s  around  
th e  u n i t  c i r c l e  L and t h i s  t a b u la t i o n  u sed  in  a m ethod e s s e n t i a l l y  s im i la r  
t o  t h a t  d e s c r ib e d  i n  C h a p te r  5 f o r  th e  ca se  o f  th e  d i s t o r t i o n  f i e l d  o f  a 
d i s lo c a t io n  lo o p 0 Thus th e  a r r a y s  T and  F (k) need  be e v a lu a te d  o n ly  once 
f o r  two p a r t i c u l a r  lo o p s  and  p ro v id ed  t h a t  t h e i r  normals and B urgers  v e c to r s  
rem ain  unchanged and t h a t  th e  r a d iu s  o f  th e  loop  c e n te re d  on th e  o r ig i n  i s  
unchanged , we may u se  th e s e  a r r a y s  f o r  any s e p a r a t io n  betw een th e  two lo o p s . 
The i n t e r a c t i o n  energy  i s ,  o f  c o u rs e , j u s t  th e  r e a l  p a r t  o f  e q u a t io n  
( 60S ) .
To e v a lu a te  th e  a sy m p to tic  l i m i t  o f  th e  i n t e r a c t i o n  energy  we r e p la c e  
th e  i n t e g r a l s  o v e r  th e  loop  s u r f a c e s  in  e q u a t io n  (6 .3 )  w ith  s in g le  v a lu e s  
e v a lu a te d  a t  th e  c e n t r e  o f  th e  lo o p . Thus, we have
4s ^  = cijki £1® "(RV <6-7)
B Aw here R i s  th e  r a d iu s  o f  t h e  loop  B and  (S) i s  th e  d i s t o r t i o n  f i e l d  o f
lo o p  A e v a lu a te d  a t  th e  c e n t r e  o f  lo o p  B. Now, we have from th e  d e r iv a t iv e ,
o f  V o l t e r r a Ts e q u a t io n  (3 C6 ) ,  t h a t  th e  d i s t o r t i o n  f i e l d  o f  loop  A i s  g iv e n  
by
4 ^  = /  bq Cq p rs  Gk r , s l (- ~ - '  > dSp ^ '  ) ’ ( 6 ' 8)
so  t h a t  th e  d i s t o r t i o n  f i e l d  o f  an  i n f i n i t e s i m a l  loop  A a t  th e  o r ig i n  i s  
g iv e n  by
P ^ .(S ) = bA C G _(S) nA tc(RA) 2 „ (6 .9 )n d  “  q qp rs  k r ,  s i  -  .p '  '  0
Thus th e  a sy m p to tic  en erg y  o f i n t e r a c t i o n  o f th e  two lo o p s , A and  B, 
i s  g iv e n  by
EAS(S) = C. , C bAbBnAnB (% V iS ? )  G ,(S )I  -  -  l j k l  p q rs  q 1 p j  k r , s l  -
= Tk l r s (* rA r^ 2 Gk r , s l (^ “ (6 *10)
The a n i s o t r o p ic  and i s o t r o p i c  form s o f  th e  a sy m p to tic  i n t e r a c t i o n  
energ y  o f  th e  two d is lo c a t io n  lo o p s  a re  o b ta in e d  by a p p ro p r ia te  s u b s t i t u t i o n  
f o r  th e  Green fu n c t io n  second  d e r iv a t iv e s  i n  e q u a t io n  (6 .1 0 ) .  T h is  
e x p re s s io n s  i s ,  o f  c o u rse , much s im p le r  to  e v a lu a te  th a n  th e  e q u iv a le n t  
f i n i t e  loop  e g r e s s i o n s ,  e q u a t io n  ( 6 .5 ) ,  in v o lv in g ,  as th e  l a t t e r  d o es , 
one s u r fa c e  and one l i n e  i n t e g r a l .  The asy m p to tic  r e s u l t  in v o lv e s  a s in g le  
i n t e g r a l  i f  we employ th e  F o u r ie r  tra n s fo rm  te ch n iq u e  to  o b ta in  th e  Green 
fu n c t io n  d e r iv a t iv e s  o r  a l t e r n a t i v e l y  f o r  a -u ran iu m , we co u ld  u se  th e  
F o u r ie r  c o e f f i c i e n t s  in  a F o u r ie r  s e r i e s  f o r  th e se  d e r iv a t iv e s ;  we have 
u sed  th e  fo rm er m ethod0
In  th e  fo llo w in g  f ig u r e s  we show th e  v a r i a t i o n  o f  i n t e r a c t i o n  energy  
w ith  s e p a ra t io n  o f  v a r io u s  p a i r s  o f  th e  o b served  p r is m a tic  d i s lo c a t i o n  
lo o p s  i n  a -u ran iu m . F or each v a r i a t i o n ,  th e  loop  c e n te re d  on th e  o r ig in  
i s  h e ld  f ix e d  w h i l s t  th e  second  loop  i s  moved a lo n g  i t s  s l i p  d i r e c t i o n  
( g l id e  m o tio n ). To a s s i s t  i n  p ic tu r in g  th e  v a r io u s  p h y s ic a l s i t u a t i o n s  
w hich we have c o n s id e re d  we in c lu d e  F ig u re s  6 .9 (a )  to  (e ) and  w i l l  r e f e r  
to  th e s e  when d e s c r ib in g  o u r r e s u l t s .  F ig u re  6 .9 (a )  i s  g e n e ra l ly  
a p p l ic a b le  to  th e  i n t e r a c t i o n  o f  two vacancy  pu re  edge lo o p s  i n  a -u ran iu m  
w here n = [ l O o ]  and  b = [ a , 0 , o ] .  The loop  a t  th e  o r ig i n  i s  h e ld  f ix e d  
w h i l s t  th e  c e n t r e  o f  th e  second lo o p  i s  v a r ie d  a lo n g  e i t h e r  o r  P2Q2 >
th e  s l i p  d i r e c t io n  o f  th e  second lo o p . These v e c to r s  i n t e r c e p t  th e
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[IOO]
COOI]
[OlO]
( a )
TH E  I N T E R A C T IO N  BETWEEN TWO  
IDENTICAL VACANCY DIS L OC AT IO N  
L O O P S  IN -  U R A N I U M .  £  =  [ 0 , 0 , 0 ]
t O I O ]
[ 1 0 0 3
■COOI]
(c )
THE IN TER AC TI ON  B E T W E E N  TWO  
I D E N T I C A L  INTERSTITIAL DI SLOCATION  
L O O P S  IN ° C  — U R A N I UM*
£  =  [ 1 T o ]
[ O l O ]
I IOO]
C O O I ]
(b)
T HE I N T E R A C T I O N  BETWEEN TWO  
ID ENT IC AL INTERSTITIAL DISLO CATIO N  
L O O P S  IN o C - U R A N I U M.
y  =  t/2v / a 2 -hb2 ' [TT o]
IOIO]
b -z.
[ 1 0 0 3
[OOI]
( d )
T H E  I N T E R A C T I O N  B E T W E E N  T W O  
DIFFE REN T INTERSTITIAL DI S L OC AT IO N  
L O O P S  IN ^ - U R A N I U M .  B U R G E R S  
V E C T O R  A S  IN ( b )  A N D  ( c )
FIGURE 6.9
EO!0]
[IOO]
(c)
THE INTERACTION BETWEEN AN INTERSTITIAL LOOP  
.AND A VACANC Y L O O ?  IN c C -U R A N I U M .  T H E  
INTERSTITIAL L O O ?  HAS NO RM AL =  [OlO] AND 
BURGERS VECTOR ^  =  fe'o.R —"(GIVEN I N ( b ) , ( c ) ) .  
VACANCY L O O ?  NORMAL =  [ I O O ] , — = [a ,  0 , 0 ].
F IG U R E  6 - 9
\
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p la n e  ax es  o f  th e  . f i r s t  lo o p , 1  ^ ( [  01 o]) and m ([00l]), a t  d is ta n c e s  
and r e s p e c t iv e ly ,  whose v a lu e s  a re  s e t  to  a few  lo o p  r a d i i .  In  a l l  
o f  th e s e  f i g u r e s ,  a l l  lo o p s  a re  c i r c u l a r  w ith  a r a d iu s  o f  50 
F ig u re s  6 .9 (b )  to  (d) d e p ic t  th e  s i t u a t i o n s  we have c o n s id e re d  i n  th e  c a se  
o f  two i n t e r s t i t i a l  lo o p s  w h i l s t  F ig u re  6 .9 (e )  i s  f o r  th e  i n t e r a c t i o n  o f  a 
vacancy  loop  and an i n t e r s t i t i a l  lo o p . I n  th e  l a t t e r  c a s e ,  and p u re ly  
f o r  co n v en ien ce , th e  i n t e r s t i t i a l  i s  n o rm ally  c e n te re d  on th e  o r ig in  and 
- th e  vacancy  runs a lo n g  i t s  s l i p  d i r e c t i o n ,  P^Qj°
We have e v a lu a te d  th e  i n t e r a c t i o n  e n e rg ie s  o f  a l l  co m b in a tio n s  o f  th e  
ty p e s  o f  lo o p s  o b served  in  i r r a d i a t e d  a -u ran iu m ; t h i s  has been  done f o r  a 
number o f v a lu e s  o f  th e  p a ra m e te rs  and D^, th u s  e f f e c t i v e l y  v a ry in g  th e  
s i z e  o f  th e  lo o p s and so e n a b lin g  us to  c o n s id e r  th e  e f f e c t  o f  lo o p  grow th 
on th e  form  o f  th e  v a r i a t i o n  o f th e  i n t e r a c t i o n  en e rg y  and i n  p a r t i c u l a r ,  
th e  e f f e c t  on th e  r e l a t i v e  p o s i t io n  o f  th e  lo o p s  a t  e q u i l ib r iu m . In  a l l  
o f  th e  fo llo w in g  f ig u r e s  we show th r e e  v a r i a t i o n s ;  cu rve  a  co rre sp o n d s  to  
th e  case  o f  two f i n i t e  d is lo c a t io n  lo o p s i n t e r a c t i n g  in  an  a n i s o t r o p ic  
medium; cu rve  b to  two a sy m p to tic  o r  i n f i n i t e s i m a l  d i s lo c a t io n  lo o p s  i n  an  
a n i s o t r o p ic  medium, and cu rv e  c t o  th e  a sy m p to tic  i n t e r a c t i o n  o f  lo o p s  in  
an  i s o t r o p i c  ap p ro x im atio n  to  a -u ran ium .
F ig u re  6 .1 0  shows th e  i n t e r a c t i o n  energy  v a r i a t i o n  betw een two vacancy 
" lo o p s  i n  a -u ran iu m ; b o th  lo o p s have norm als i n  th e  [lOO] d i r e c t i o n  and 
B urgers  v e c to r ,  b = [ a , 0 , 0 ] .  One o f  th e  lo o p s  i s  c e n te re d  on th e  o r ig i n  
and  th e  second i s  c e n te re d  on p o in ts  whose lo c u s  d e s c r ib e s  th e  l i n e  P^Q^ 
i n  F ig u re  6c9 ( a ) .  The v a lu e  o f  th e  p a ra m e te r  i s  3R (o r  150 $ ) ,  w here 
R i s  th e  r a d iu s  o f  b o th  lo o p s . I n  F ig u re  6 .1 0  and a l l  su b se q u e n t 
f i g u r e s ,  we p l o t  th e  v a r i a t i o n  o f  i n t e r a c t i o n  en e rg y  w ith  th e  d i s t a n c e ,  
p a r a l l e l  to  th e  norm al o f  th e  loop  c e n te re d  on th e  o r ig i n ,  a lo n g  th e  v e c to r  
PQ m easured from  th e  p o in t  where t h i s  v e c to r  i n t e r c e p t s  th e  p la n e  o f th e  
loop  a t  th e  o r i g i n .  We see  t h a t  th e  th r e e  methods g iv e  d i f f e r e n t  v a lu e s
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th ro u g h o u t th e  range ' d e p ic te d .  N o te , how ever, t h a t  a l l  th r e e  cu rv es  
converge to  an  a sy m p to tic  ze ro  v a lu e  a s  th e  s e p a ra t io n  o f  th e  lo o p s  
in c r e a s e s .  We' have n o t in c lu d e d  t h i s  p a r t  o f  th e  v a r i a t io n s  though , i n  
o rd e r  t h a t  we may more c lo s e ly  examine th e  d i s t i n c t i o n s  betw een th e  th r e e  
m odels o v e r  th e  m o r e - in te r e s t in g  ran g e  o f  c lo s e  p ro x im ity . betw een th e  two 
lo o p s . There a r e  two f e a tu r e s  to  be n o te d  i n  F ig u re  6 .1 0 . F i r s t  t h a t ,  
a s  one w ould e x p e c t,  cu rve  a i s  m ost o b v io u s ly  d i f f e r e n t  from  b o th  c u rv e s  
b and c w here th e  lo o p s  a re  m ost c lo s e ly  p o s i t io n e d ,  i . e .  when th e  two 
lo o p s  a r e  c o -p la n a r .  S econdly , and  more im p o r ta n t ,  th e  p o s i t io n  o f 
e q u i l ib r iu m  betw een th e  two lo o p s i s  g iv e n  d i f f e r e n t l y  by each  m odel. I f  
we d e s c r ib e  th e  e q u i l ib r iu m  p o s i t io n  i n  term s o f th e  a n g le  su b ten d ed  by th e  
l i n e  jo in in g  th e  c e n t r e s  o f  th e  two lo o p s  and th e  d is ta n c e  a lo n g  th e  
-p lan e  a x i s  o f  th e  loop  on th e  o r ig in ,  we have th e  fo llo w in g  a n g le s  o f  
e q u i l ib r iu m , rounded to  th e  n e a r e s t  ^ ° ,  p r e d ic te d  by th e  th r e e  m odels
cu rve  a 0 = 13^° <> f i n i t e  a n i s o t r o p ic  loop  model
cu rve  b 6 = 16%° . a sy m p to tic  a n is o t r o p ic  loop  model
cu rv e  c 6 = 20°  . a sy m p to tic  i s o t r o p i c  lo o p  m odel.
Thus th e  in c lu s io n  o f  b o th  a n iso tro p y  and  th e  f i n i t e  n a tu re  o f  th e  
lo o p s  c a u se s  th e se  two vacancy lo o p s  to  come to  an  e q u i l ib r iu m  p o s i t i o n  w hich  
i s  much more n e a r ly  c o -p la n a r  th a n  th e  s im p le  i s o t r o p i c  a sy m p to tic  lo o p  
model p re d ic tS o
F ig u re  6.11 shows th e  v a r i a t i o n  f o r  two vacancy lo o p s  r e l a t i v e l y  
p o s i t io n e d  i n  a manner s im i l a r  to  th e  s i t u a t i o n  i n  F ig u re  6 .1 0  e x c e p t 
t h a t  th e  s e p a ra t io n  i s  now on ly  2.5R a lo n g  [ o i o ] ,  s e e  F ig u re  6 .9 ( a ) .
The cu rv es  a re  s im i l a r  to  th o se  i n  F ig u re  6 .1 0  and  th e  d isa g re e m e n t betw een 
th e  f i n i t e  loop  model an d  b o th  th e  a s y m p to tic  models i s  a g a in  m ost 
pronounced when th e  lo o p s  a re  c o p la n a r .  In  a d d i t io n ,  th e  a n g le s  o f  
e q u i l ib r iu m  from th e  th r e e  m odels a g a in  s u p p o r ts  th e  c o n te n tio n  t h a t  th e
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in c lu s io n  o f  a n iso tro p y  and  th e  f i n i t e  n a tu r e  o f  th e  lo o p s  r e s u l t  in  a 
b e t t e r  ag reem en t w ith  th e  experim e t a l  o b s e rv a tio n s  o f  c o - p la n a r i ty  o f  
th e  lo o p s . The a n g le s  o f  e q u i l ib r iu m  betw een th e  two lo o p s  o f  F ig u re  6.11 
a r e ,  to  th e  n e a r e s t  h a l f  d eg ree
— cu rv e  a 0 = 9°
cu rve  b 0 = 1 6 °
cu rv e  c 0 = 20°
# ♦
These r e s u l t s ,  c o n s id e re d  i n  c o n ju n c tio n  w ith  th e  a n g le s  o f  e q u i l ib r iu m  
o b ta in e d  f o r  th e  p re v io u s  f ig u r e ,  e x h ib i t  w hat we b e l ie v e  i s  a n  im p o r ta n t  
r e s u l t ;  nam ely t h a t  i f  th e  lo o p s  c o n tin u e  to  grow th e n  th e  s e p a r a t io n ,  
and a n g le  o f  e q u i l ib r iu m , betw een th e  two loops w i l l  d e c re a s e ,  th u s  e n a b l in g  
th e  lo o p s  to  become c o -p la n a r .  R educing th e  s e p a ra t io n  p a ra m e te r  D^, from  
3R i n  F ig u re  6 .1 0  t o  2.5R i n  F ig u re  6. 11, i s  an a lo g o u s  to  th e  lo o p s  
g row ing  -  f o r  in s ta n c e  by c a p tu r in g  v a c a n c ie s  th ro u g h  a p ro c e s s  o f  th e  
e l a s t i c  i n t e r a c t i o n  o f  th e  lo o p s w ith  s in g le  v a c a n c ie s  d i f f u s in g  th ro u g h  
th e  m a te r ia l .  Thus from  th e  above a n g le s  we s e e  t h a t  a s  th e  lo o p s  grow 
th e  e q u i l ib r iu m  an g le  f o r  cu rv e  a re d u c e s  by a s i g n i f i c a n t  am ount, th u s  
- in d i c a t in g  an e q u i l ib r iu m  c o n f ig u ra t io n  moving s u b s t a n t i a l l y  c l o s e r  to  co­
p l a n a r i t y  0
 In  F ig u re s  6 .1 2  and 6 .1 3  we show th e  v a r i a t i o n  o f  i n t e r a c t i o n  en erg y
w ith  s e p a r a t io n  o f  two vacancy  d i s lo c a t i o n  lo o p s  a s  th e  second lo o p  i s  
moved a lo n g  th e  v e c to r  P2Q2 Pj-S111"6 6 .9 ( a ) .  The s e p a r a t io n  p a ra m e te r  
i s  3R and  2 .5R  r e s p e c t iv e ly .  The c u rv e s ,  and a n g u la r  r e s u l t s  g iv e n  in  
Table 6 .1 ,  a r e  s im i l a r  to  th e  p re v io u s  two f ig u r e s  and l i t t l e  more need 
be ►said o f  them e x c e p t  t h a t  com parison  o f  th e se  a n g le s  w ith  th o s e  o f  th e  
two p re v io u s  f ig u r e s  c l e a r l y  shows bo th  th e  e f f e c t s  o f  a n is o tro p y  and th e  
f i n i t e  n a tu re  o f  th e  lo o p s c Thus bo th  e f f e c t s  may r e s u l t  i n  d i f f e r e n c e s  
i n  a n g le  o f e q u i l ib r iu m  by a s  much a s ,  and  more th a n , 50^. N ote t h a t
'O '
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th e  e f f e c t  o f  th e  two lo o p s  becom ing more c o -p la n a r  a s  th e y  grow , i s  n o t,
I n  F ig u re s* 6 .1 4  and 6 ,1 5  we show th e  v a r i a t io n  o f  i n t e r a c t i o n  energy  
o f two i n t e r s t i t i a l  lo o p s , a s  i n  F ig u re  6.9(b)*, i n  w hich th e  s e p a r a t io n  
p a ra m e te r  ta k e s  th e  v a lu e s  3R and 2.5R r e s p e c t iv e ly .  A gain a l l  th r e e  
c u rv e s  a r e  g e n e ra l ly  d i f f e r e n t  from  each  o th e r  and each  g iv e s  a d i f f e r e n t  
e q u i l ib r iu m  a n g le  (se e  T ab le 6 d ) .  However, t h i s  tim e  we s e e  t h a t  th e  
i s o t r o p i c  a sy m p to tic  e q u i l ib r iu m  a n g le  (cu rv e  c) i s  s l i g h t l y  s m a l le r  th a n  
t h a t  o f  th e  a n i s o t r o p ic  a sy m p to tic  (cu rv e  b) r e s u l t ,  b u t  a g a in  th e  f u l l  -  
a n i s o t r o p ic  and f i n i t e  lo o p s  -  r e s u l t  g iv e s  a s u b s t a n t i a l l y  im proved 
“ v a lu e ,  and  i t  i s  t h i s  c a l c u la t io n  which i s  im p o r ta n t .  Ih e  e f f e c t  o f  a 
-g row ing  loop  c a u s in g  th e  p a i r  t o  become c o -p la n a r  i s  a g a in  s e e n  to  o c c u r . 
N ote a l s o  in  th e se  f ig u r e s  t h a t  a sm a ll re d u c t io n  i n  th e  s e p a ra t io n  
p a ra m e te r  D, o f  h a l f  a loop  r a d iu s  p roduces a la rg e  e f f e c t  on th e  a b s o lu te  
v a lu e  o f  th e  i n t e r a c t i o n  e n e rg y . F ig u re s  6 C16 and 6 . 1 7 'a g a in  show th e
b u t now th e  second loop  i s  g l i d in g  a lo n g  P2Q2 w ith  s e p a r a t io n
p a ra m e te r  s e t  a t  3R and  2.5R  r e s p e c t iv e ly .  I n  th e s e  f i g u r e s  th e  c u rv e s
a r e  no lo n g e r  sy m m etrica l ab o u t th e  x - a x is  a s  n e i th e r  i s  th e  s e p a r a t io n
d is ta n c e  betw een th e  c e n t r e s  o f th e  lo o p s  a s  th e  second  lo o p  g l id e s
a lo n g  i t s  s l i p  d i r e c t i o n 0 In  t h i s  s i t u a t i o n  th e re  i s  a  t r u e  and a
m e ta s ta b le  e q u i l ib r iu m  p o s i t io n  f o r  th e  second lo o p  r e l a t i v e  to  th e  f i r s t ,
and a l th o u g h  th e  a n g le  o f  th e  m e ta s ta b le  e q u i l ib r iu m  p o s i t i o n  e x h i b i t s
th e  same te n d e n c ie s  to  be s m a l le r  f o r  cu rv e  a th a n  f o r  e i t h e r  c u rv e s  b o r
c ,  we d e a l h e re  o n ly  w ith  th e  t r u e  e q u i l ib r iu m  p o s i t i o n .  T ab le  6 .1
shows th e  t r u e  e q u i l ib r iu m  a n g le s  f o r  th e  th r e e  c u rv e s . N ote t h a t  i n  
* *
a l l  th e  i n t e r s t i t i a l  lo o p  -  i n t e r s t i t i a l  lo o p  in t e r a c t i o n s  th e  p o s i t i o n  
o f  e q u i l ib r iu m  a p p e a rs  to  depend more on th e  in c lu s io n  o f  th e  f i n i t e  
n a tu re  o f  th e  lo o p s  th a n  on th e  i s o l a t e d  in c lu s io n  o f  a n is o tro p y  i n t o  th e
o f  c o u rs e ,  p r e d ic te d  by e i t h e r  o f th e  a sy m p to tic  lo o p  m odels .
v a r i a t i o n  o f  th e  two i n t e r s t i t i a l  lo o p s
188-*
TH
E 
V
A
R
IA
T
IO
N
 
OF
 
EL
A
ST
IC
 
IN
T
E
R
A
C
T
IO
N
 
EN
ER
G
Y 
Y/
IT
H 
T
H
E
lO
IO
l 
C
O
M
PO
N
E
N
T
 
OF
 
SE
PA
R
A
TI
O
N
 
OF
 
TH
E 
T
W
O
 
IN
T
ER
ST
IT
IA
L
 
D
IS
L
O
C
A
T
IO
N
 
LO
O
PS
 
IN 
cC
-U
R
A
N
IU
M
. 
TH
E 
LO
C
U
S 
OF
 
TH
E 
C
EN
TR
E 
OF
 
TH
E 
G
LI
D
IN
G
 
LO
O
P 
IS
 
A
LO
N
G
 
P, 
Q 
j 
W
IT
H 
Di
 
= 
3 
R 
IN 
FI
G
UR
E 
6.
9(
b)
. 
O
TH
ER
 
DE
TA
IL
S 
AR
E 
SP
EC
IF
IE
D
 
IN 
TH
E 
TE
X
T.
O
O
in
CM
X
tn
vo
COCO
in
CM
in
in
In
CM
- I S O —
FI
G
UR
E 
6.
15
TH
E 
VA
RI
AT
IO
N 
OF
 
EL
AS
TI
C 
IN
TE
R
A
C
TI
O
N
 
EN
ER
G
Y 
V/
IT
H 
TH
E 
[O
lO
] 
C
O
M
PO
N
E
N
T
 
OF
 
SE
PA
R
A
TI
O
N
 
OF
 
TH
E 
T
W
O
 
IN
TE
R
ST
IT
IA
L 
D
IS
LO
C
A
TI
O
N
 
LO
O
PS
 
IN 
oC
-U
R
A
N
IU
M
. T
HE
 
LO
CU
S 
OF
 
TH
E 
C
EN
TR
E 
OF
 
TH
E 
GL
ID
IN
G 
L
O
O
P.
 I
S 
AL
O
NG
 
P
|Q
| 
W
IT
H 
D|
 
- 
2-5
 
R 
IN 
FI
GU
RE
 
6
-9
(b
). 
OT
HE
R 
DE
TA
IL
S 
AR
E 
SP
EC
IF
IE
D
 
IN 
TH
E 
TE
X
T.
-1 9 1 -
TH
E'
 
V
A
R
IA
TI
O
N
 
OF
 
EL
A
ST
IC
 
IN
T
E
R
A
C
T
IO
N
 
EN
ER
G
Y
 
W
IT
H 
T
H
E
tO
IO
l 
C
O
M
PO
N
E
N
T
 
OF
 
SE
PA
R
A
T
IO
N
 
OF
 
TH
E 
T
W
O
 
IN
T
E
R
ST
IT
IA
L
 
D
IS
LO
C
A
TI
O
N
 
LO
O
PS
 
IN 
cC
-U
R
A
N
IU
M
. 
TH
E 
LO
C
U
S 
OF
 
TH
E 
C
EN
TR
E 
OF
 
TH
E 
G
LI
DI
NG
 
LO
O
P 
IS
 
A
LO
NG
 
Po 
Qo
 
W
IT
H 
Do
 
= 
3R
 
IN 
FI
G
U
R
E 
6.
9(
b)
. 
OT
H
ER
 
DE
TA
IL
S 
AR
E 
SP
EC
IF
IE
D
 
IN 
TH
E 
T
E
X
T
.
o  
o
— Ifi
. 1
■
o
o-
>
o
-0 1 ! I 1 1
oLQ
1 ■
i f  v ■
\ \
\
x \
Vv *\  
a \  \X
U — \  ■
)  j  ) —
1 1 ! / 1 !  t 1 1 1o O CvJ CO ^ O
UJ C\J “
/  s
i s /  mAll
0 'C CO <M / O / QS K CO (\1 o“/  — / OJ( w CO CO
/ • ' V
.  f  t \
? V \  \\\X
? X v > x ,
I \
IS X  J—  h -
1 /  / J  
'o /  . X
'mCJ
I
0in
1
r l 92<
o
UJ
cc
z>
o
u.
TH
E 
V
A
R
IA
TI
O
N
 
OF
 
EL
A
ST
IC
 
IN
T
E
R
A
C
T
IO
N
 
EN
ER
G
Y
 
V/
IT
H 
T
H
E
lO
IO
l 
C
O
M
PO
N
E
N
T
 
OF
 
SE
PA
R
A
T
IO
N
 
OF
 
TH
E 
TV
/O
 
IN
T
E
R
ST
IT
IA
L
 
D
IS
L
O
C
A
T
IO
N
 
LO
O
PS
 
IN 
oC 
-U
R
A
N
IU
M
. 
TH
E 
LO
CU
S 
OF
 
TH
E 
CE
N
TR
E 
OF
 
TH
E 
G
LI
DI
NG
 
LO
O
P 
IS
 
AL
O
NG
 
P2 
Q
2 
W
IT
H 
D
2 
= 
2*
5R
 
IN 
FI
G
UR
E 
6-
9 
(b
j. 
O
TH
ER
 
D
ET
A
IL
S 
AR
E 
SP
EC
IF
IE
D
 
IN 
TH
E 
T
E
X
T
.
m odel. The s i t u a t i o n  d e p ic te d  in -F ig u re  6 . 9 (c ) i s . s i m i l a r  t o  t h a t  
i n  F ig u re  6 .9 (b )  and we s e e , in  f a c t ,  t h a t  th e  i n t e r a c t i o n  e n e rg ie s  o f
th e s e  two c a s e s 'a r e  e s s e n t i a l l y  th e  sam e0 Thus in  F ig u re  6 .1 8  we s e t  th e
second  loop  (b o th  lo o p s  h av in g  B urgers v e c to r  b = \  \ / a^+b^ [1To] a lo n g  
^2^2 = ^ .5R , w h i l s t  i n  F ig u re  6 .1 9  th e  second lo o p  i s  v a r ie d
a lo n g  PjQ j w ith  = 2.5R , s e e  F ig u re  6 09 ( c ) .  These g rap h s  sh o u ld  be 
com pared w ith  F ig u re s  6 .17  and 6 015 r e s p e c t iv e l y 0
The f i n a l  two f ig u r e s  p re s e n te d  f o r  th e  i n t e r a c t i o n  betw een d i s lo c a t io n  
lo o p s  o f  th e  same n a tu re  i n  a -u ran ium  d e a l w ith  th e  s i t u a t i o n  shown i n  
F ig u re  6 .9 ( d ) 0 F ig u re  6 o20 shows th e  v a r i a t i o n  o f  i n t e r a c t i o n  en erg y  w ith  
th e  norm al component o f  s e p a r a t io n  betw een c e n t r e s  o f  two d i f f e r e n t  ty p e s  
o f  i n t e r s t i t i a l  lo o p s . The loop  a t  th e  o r ig in  has B urgers  v e c to r
b -  X  i / a 2+b2 [TTo ] w h i l s t  th e  second lo o p , moving a lo n g
/ 2 2 — "_  a  +b [1 1 0 ]. The e q u il ib r iu m  a n g le s
a r e  g iv e n  i n  T able 6C1; th e  e q u iv a le n t  a n g le s  f o r  th e  th r e e  m odels when
= 3R a re  19^°, 29° and  29° and th e  v a r i a t io n s  a re  s im i la r  to  th o se  i n
F ig u re  6 .2 0 . I n  F ig u re  6.21 we show th e  v a r i a t i o n  o f  th e  i n t e r a c t i o n
o f  th e  same lo o p s  b u t w ith  th e  second loop  now g l id in g  a lo n g  P jQj w ith
Dj = 2.5R . A gain , th e  e q u i l ib r iu m  a n g le s  a re  g iv e n  i n  T ab le  6 .1 ,  and  th e
e q u iv a le n t  v a lu e s  f o r  th e  th r e e  m odels when = 3R a re  15°, 21^° and 20°
w ith  th e  g e n e ra l shape th e  same. We see  th e n  t h a t  th e  same c h a r a c t e r i s t i c s
o f  th e  th r e e  models o ccu r i n  t h i s  ca se  a s  i n  th e  p re v io u s  c a s e s ;  t h a t ,
f i r s t ,  th e  in t r o d u c t io n  o f bo th  th e  a n is o t ro p y  and th e  f i n i t e  n a tu re  o f
th e  d i s lo c a t i o n  lo o p s  r e s u l t s  i n  t h e i r  e q u i l ib r iu m  p o s i t io n s  b e in g
s u b s t a n t i a l l y  c lo s e r  to  a s i t u a t i o n  o f  c o - p la n a r i t y  th a n  i f  th e  a sy m p to tic
o r  i s o t r o p i c  m odels a re  u sed . S econd ly , th e  in t r o d u c t io n  o f  th e  f i n i t e
n a tu re  o f  th e  lo o p s  c a u se s  them  to  become more c o -p la n a r  a s  th e y  grow.
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F i n a i l y ,  we conce rn  o u r s e l v e s  w i th  t h e  i n t e r a c t i o n  ene rgy  v a r i a t i o n s  
between i n t e r s t i t i a l  and vacancy  loops  of  t h e  ty p e s  observed  i n  
a -uran ium .  I r r a d i a t i o n  growth i n  a -uran ium i s  n o t  r e v e r s i b l e  on pos t>  
i r r a d i a t i o n  a n n e a l i n g  [Hudson, 1964-], and one must  t h e r e f o r e  conc lude  t h a t  
d u r in g  a n n e a l i n g  t h e  loop c o n f i g u r a t i o n s  change by a p ro c e s s  n o t  
i n v o l v i n g  th e  m i g r a t i o n  o f  i n d i v i d u a l  p o i n t  d e f e c t s  through th e  l a t t i c e ,  
a s  t h i s  would undoub ted ly  r e s u l t  i n  a n n i h i l a t i o n  and a c o nsequen t  d e c r e a se  
i n  loop  a r e a  and growth o f  th e  c r y s t a l o  The d i f f e r e n t  ty p e s  o f  d i s l o c a t i o n  
loops  w i l l  be n u c l e a t e d  ramdonly and w i l l  t h e r e f o r e  i n t e r a c t ;  m u tua l  
a n n i h i l a t i o n  c a n n o t  be h ig h l y  l i k e l y  a s  t h i s  would p r e v e n t  t h e  occu r ren c e  
o f  growth .  Here we compare t h e  t h r e e  models  p r e v i o u s l y  employed t o  see  
— what d i f f e r e n c e s  i n  the  e q u i l i b r i u m  p o s i t i o n s  between a vacancy loop  and  
an  i n t e r s t i t i a l  loop  they  p r o v id e .  This  d i s c u s s i o n  i s ,  however,  r a t h e r  
t e n t a t i v e  as  t h e  p l a n e s  of  t h e  two loops  a r e  no l o n g e r  p a r a l l e l  and 
t h e r e f o r e  a moment w i l l  be e x e r t e d  on each  loop  by the  o t h e r ,  g i v i n g  a 
t endency  f o r  t h e  loops  t o  r o t a t e  i n t o  e l l i p s e s  on t h e i r  g l i d e  p r i s m s ;  
we do n o t  d e a l  w i t h  such  a tendency i n  t h i s  work®
I n  F ig u re  6 ,22  we show t h e  v a r i a t i o n  o f  i n t e r a c t i o n  e n e rg y  between 
an  i n t e r s t i t i a l  loop  w i t h  Burgers  v e c t o r  b = \  * / a 2+b^ [iT o], s i t u a t e d  a t  
th e  o r i g i n ,  w i t h  a vacancy loop  (b = [ a , 0 , o ] )  g l i d i n g  a long  as
d e p i c t e d  i n  F ig u re  6 . 9 ( e ) .  The p a ra m e te r  h i s  ze ro  and  D = 60 R  and  t h e  
r e s u l t i n g  e q u i l i b r i u m  a n g l e s  p r e d i c t e d  by t h e  t h r e e  models a r e  g i v e n  i n  
Table 6 . 1. The e q u i l i b r i u m  a n g l e  f o r  such  v a c a n c y - i n t e r s t i t i a l  loop  
c a l c u l a t i o n s  i s  measured between t h e  l i n e  j o i n i n g  t h e  c e n t r e s  o f  t h e  loops  
a t  t h e  t r u e  e q u i l i b r i u m  and the  [Too] a x i s  a s  shown i n  F ig u re  6 . 2 4 0
I n  F ig u re  6 .2 3  we show t h e  c o r r e s p o n d in g  v a r i a t i o n s  f o r  the  c a s e  where t h e
2 2 __
_  a +b [TTo], The
e q u i l i b r i u m  a n g le  i s  now measured f rom t h e  p o s i t i v e  [lOO] d i r e c t i o n  and
t h e  v a lu e s  a r e  t a b u l a t e d  i n  Table  6 . 1 0 The v a l u e s  f o r  t h e s e  two s i t u a t i o n s
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FIGURE 6 . 2 4
THE EQUILIBRIUM ANGLE 8 ' FOR VACANCY-INTERSTITIAL  
L O O P INTERACTIONS. SF THE VACANCY L O O P IS AT 
EQUILIBRIUM FOR 8 > 8 A N TKEN ANNIHILATION IS 
P O S S IB L E .  8 AN FOR R = 5 0 . 4 ° ,  D = 6 0  A° AND S L IP  . 
DIRECTION OF INTERSTITIAL L O O P =  W a 2 -;- b 2 " [ | T o ]
IS 0 AN= 4 5 . ,/ 2 °
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a r e ,  as  one would e:xpect from symmetry,  the same,  an d  we w i l l  d i s c u s s
them t o g e t h e r .  Although t h e  cu rv e  a ( f i n i t e  loops  i n  a n  a n i s o t r o p i c
medium) p r e d i c t s  an  a t t r a c t i v e  i n t e r a c t i o n  when th e  vacancy  and i n t e r s t i t i a l
l o o p s ' ' a r e  a t  t h e i r  c l o s e s t  s p a c in g ,  whereas bo th  a s y m p to t i c  c u r v e s ,  b and
c ,  p r e d i c t  a  r e p u l s i v e  i n t e r a c t i o n ,  t h e  e q u i l i b r i u m  p o s i t i o n  f o r  cu rve  a
i s  l e s s  l i k e l y  t o  r e s u l t  i n  mutual  a n n i h i l a t i o n  o f  t h e  lo o p s  by g l i d e  o f
t h e  i n t e r s t i t i a l  t h a n  t h e  e q u i v a l e n t  e q u i l i b r i u m  a n g le s  o f  e i t h e r  models
b o r  c .  I n  f a c t  the  a n g l e  6 which ,  i f  exceeded a l l o w s  th e  loops  t o
p a r t i a l l y  m u t u a l l y  a n n i h i l a t e  by g l i d e  o f  t h e  i n t e r s t i t i a l  loop  a t  th e
o r i g i n ,  and  which we c a l l  t h e  c r i t i c a l  a n n i h i l a t i o n  a n g l e ,  t a k e s ,  f o r  t h e
, o
s i t u a t i o n  c o n s i d e r e d ,  t h e  va lu e  45^ 0 By comparing  t h i s  a n g l e  w i t h  t h e  
e q u i l i b r i u m  a n g le s  o f  c u rv es  a , b  and c ,  we s e e  t h a t  b o th  a s y m p to t i c  r e s u l t s  
p r e d i c t  an  e q u i l i b r i u m  p o s i t i o n  o f  t h e  vacancy loop  which,  i f  h e l d  f i x e d ,  
would a l lo w  t h e  lo o p s  t o  c o a l e s c e  i f  t h e  i n t e r s t i t i a l  loop  now g l i d e d  up 
i t s  g l i d e  p r i sm ;  such  g l i d e  o f  t h e  i n t e r s t i t i a l  loop  when model a  i s  
employed would n o t ,  i f  t h e  vacancy loop  was f i x e d ,  r e s u l t  i n  any a n n i h i l a t i o n . .  
Thus t h e  i n c l u s i o n  o f  bo th  a n i s o t r o p y  and the  f i n i t e  n a t u r e  o f  t h e  lo o p s  
i n t o  t h e  c a l c u l a t i o n  o f  t h e  e l a s t i c  i n t e r a c t i o n  between vacancy  and 
i n t e r s t i t i a l  lo o p s  i n  a -u ranium r e s u l t s  i n  a reduced l i k e l i h o o d  o f  loop  
a n n i h i l a t i o n .  T h i s ,  t o g e t h e r  w i t h  o u r  c a l c u l a t i o n s  o f  l i k e  loop 
i n t e r a c t i o n s ,  which s u g g e s t  t h a t  l i k e  loops become c o - p l a n a r  due t o  
b o th  i n d i v i d u a l  loop growth and t h e i r  mutual  i n t e r a c t i o n s ,  s u p p o r t s  the  
t h e s i s  t h a t  the  phenomenon o f  growth i n  a -uran ium i s  e s s e n t i a l l y  a r e s u l t  
o f  t h e  n u c l e a t i o n  o f  d i s l o c a t i o n  lo o p s  on p r e f e r e n t i a l  p l a n e s  and  t h e i r  
s u b se q u en t  mutual  a n i s o t r o p i c  e l a s t i c  i n t e r a c t i o n . .
-2 0 2 -
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TABLE 1
The E l a s t i c  c o n s t a n t s  f o r  a-Uranium
The v a lu e s  o f  t h e  e l a s t i c  c o n s t a n t s  f o r  a -u ran ium  were c o l l e c t e d
from G i t t u s  [1963] and were d e r iv e d  from measurements o f  h ig h - f r e q u e n c y
u l t r a - s o n i c  wave v e l o c i t i e s  a t  25°C, The e l a s t i c  c o n s t a n t s  a r e  g iv e n  i n  
1 1 - 2u n i t s  o f  10 dynes cm . and a r e  e x p re s s e d  i n  t h e  reduced  m a t r i x  
n o t a t i o n :
= 21 .474  C22 = 19.857 C 3 = 26.711
C44 = 12.444 C55 = 7 c 342 = 7 .433
C12 = 4 ,649  C13 = 2,177 C23 = 10 • 7 9 1•
The i s o t r o p i c  ap p ro x im a t io n  o f  t h e  e l a s t i c  c o n s t a n t s  f o r  a -u ran ium  were
t a k e n  from Saxl and O t r u b a  [ 1969] and a r e  t h e  H i i l  a v e r a g e s  a p p r o p r i a t e
t o  25°C. H i l l ’ s ave rages  a r e  t h e  mean v a l u e s  o f  th e  V o i g t  and Reuss
11 -2ap p ro x im a t io n s ,  and a r e  g iven  h e re  i n  u n i t s  o f  10 dynes cm .
CL, = 22.527 C10 = 5.627 C .  = 8 .4 5 .II 12 44
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APPENDIX 1
A F o r t r a n  IV computer  l i s t i n g  o f  a  program which e v a l u a t e s  t h e  
a n g u l a r  p a r t  o f  t h e  continuum Green f u n c t i o n  f o r  any e l a s t i c  m a t e r i a l .
The u s e r  would i n p u t  th e  e l a s t i c  c o n s t a n t s  o f  t h e  m a t e r i a l  and t h e  
p o l a r  a n g le s  0,<£ d e s c r i b i n g  t h e  a n g u l a r  s e p a r a t i o n  between r  an d  r* 
f o r g ( r - r T) .  Thus,  i f  ( r - r r ) = (R,0,</>) i n  s p h e r i c a l  p o l a r  c o o r d i n a t e s ,  
t h e  Green f u n c t i o n  may be o b t a in e d  by ( e q u a t io n  ( 2 .5 0 ) )  u s in g :
G ^ r - r ' )  ,  1  H. . ( 0,^ )
where t h e  f o l l o w i n g  program e v a l u a t e s  H. The c o e f f i c i e n t s  o f  t h e  s e x t i c  
e q u a t io n  ( e q u a t i o n  (2 C47))  a r e  g iv e n  e x p l i c i t l y  i n  t h i s  l i s t i n g  and 
a r e  a p p r o p r i a t e  t o  any c r y s t a l  sy s tem D
-2 0 5 -
S U B R O M T I  N E  G T F N N M ( T H F T A , P H I , f ; i l , C , l ? , G l 3 » G 2 ? , G 2 3 , r . 3 3 }
. T H I S  .’U 1 U T I N C  F V A L I J  A T f T S  T H E  G M C R ' S  F U N C T I O N  C O M  F O M E N T S  A T  A  
P O S I T I O N  I N  S P H F R T C A l .  P O L A R S  O F  ( R , T H F T A , P H  I ) ;  F O R  U N I T  R .
G R E E N S  T E N S O R  F U N C T I O N  F O R  A N Y  C R Y S T A L  S Y S T E M
T H E  P A R T I C U L A R  C R Y S T A L  S Y S T E M  T O  B E  C O N S I D E R E D  - I S  M A D E  : A  P P A R E  N T  
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 0 - 0 1 4 * 0 1 5 * 0 4 6 - 0 1 5 * * 2 * 0 2 4 - 0 1 2 * 0 1 4 * 0  5 5 - 0 1 4 * 0 1 6 * 0  4 5 - 0 1 6 * * 2 * 0 3 4 )
E + 4 o 0 0 0 * ( 0 1 5 * 0 4 5 * 0 6 6  + Cl  1 * 0 2 6 * 0  3 4 + C 1 6 * 0  4 6 * 0 5  5 - 0  1 5 * 0 46*C 56  
F - 0 1 6 * 0 4 5 * 0 5 6 + 0 1 4 * 0 5 6 * * 2 - 0 1 4 * 0 5 5 * 0 6 6 - 0 1 3 * 0 1 5 * 0 2 6 - 0 1 2 * 0 1 6 * 0  3 5 )
E 2 0 = 6  . 0 DO * 015  * 0 3 4 * 0 6 6  + 4 . 0  00*  0 1 5 * 0  2 6 * 0 3 5 + 2 . COO*C1 1 * C 2 6 *C 3 3 + 6 . 0 0  0 
* A * 0 1 6 * 0 3  5 * 0 4 6  + 4 o 0 DO * 0 1 1 * 0 2 4 * 0 3  5 + 4 0 ODO*C1 6 * 0  4 4 * 0 5 5 - 2 . 0 0 0 * 0 1 5 * 0 2 3  
„B * 0 5 6 - 4 . 0 0 0 * 0 1 5 * 0 4 4 * 0 5 6 - 6  . 0  0 0 * 0 1 6 * 0  3 4 * 0 5 6 - 6  . 0 0 0 * 0  1 5 * 0 3  6 * 0 4 6
0 + 4 . 0 0 0 * 0 1 5 * 0 4 5 * 0 4 6 + 2 . 0 0 0 * 0 1 1 * 0 3 4 * 0 4 6 - 2 . 0 0 0 * 0 1 5 * 0 2 5 * 0 3 6 - 2 . 0 0 0  
D * 0 1 1 * C 2 3 * 0 3 6 - 2 o 0 0 0 * C l l * C 3 6 * C 4 4 - 2 o 0 0 0 * C l l * C 2 5 * G 3 4 - 2 . 0 0 0 * 0 1 1
- E - * 0 2 3 * 0 4 5 - 4 .  0 0 0 * 0  1 6 * 0 4 5 * * 2  +2 . 0 0 0 * 0  1 3 * 0  1 6 * 0  2 3 + 2 . 00 0 * 0 1 6 * 0 2 3 * 0  55 
F + 2 . 0  DO * 0 1 3  * 0 1 6  * 0 4 4  +6 o 0 D 0 * 0 1  4*0  3 6* C 5 6 +4 0 0 0 0* 0 1 3  *C 2 5*0 5 6 + 4o CD 0 
G * 0 1 4 * 0 4 5 * 0  5 6 + 2 . 0 0 0 * 0 1 2 * 0 1 3 * 0  3 6 + 2 . 0  0 0 * 0 1 2 * 0 3 6 * 0 5 5 + 2 . 0 0 0 * 0 1 2  
H * C13 * 0 4  5 +2 . 0  DO * C 1 2 * 0 1 5 *  0 3 4  + 2 . 0 0 0 *  C 1 4 * *  2* 0 3 6 + 2 .  00 0 * 0 1 3  *C 1 4 * 0  2 5
1 + 2 . 0 D 0 * C 1 4 * 0 1 5 * 0 2 3 - 6 . 0 0 0 * 0 1 4 * 0 3 5 * 0 6 6 - 2 o 0 D 0 * C 1 3 * * 2 * 0 2 6 - 4 « 0 0 0 * 0 1 3
-2 0 9 -  ,
J  * 0 2 6 * 0  5 5 - 4  . C DO * C1 4 *  046.* C5 5 -  2 . ODO* C 1 3 * 0 1 4 * 0  4 6 - 4 . 0 0 0 * 0  1 3*0  1 5 * 0 2 4  
K - 2 . 0 0 0 * 0 1 6  * 0 2 5 * 0 3 5 - 4  . 0 D 0 * 0 12 * C1 4 * 0, 3 5 -  2.. 0 D 0 * 01' 2 * C 3 5 * 0 5 6
I  - 2 . 0  00 * 0 1 4  * 016  * 0 3 4 - 2  o 0 D 0 * 0 1 2  * 0 1 6 * 0 3 3
F. 2 1 = 4 . 0  00 * 0 2 6  * 0 4  5 * 0 5 6 + 6 . 0  DO * 0 1 5* 0 2 6 *  0 44 + 4 . 0 0 C * C 1 6 *C 26 *0 3 4 
A + 2 . 0 0 0 * ( 0 1 5 * 0 2 2 * 0 4 5 + 0 1 1 * 0 2 2 * 0  3 4 ) + 4 . 0 0 0 * ( 0 1 6 * 0 2 2 * 0 3 5+C2 4 * 0 5 5 * 0 6 6 }
B + 6 . 0 D 0 * ( 0 1 6 * 0 2 4 * 0 4 5 - 0 1 5 * 0 2 4 * 0 4 6 ) - 4 o 0 0 0 * 0 2 4 * 0 5 6 * * 2 - 2 o 0 0 0 * ( 0 1 6  
0 * 0 2  3 * 0 4 6  + 0 1 6 * 0 2 4 * 0 3 6  + 0 1 5 * 0 2 4 * 0  25)  - 4 .  CD 0*0 16*0*23*02  5 - 4 . 0 0 0 * 0  2 5*
0 0 4  5 * 0 6 6 - 6 . 0  0 0 * 0 1 6  * 0 2 5 * 0 4 4  + 2 . ODO*C1 3 * 0 2 4 * 0 6 6  + 2 . 0 0  0 *C 1 4 *C 23  *C6 6
' T: +4 . ODO*01  2 * 0 3 6 * 0 4 6  + 2 . 0  DO*01 2* 025*'C 36  + 2 . 0 0 0 * 0  1 2*0  1 3 * 0 2 4  
F +2 . 0 0 0 * ( 0 1 2  * 0 2 4 *  05 5 + 0 1 2 *  0 1 4 * 0  2 3 + 0 1 2 * 0  2 3 * 0  56 + C 1 3 * 0  2 5*0 26  
G . +  01 5 * 0 2 3 * 0 2 6 + 01 4 * C 2 5 * * 2 -  01 4 * 02 6 * 0 3 6 ) +  6 .  0 D 0 * 0 14 *0 2 5 * C 4 6
H -  6 o 0 D 0 * C1 4 * 0 2 6 * 0 4 5 -  2 . 0  D 0 * C1 3* 0 2 6* C 4 6 -  4 . 0  0 0* 0 2 6* C 4 6* 0 5 5 -  2 . 00 0 * C 1 5
1 * C 2 2 * 0 3  6 - 2 . 0 0 0 * 0 1 3 * 0 1 4 * 0 2 2 - 2 . 0 0 0 * 0 1 4 * 0 2 2 * 0 5 5 - 2 . 0 0 0 * 0 1 3 * 0 2 2 * 0 5 6  
J  - 4 . 0 0 0 * 0 1 2 * 0 2 6 * 0 3 5 - 2 . 0 0 0 * 0 1 2 * * 2 * 0 3 4 - 4 . ODO*C1 2 * 0 3 4 * 0 6 6 + 4 . COO
K * 0 2 5 * 0 4 6 * C 5 6 - 2 o 0 0 0 * 0 l 2 * 0 2 5 * 0 4 5 - 2 . ODO*C1 1 * 0 2 3 * 0 2 4  
E 2 2 = 4 .  0 0 0 * 0 1  5 * 0 4 4 * 0 6 6 + 6  . 0 0 0 * 0 1  5* 0 2 6  * 0 4 -5 +4 . CO 0 * C16 * C 2 6 * C 3 5 + 4 . CD 0 
A * 0 1 1  *C2 6 * 0 3 4 +2 . 0 DO * 0 11 * 0 2 2* C 3 5+6 . 0 0 0  * C1 6* C 2 4 * 0  5 5 +2 . 00 0 *C 11 *C 2 4 
B * 0 4 5 - 6 o 0 0 0 * 0 I 5 * 0 2 4 * 0 5 6 - 2 o 0 0 0 * 0 1 6 * 0 2 3 * 0 5 6 - 4 . 0 0 0 * 0 1 6 * 0 4 4 * 0  5 6 - 4 . 0  
0 DO *C 15 * C 4 6 * * 2 -  2 . 0  DO * C11 * C 2 3* 0 4 6 + 4 .  0 D 0*0  16 * C 4 5*0 4 6 -  2 . 00  0 *C 16
0 * 0 2 5 * 0 3 6 - 2 . 0 0 0 * 0 1 1 * 0 2 4 * 0 3 6 - 2 . 0 0 0 * 0 1 1 * 0 2 3 * 0 2 5 - 6 . 0 0 0 * 0 1 6 * 0 2 5 * 0 4 5  
E - 2 o 0 0 0 * 0 1 1 * C 2 5 * 0 4 4 + 2 o 0 D 0 * 0 1 3 * C 1 6 * C 2 4 + 2 o 0 D 0 * 0 1 4 * 0 l 6 * C 2 3
F + 2 . 0  DO * ( C1 3 * 02 5 * 0 6  6 + C1 5 * C2 3* 0 6 6 + C 1 2 * 0  13*0  46  + 01 2 *01  4 * 0  3 6 + C 12 * 0 1 3  
G * 0 2  5 + 0 1 2 * 0 1 5 * 0 2 3 + 0 1 2 * 0 1 5 * 0 4 4 + 0 1 4 * * 2 * 0 2 5 - 0 1 5 * 0 2  6 * 0 3  6 - 0 1 3 * 0  2 6*0 56 
H -  0 13 * 0 1 5  * 02 2 -  C14 * C 15 * C 2 4 -  0 1 2* * 2* 0 3 5 -  C 1 2 * C 14* 0 4 5 )+  6 .  0 D 0 * C 14 * C 2 5
1 * 0 5 6  + 4 . 0  00 * 0 1 2 * 0 3 6 * 0 5 6 - 4 . 0 0 6 * 0 1 4 * 0 4 5 * 0 6 6 - 6 .  0 0 0 * 0 1 4 * 0  2 6 * 0  55
J  - 4  .  0 DO *C 13 *0  1 4* C2 6 - 4  . C DO* ( C1 2 * 0 3  5 * 0 6  6+0 1 2 * 0  1 6 * 0 3  4-  01 4 *C 4 6*0 56 )
E 2 3 = 4 .  0 0 0 * ( 0 3 4 * 0 5 5 * 0 6 6  + 0 1 5 * 0 2 6 * 0 3 3  + 0 3 5 * 0 4 6 * 0 5 6 ) + 2 .  0 0 0 * 0 1 6 * 0 3 3  ^ 0 4 6  
A +4 . 0  0 0 * 0 1  5 * 0 2 4 * 0 3 5  +2-. 0 0 0 * 0 1 1 * 0 2 4 * 0 3 3  +6 . ODO* 0 1 6 * 0  3 5 * 0 4 4  
B - 4 .  0 0 0 *  ( 0 3 4  * C5 6 * * 2  + 0 3 6 * 0 4 6 * 0 5  5 + 0 1 5 * 0 2  3*0 36') + 6 o CDO*0 1 5 * 0 3 4 * 0 4 6  
C - 6 . 0 0 0 * 0 1 5 * 0 3 6 * 0 4 4 - 2 . 0 0 0 * 0 1 6 * 0 3 4 * 0 3 6 - 2 . 0 0 0 * 0 1 5 * 0 2 5 * 0 3 4 - 2 . CDO 
D * 0 1 5 * 0 2 3  * 0 4 5 - 2  . 0 0 0 * 0 1  1* 0 2 3 * 0  3 * - 6  . 0 0 0  *01 6 * 0  3 4 * 0 4  5+2 . 0 0 0 * 0  1 6 * 0  2 3  ■'
E * 0 3 5  +2 . 0 DO * ( Cl 3 * 0 3 4  * 0 6 6  + 01 3* C 23* C 5 6 + 0 1 2 * 0  3 5* 03  6+ C12 *C 13 *C 34
F + 0 1 2 * 0 3 4 * 0 5 5 + 0 1 3 * 0 2 5 * 0 3 6 + 0 1 4 * 0 3 6 * * 2 + 0 1 3 * 0 1 4 * 0 2 3 + 0 1 4 * 0  2 3*0  5 5
G - 0 1 3 * 0 3 6 * 0 4 6 - 0 1 3 * * 2 * 0 2 4 - 0 1 2 * 0 3 5 * 0 4 5 - 0 1 4 * 0 2 5 * 0 3 5 - 0 1 2 * 0 1 4 * 0 3 3  
H - 0 1 4 * 0 3 3 * 0 6 6 - 0 1 2 * 0 3 3 * 0 5 6 - 0 1 6 * 0 2 5 * 0 3 3 ) + 4 . CDO*( 0 3 6 * 0 4 5 * 0 5 6 + C 13 
. I * 0 2 5 * 0 4 5 - 0 3 5 * 0 4 5 * 0 6 6 - 0 1 3 * 0 2 6 * 0 3 5 - 0 1 3 * 0 2 4 * 0 5 5 ) + 6 . 0 0 0 * 0 1 4 * 0 3 6  
J  * 0 4 5 - 6 . 0 0 0 * 0 1 4 * 0 3 5 * 0 4 6  
E 2 4 = 2 o C O O * ( 0 2 2 * 0 3 5 * 0  5 6 + 0 1 6 * 0 2 2 * 0 3 3 - 0 2 3 * 0 2 5 * 0 5 6 - 0 1 6 * 0  2 3 * * 2  + 0 12*0  2 4  
A * 0 3 5 + 0 1 2 * 0 2 3 * 0 3 6 + C 1 2 * 0 2 3 * 0 4 5 + 0 1 2 * 0 3 6 * 0 4 4 - 0 1 2 * 0 3 4 * 0 4 6 + 0 1 3 * 0  2 3 
3 * 0 2 6 + 0  2 3 * 0 2 6 * 0 5 5 + 0 1 3 * 0 2 6 * 0 4 4 + 0 2 5 * * 2 * 0 3 6 + 0 1 3 * 0 2 4 * 0 2  5 + 0 1 4 * 0 2 3 * 0 2  5 
C - 0 1 4 * 0 2 2 * 0 3 5 - 0 1 3 * 0 2 2 * 0 3 6 - 0 1 3 * 0 2 2 * 0 4 5 - 0 2 2 * 0 3 6 * 0 5 5 - 0 1 3 * 0 2 4 * 0 4 6
0 - 0 1 4 * 0 2 4 * 0 3 6 - 0 2  5 * 0 2 6 * 0 3 5 - 0 1 2 * 0 2 6 * 0 3 3 - 0 1 4 * 0 2 6 * 0 3 4 ) + 4 . 0 0 0 * ( 0  26
E ' * 0 4 4  *C 5 5 + C 1 5 *02  2 * C3 4 + C 2 4 * 0 4 5  * C 5 6 + 0 1 6 * 0  2 4 *  C 3 4 - C 2 4 *C 4 6 * C 5 5-  0 2 5
F * 0 4 4  *C 5 6 - 0  1 5 * 0 2 3 *  0 2 4  - C1 6 * 0 2  3 * 044  +C 2 5*0  45*  C4 6+C 1 4*0  2 3 *C 4 6 - C 2 6
. G *C 45 * * 2 -  C12 * 02 5 * 0  34 ) +6 . 0  0 0 * ( 0 2 6 * 0 3 4 * 0 5 6 + 0 2  4* 0 3 5 * 0 6 6 - 0 2 4 * 0 3  6 * 0  5 6
: H —025  * 0 3 4  * 0 6 6  +02 5 * 0 3 6 * 0 4 6 - 0 2 6 * 0 3  5* 0 4 6 )
*
E2 5 = 2 .  0 Dp* ( 02  2 * 0 4 5 * C6 6+C 1 6 * C2 2 * 0 4 4 . - C 2 4 * 0 2  5 * C6 6 - 0 1 6 *C 2 4 * * 2 +C 12 *C 2 4  
A * 0 4 6 + 0 2 5 * 0 2 6 * 0 4 6 + 0 1 4 * 0 2 4 * 0 2 6 + 0 2 4 * 0 2 6 * 0 5 6 - 0 1 4 * 0 2 2 * 0 4 6 - 0 2 2 * 0 4 6 * 0  5 6  
B - 0 2 6 * * 2 * 0 4 5 - 0 1 2 * 0 2 6 * 0 4 4 )
E 2 6 = 2 . ODO*( 0 2 2 * 0 4 4 * 0 5 6 + 0 2 2 * 0 3 4 * 0 6 6 - 0 2 4 * * 2 * 0 5 6 - 0 2 3 * 0 2 4 * 0 6 6 + C 2 4 * 0 2 6  
A * 0 3 6 + 0 2 4 * 0 2 6 * 0 4 5 + 0 2 3 * 0 2 6 * 0 4 6 + 0 2 4 * 0 2 5 * 0 4 6 - 0 2 2 * 0 4 5 * 0 4 6 - 0 2 2 * 0 3 6  
B * 0 4 6 - 0 2 5 * 0 2 6 * 0 4 4 - 0 2 6 * * 2 * 0 3 4 )
E 2 7 = 2 . 0 0 0 * ( 0 2 4 * 0 3 3 * 0 5 5 + 0 3 3 * 0 4 4 * 0 5 6 - 0 2 3 * 0 3 4 * 0 5 5 - 0 3 4 * * 2 * 0 5 6 + 0 2 5 * 0 3 4  
A * 0 3 5 + 0 3 4 * 0 3 5 * 0 4 6 + 0 2 3 * 0 3 5 * 0 4 5 + 0 3 4 * 0 3 6 * 0 4 5 - 0 2 4 * 0 3 5 * * 2 - 0 3 5 * 0 3 6 * 0 4 4  
B - 0 3 3 * 0 4 5 * 0 4 6 - 0 2 5 * 0 3 3 * 0 4 5 )
E 2 3 = 2 . 0 0 0 * ( C 3 3 * C 4 6 * C 5 5 + C 1 5 * 0 3 3 * 0 4 4 - 0 3 4 * 0 3 6 * 0 5  5 - 0 1 5 * 0 3 4 * * 2 + 0 3 4 * 0  3 5  
A * 0 5 6 + 0 1 4 * 0 3 4 * 0 3 5 + 0 3 5 * 0 3 6 * 0 4 5 + 0 1 3 * 0 3 4 * 0 4 5 - 0 3 5 * * 2 * 0 4 6 - 0 1 3 * 0 3 5 * 0 4 4  
B —0 1 4 * 0 3 3  * 0 4 5 - 0 3 3 * 0 4 5 * 0 5 6 )
- . - 2 1 0 -  ‘
❖ v APUN3 *!c # -sjc
c.
C THE CO EFFIC IEN TS OF THE S F X T I C .
A ( 1) = 2 i  + V 2 * V 2 *  V2 * E 2 +V2 * EA *V 2 * V 2 * E 9 - V 2 * V  1*2 1 6 - V 1 * E 1  8 - V ? * V 2 * V 1 * 2 2 5  
A( 2 ) =6 . 0 00 - V 2 * * 2 *W3 * 2 2 + 2 - 0 0 0 * W 3* E4 + E 5 + V2* E 2 2 + 4 .  0 0 C * V2 * W3 *F 9 + V2 - * 2  
A * E 1 5 - 3 o 0 D 0 * W l * V 2 * F ' 1 6 - W l * E l 8 - V l * E l 9 - V 2 * V l * E 2 1 - 5 . 0 D 0 * v 2 * * 2 * W l * E 2 5  
y - V 2 * * 2 * V 1  * 2  26  
A{ 3 ) = 1 9 .  0 U 0 * V 2 * * 2 * W 2 * E 2 + W 2 * E 4 + E 6 + 2  . 0 D 0 * W 3 * E 2 2 + 6 .C D C * V 2 * W 2 * E 9 
A + V 2 * * 2 * E 1  l - 3 o 0 0 0 * W 2 * V l * E l 6 - W  1 * E 1 9 - V I * E 2 0 - 3 o 0 0 0 * V 2 * W 1 * E 2 1 - V2*V 1 
B * E 2 4 - 1 0 .  0 D0*V2 *V1*W2 * E2 5 - 5 . 0  DO* V2 * *  2*W 1 * E 2 6 + V 2 * E 1 3 + 4 . OD0*V2*W3  
C * 2 1 5
A( 4 > =2 0 o 0 00 * V 2 *W 3 *W 2*  E2 + E 7 +W 2* 2 2 2 +4o OD0*W3*W2* 2 9 + 4 oODO*W3 * V 2 * E l l +  
A 2 . 0 D 0 * W 3 * f: 1 3 + V 2 :* E14  + 6 .  0 D 0 * W 2 :* V 2 * E 1 5 -  W 2* W 1 * E 1 6 -  V 2* V1 * E 17 -  Vi 1 * E 2 0 
B - 3 . 0 D 0 * V l * W 2 * E 2 1 - V l * E 2 3 - 3 . 0 D 0 * V 2 * W l * E 2 4 - i 0 . 0 D 0 * V 2 * W l * W 2 * E 2 5
C - 1 0 . 0 D 0 * V 1 * V 2 * W 2 * F 2 6  
A ( 5 ) = 1 5 . 0 0 0 * V 2 * W 2 * ■* 2. ■* E 2 + W 2**  2 * E 9 + E 1 0 + 6 .  0 0 0 * V 2 * W 2 * E 11 + V 2 * E 12 
A + Vi 2 * 2 1  3 + 2 .  ODO * W 3 * E 14  + 4 .  0 0 0 * W 2 * W 3 * E1 5 ~ V1 * E 8 -  3 o 0 D 0 * V 2 * W 1 *E 1 7 - W 2 *
B W1 * 22 1 - W 1 * E 2 3 - 3  . 0  DO * V 1 * W 2* E 2 4 -  5 .  0 D 0*  V I *  W 2 * * 2* E 2 5 -  1 0 .  OD 0 * V2 * W1 
C *112*226
• A ( 6 )  = 6 . 0 D 0 * W 3 * W 2 * * 2 * E 2 + 4 . 0 D 0 * W 3 * W 2 * E 1 1 + 2 .0 D 0 * W 3 * E 1 2 + W 2 * E 1 4 + W 2 * * 2 *  
A 2 1 3 - 1 /1  * 28 - 3  . C DO * V1 *W 2 * E 1 7-W 2 *l-J 1 * E 2 4 - W2 * * 2*W 1 * E2 5 - 5  . OD 0 * V1 *W2 * * 2  
B * E 2 6 - V 1 * E 2 7 - E 2 8  
A ( 7 ) = W 2 * * 3 * E 2 + E 3 + W 2 * * 2 * E 1 1 + W 2 * E 1 2 - W 1 * W 2 * E 1 7 - W 1 * W 2 * * 2 * E 2 6 - W I * E 2 7
: .SOLVE THE SEXTIC EQUATION
CALL PA01AD ( A , 6 , R P , R I )
G11=C.0D0  
012 = 0 . 0 0 0  
G13 = 0 o 0 0 0  
0 2 2  = 0 .  0 0 0  
0 2 3 = 0 . 0 0 0
0 3 3  =0o 0 00
Z 0 = ( 0 . 0 D 0 , l . O Q O )
• o n n = i  , 6
: v  INVESTIGATE ROOTS WITH P O S IT IV E  IMAGINARY PART
I P ( RI ( I )  . L T . 0 . 0 0 0 )  GOTO 1
: CALCULATE MATRIX D ( X I , E T A  1)
: XI I S  ROOT OF S E X T I C ,  ETA IS  SOLUTION OF EQUATION
: X I * X 1 + E T A * Y 1 + Z 1 = 0 .
o
- 9 1 1 -
XI =DCMPLX ( RP { I ) , K I (.1 } )
E 7 A = - { Z 1 + X I * X I ) / Y 1
XI 2 •= XI * * 2 •
ETA2 =f:T A**2
0 1 1 = 0 1 1 *XI 2 + 0 6 6 *  FT A 2 +C S 3 + 2 . 0  DO * { CI 6* X I * G T A + C 15 * X I+C 5 6*  E TA)
D12 = 01 6 *X I 2 + C 1 2*X I *GT A + C.l 4*X I + C66* X I * ETA+C 2*6* E TA2 + C 4 6 * E  TA 
A . +-Cr>6*X I + C 2 S * E T A + C 4 r*
0 1 3 = 0 1  '3 * X 12 C 1 4 * X I * E 7 A + C 1 3*X I + C56*X I.* ET A + C 4 6* £ TA 2+C36*ET A 
A + G 5 5 * X I + C 4 5 * E T A  + C3f» 
r i 2 2 = C 6 6 * X I 2 + C 2 2 * E T A 2 + C 4 4 + 2 . 0 D 0 *  ( C 2 6* XI*ETA + C 4 6 * X I + C 2 4 *  ETA)
D23=C5 6 * X I 2 + C 4 6 * X I * E T A + C 3  6 * X I + C 2  5 * X I * c T A + C 2 4 * E T A 2 + C 2 3 * E T A  
A + C 4 S * X I + C 4  4*E T A + C 34  
D3 3=C5 5 * X I 2 + C 4  4*ETA2+C3 3 + 2 . 0 D 0 * ( C 4 5 * X I * E T A + C 3  5 * X I + C 3 4 * E T 4 )  
CALCULATE DETERMINANTS OF MINORS OF MATRI X D ( X I , ETA11)
DMI 1 = 0 2 2 * 0 3 3 - 0 2 3 * 0 2 3  
DM1. 2 =02 3 * 0 1 3 - 0  1 2 * 0 3 3  
DM1 3 = 0 1 2 * 0 2 3 - 0 2 2 * 0 1 3  
DM22 = 0 3 3 * 0 1 1 - 0 1 3 * 0 1 3
DM23 = 0 1 3 * 0 1 2 - 0 1 1 * 0 2 3  •
;0M33 =011 * 0 2 2 - 0 1 2 * 0 1 2  _
c a l c u l a t e  d e n o m i n a t o r  i n  e x p r e s s i o n  f or  g r e e n s  f u n c t i o n
( SEE L I E  AND KOEHLER EQUATIONS 4 7 AND 4 8 )
. ZA= ( (.( ( (6o ODO* A {1 ) * XI  ) + .5 • ODO* A { 2)  ) * X l + 4 . 0 D 0 * A { 3)  }*XI + 3 .  0 0 0 * A (  4 )  ) *  
A X I +2 . 0 DO * A ( 5 ) ) *X I + A (.6 ) . •
0 1 1=G11 + REAL ( ZC*0M11/7.A)
0 1 2  = 0] 2 + REAL ( 7 .0*DM12/ZA)
G1 3 = G1 3 + R E A L ( Z 0* DM1 3 /  7. A )
G22=G2 2*REAL ( Z0*DM2 2 / ZA)
G23=G23+REAL ( ZC*DM23/7.A)
0 3 3 = 0 3 3 * REAL( ZQ*DM33/ZA)
CONTINUE. • ’ .
G i l = 0 1 1 / Y 1 .
G 1 2 = G 1 2 /Y 1  
' G13 = 0 1 3 /Y1 
G 2 2 = G 2 2 /Y 1  
G 2 3=02  3 / Y i  
G33 = 0 3 3 /Y 1
THE TENSOR COMPONENTS ARE OF THE FORM 2 * P I * R * G ( I * J ) IN UNI TS 
OF {10 E —11 CM. S Q /D Y M E S ) .
RE TURN
END .
APPENDIX 2
I
T ab le s  o f  t h e  a -u ran ium  double  F o u r i e r  s e r i e s  c o e f f i c i e n t s  H1^,
pq
G. . ( r )  = -  H. . ( 0 , 0 )  = i  H. . ,13 - r  JL3 r  i j
and,  from e q u a t i o n  ( 5 . 1 1 ) ,  we have:
Hn  = H ^  c o s ( 2 ( q - l ) 0 )  c o s ( 2 ( p - l ) 0 )
H12 = Hpq C0S( 2 (q“ 1) e) s in (2p0 )
H _ = s in (2q0 )  c o s ( ( 2 p - l ) 0 )
1 0  pq
9 9
-  -  H22- = - H "  c o s ( 2 ( q - l ) e )  c o s ( 2 ( p - 1 ) 0 )
  9  "Z
H23 = Hpq s in (2q0)  s i n ( ( 2 p - l ) 0 )
H33 = c o s ( 2 ( q - l ) 0 )  c o s ( 2 ( p - l ) 0 )
p , q
The t a b l e s  a r e  a r r a n g e d  i n  rows,  so  t h a t  f o r  each  
Row = P = (1 to  10 ) ,  t h e  l a y o u t  i s
4> =  1 0 = 2  0 = 3 0 = 4 0 = 5
• • • « •  o • • • • • • • • •  • • • • •  • • • o •
0 = 6  0 = 7 0 = 8 0 = 9  0 = 1 0
w here
1 t o  10.
-213-
- G i l COEFFICIENTS
ROW=P=
0 - 7 6 3 9 4 E - 0 2
0 . 6 2 7 4 8 E - 0 6
RQW=P=*
0 . 8 9 5 2 9 E - G 3
0 . 7 1 5 9 8 E - 0 6
RQW=P= 
0 . 3 6 2 5 4 E - 0 4  
0 • 28 6 4 0 E-  0 6
ROW=P=
0 . 3 9 5 3 0 E - 0 5
0 * 6 0 3 0 0 E - 0 6
RDW=P= 
0 . 3 0  7 6 6 E - 0 6  
0 • 3 5 1 5 9 E - 0 7
ROW=P= 
0 . 5 4 8 5 8 E - 0 7  
0 * 1 4 5 4 5 E - 0 8
ROW=P= 
0 - 2 3 5 8 8 E - 0 7  
0 v 9 9 5 4 2 E - 08
ROW=P= 
0. 1821 I E - 07 
0 • 785  09E-  08
ROU=P= 
0 . 1 4 7 4 6 E - 07 
0v6 3 5 8 4 E - 0 8
ROW=P= * 
0 • 1 1 6 9 3 E - 0 7 
0 . 4 8 7 5 6 E - 0 8
11
H
PQ
1
0 • 7 6 4 4 6 E - 0 3 
0 . 1 1 6 0 7 E - 06
2
0 - 9 9 9 0 4 E - 0 3  
- 0 . 1 1 3 4 6 E - 0 7
3
-  0 • 68 7 4 7 E - 0 4 
0 . 9 2 1 2 3 E - 0 7
4
- 0 . 4 5 6 4 5 E - 0 5
-  0 • 6 3 1 4 1 E - 08
5
-  0 • 5 0 4 7 6 E - 06 
0 • 371 3 6 E -  0 7
6
0 . 1 59 2 3 E - 08•
-  0 • 3 3 3 8  0E - 07
7
0 . 3 2 5 9 8 E - 0 7
-  0 • 2 2 3 8  3 E - 0 7
8
0 • 3 2 2 8 6 E - 07 
- 0 . 1 9 2 2 0 E - 07
9
0 • 2 6 7 7 2 E - 07 
- 0 . 1 5 5 5 7 E - 07
0.  1 1 7 2 6 E - 0 3 
- 0 .  1 6 2 8 9 E - 0 7
0 . 1 2 3 3 8 E - 0 3 
0 * 9 1 5 2 4 E - 07
0 • 4 7 9 9 2 E - 04 
0 . 76 0 3 6 E - 0 7
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